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Chapter 1

Introduction

The present thesis is devoted to the study of the L,-theory of a class of quasilinear
parabolic problems with nonlinear boundary conditions. The main objective here is to
prove existence and uniqueness of local (in time) strong solutions of these problems. To
achieve this we establish optimal regularity estimates of type L, for an associated linear
problem which allow us to reformulate the original problem as a fixed point equation
in the desired regularity class, and we show that under appropriate assumptions the
contraction mapping principle is applicable, provided the time-interval is sufficiently
small.

We describe now the class of equations to be studied. Let €2 be a bounded domain
in R" with C?-smooth boundary I' which decomposes according to I' = I'p U 'y with
dist(I'p, ') > 0. For the unknown scalar function u : Ry x  — R, we consider the
subsequent problem:

Opu + dk x (A(u) : V?u) = F(u) +dk * G(u), t>0,z€Q
Bp(u) =0, t>0,zelp (1.1)
By (u) =0, t>0,zel'y ’
u|t:0 = Uug, x € €.

Here, (dk*w)(t,x) = fot dk(T)w(t—7,2), t > 0, z € Q, yu means the partial derivative of
uw.r.t. t, Vu = Vu is the gradient of v w.r.t. the spatial variables, V?u denotes its Hes-
sian matrix, that is (V2u);; = 02,0z;u, 1,5 € {1,...,n},and B : C = Z?:szl B;;Ci;
stands for the double scalar product of two matrices B, C' € R™*"™. Furthermore, we
have the substitution operators

A(u)(t,z) = —a(t,z,u(t,x), Vu(t,z)), t >0, x € Q,
F(u)(t,x) = f(t,z,u(t,x), Vu(t,z)), t >0, x € Q,
G(u)(t,x) = g(t, z,u(t, z), Vu(t,x)), t >0, z € Q,
Bp(u)(t,z) = b2 (t, z, u(t,z)), t >0, z € T'p,
By (u)(t,z) = b (¢, z, u(t, z), Vu(t,z)), t > 0, z € Ty,

where a is R"*"-valued, and f, g, b”, bV are all scalar functions. The scalar-valued
kernel k is of bounded variation on each compact interval [0,7] with k(0) = 0, and
belongs to a certain kernel class with parameter o € [0,1) which contains, roughly

speaking, all 'regular’ kernels that behave like ¢t for ¢ (> 0) near zero. Note that this
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formulation includes the special case k(t) = 1,¢ > 0, in which (1.1) amounts to the
quasilinear initial-boundary value problem

o+ Au) : V2u=H(u), t>0,z¢€

Bp(u) =0, t>0,zelp (1.2)
By (u) =0, t>0,zel'y ’
u|t=0 = uo, T e Qa

where H(u) = F(u) + G(u). Observe further that the case k(t) = t,t > 0, is not
admissible; in our setting, this kernel would lead to a hyperbolic problem.

Although there is a wide literature on problems of the form (1.1), not much seems to
be known towards an L,-theory in the integrodifferential case with nonlinear boundary
conditions, even in the linear situation with inhomogeneous Dirichlet and/or Neumann
boundary conditions. Before presenting the main result concerning (1.1) and comment-
ing on available results in the literature we give some motivation for the study of these
problems.

Equations of the form (1.1) appear in a variety of applied problems. They typically
arise in mathematical physics by some constitutive laws pertaining to materials with
memory when combined with the usual conservation laws such as balance of energy or
balance of momentum. To illustrate this point, we give an example from the theory of
heat conduction with memory. For details concerning the underlying physical principles,
we refer to Nohel [59]. See also Clément and Nohel [23], Clément and Priiss [25], Lunardi
[54], Nunziato [60], and Priiss [63] for work on this subject.

Example: (Nonlinear heat flow in a material with memory)
Consider the heat conduction in a 3-dimensional rigid body which is represented by a
bounded domain 2 C R? with boundary 92 of class C'. Let (¢, z) denote the density of
internal energy at time ¢t € R and position = € €2, ¢(t, z) the heat flux vector field, u(¢, x)
the temperature, and h(t, x) the external heat supply. The law of balance of energy then
reads as

Oe(t,x) +divg(t,z) = h(t,z), teR, z €. (1.3)
Equation (1.3) has to be supplemented by boundary conditions; these are basically either
prescribed temperature or prescribed heat flux through the boundary, that is to say

u(t,z) = w(t,z), teR, xely, (1.4)

_Q(tvx) ’ n(l‘) = Qf(t,l‘), teER, z € Ffa (15)
where I'y and I'y are assumed to be disjoint closed subsets of 92 with I', UT'y = 02,
and n(z) denotes the outer normal of Q at x € 9. In order to complete the system we
have to add constitutive equations for the internal energy and the heat flux reflecting the
properties of the material the body is made of. In what is to follow we shall consider an

isotropic and homogeneous material with memory. Following [23], [39], [60] and many
other authors, we will use the laws

e(t,z) = /OO dm(T)u(t —1,2), teR, zeQ, (1.6)
0
q(t,x) = — /OOO de(t)o(Vu(t —7,x)), teR, ze€Q, (1.7)

where m, ¢ € BVj,.(Ry), and 0 € C1(R3, R3) are given functions. Note that the heat flux
here depends nonlinearly on the history of the gradient of u. It is physically reasonable
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to assume that m, ¢ are bounded functions of the form m(t) = mg + (1 xmq)(t), t > 0,
m(0) =0, and c(t) = co + (L xc1)(t), t > 0, ¢(0) = 0, respectively, with mg > 0, ¢cg > 0,
and mq, ¢; € L1(Ry). Here and in the sequel, fi * fo denotes the convolution of two
functions defined by (f1 * f2)(t) = [J fi(t — 7) fo(7) dr, t > 0.

Without loss of generality we may assume that the material is at zero temperature
up to time ¢t = 0, and is then exposed to a sudden change of temperature u(0, x) = up(x),
x € §); otherwise one has to add a known forcing term in both (1.8) and (1.10) below
that incorporates the history of the temperature up to time ¢ = 0. Then (1.3)-(1.7) yield

O(dm*u) —dex (dive(Vu)) = h, t>0,z€Q, (1.8)

u = up, t>0,x Y, (1.9)

dexo(Vu) = qf t>0,2€ly, (1.10)

Ulg=0 = wuo, x € Q. (1.11)

We show now that (1.8)-(1.11) can be transformed to a problem of the form (1.1),

see also [23]. Note first that without restriction of generality we may assume mgo = 1.
By integrating (1.8) with respect to time we obtain

u+mi*xu—cx*(dive(Vu)) =1xh+ug, t>0,z¢€l. (1.12)

Define the resolvent kernel © € Ly jo.(R4) associated with m; as the unique solution of
the convolution equation
r+myxr=mq, t2>0.

Application of the operator (I — r*) to (1.12) then results in
u—(c—rxc)x(dive(Vu)) =1% (h—r*h—rug) + up. (1.13)
Using (formally) the chain rule yields
dive(Vu(t,z)) = Do(Vu(t,z)) : V2u(t,z), t>0,z¢€Q,

Do denoting the Jacobian of 0. Hence, with k = c—7rx*c¢c, f = h—r*xh — rug, and
a = Do, it follows by differentiation of (1.13) that

O — dk x (a(Vu) : V2u) = f, t>0,2€Q,

which is a special form of the integrodifferential equation in (1.1). Lastly, if ¢ belongs to
a certain class of 'nice’ kernels, one can invert the convolution with the measure dec and
thus rewrite (1.10) as a nonlinear boundary condition of non-memory type as in (1.1).
a

Another important application is the theory of viscoelasticity; here problems of the form
(1.1) naturally occur when balance of momentum is combined with nonlinear stress-strain
relations of memory type. General treatises on this field are, for example, Antman [3],
Christensen [12], and Renardy, Hrusa, and Nohel [71], but we also refer the reader to
Chow [11], Engler [33], and Priiss [63]. A short account of the basic equations in the
linear vector-valued case is given in Chapter 5.

Having motivated the investigation of (1.1) by examples from mathematical physics,
we describe next the main result to (1.1), which is stated in Theorem 6.1.2. For 7' > 0
and 1 < p < oo, set J = [0,7] and define the space Z7 by

Z" = Hy™(J; Lp(Q) N Ly(J; Hy ().
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Here H,(J; Ly(£2)) (s > 0) means the vector-valued Bessel potential space of functions
on J taking values in the Lebesgue space L,(€2). We assume n +2/(1+a) <p < o0, a
condition which ensures that the embedding ZT — C(J; C1(Q)) is valid. Theorem 6.1.2
now asserts that under suitable assumptions on the nonlinearities and the initial data,
problem (1.1) admits a unique local in time strong solution in the following sense: there
exists T > 0 such that there is one and only one function v € Z7 that satisfies (1.1),
the integrodifferential equation almost everywhere on J x €2, the initial and boundary
conditions being fulfilled pointwise on the entire sets considered.

As to literature, there has been a substantial amount of work on nonlinear Volterra
and integrodifferential equations. We can only mention some of the main results here.
Using maximal C“-regularity for linear parabolic differential equations, in 1985 Lunardi
and Sinestrari [56] were able to prove local existence and uniqueness in spaces of Holder
continuity for a large class of fully nonlinear integrodifferential equations with a homo-
geneous linear boundary condition. However, to make their approach work, they assume
(in our terminology) that the kernel £ has a jump at ¢ = 0, a property which is not
required in this thesis. Concerning C“-theory for Volterra and integrodifferential equa-
tions, we further refer the reader to Da Prato, Iannelli, Sinestrari [28], Lunardi [53],
Lunardi and Sinestrari [55], Priiss [63]; for the case of fractional differential equations
see also Clément, Gripenberg, Londen [17], [18], [19], and the survey article Clément,
Londen [21]. The standard reference for parabolic partial differential equations in this
context is Lunardi [52].

In the Ly-setting, quasilinear integrodifferential equations were first studied by Priiss
[68]. He also employs the method of maximal regularity, now in spaces of integrable
functions, to obtain existence and uniqueness of strong solutions of the scalar problem

du(t,x) = [y dk(r){div g(z, Vu(t — 7,2)) + f(t —T.2)}, t€J x€Q
u(t,z) =0, teJ zed (1.14)
u(0,2) = up(z), =€

in the class H)(J; Lq(2)) N Ly(J; HZ(Q)) provided that either T or the data ug, f are
sufficiently small. In the latter case he further shows existence and uniqueness for the
corresponding problem on the line. The kernel k£ € BV},.(R) involved is assumed to be
1-regular in the sense of [68, p. 405] and to fulfill an angle condition of the form

larg dk(A)| < 6 < g, Re X > 0, (1.15)

where the hat indicates Laplace transform. So, e.g., the important case k(t) = t*, ¢t > 0,
with o € (0, 1) is covered. The author’s approach to maximal regularity basically relies
on the inversion of the convolution operator in L,-spaces (see Section 2.8), on the Dore-
Venni theorem about the sum of two operators with bounded imaginary powers (see
Section 2.3), and on results of Priiss and Sohr [70] about bounded imaginary powers of
second order elliptic operators. We point out that these tools will also play an important
role in the present work.

For 2 = (0,1), g not depending on x, and with & = 1 % ky, that is dk * w = ky * w,
global existence of strong solutions of (1.14) (J = Ry) with u € Lo j0.(R4; H2([0,1]))
was established by Gripenberg under different assumptions on g and the kernel ky; in [37]
he considers kernels k satisfying (1.15), while in [38] k is assumed to be nonnegative,
nonincreasing, convex, and more singular at 0 than ¢t~'/2. Engler [34] extended the
results of the latter work by treating also higher space dimensions and by allowing for a
larger class of nonlinear functions g.



We give now an overview of the contents of the thesis and present the principal
ideas in greater detail. The text is divided into three main parts, devoted respectively
to preliminaries (Chapter 2), linear theory (Chapters 3, 4, 5), and nonlinear problems
(Chapter 6).

Chapter 2 collects the basic tools needed for the investigation of the linear equations
to be studied. After fixing some notations, in Section 2.2 we review important classes of
sectorial operators, among others, operators which admit a bounded H°°-calculus, op-
erators with bounded imaginary powers, and R-sectorial operators. We further discuss
some properties of the fractional powers of such operators in connection with real and
complex interpolation, and prove that the power A%, o € R, of an R-sectorial operator
A with R-angle ¢ is R-sectorial, too, as long as the inequality |a|¢ff < 7 holds (Propo-
sition 2.2.1); the latter result seems to be missing in the literature. In Section 2.3, which
is devoted to sums of closed linear operators, we state a variant of the Dore-Venni theo-
rem. Section 2.4 is concerned with the joint H*-calculus for pairs of sectorial operators.
In particular, we look at the calculus for the pair (9, —A,) in the space L,(R4 x R™),
which proves extremely useful in establishing optimal regularity results in Chapter 5.
Section 2.5 deals with operator-valued Fourier multipliers. The central result here is the
Mikhlin multiplier theorem in the operator-valued version, which was proven recently by
Weis [80]. In Section 2.6 we introduce the class of K-kernels consisting of all 1-regular,
sectorial kernels & whose Laplace transform I;:()\) behaves like A™* as A — 0, co for some
o > 0; an example is given by k(t) = t*te™P ¢t > 0, with o > 0 and # > 0. Kernels of
that type have already been studied by Priiss [63] in the context of Volterra operators
in L,, which is the subject of Section 2.8. Before, in Section 2.7 we give a short account
of the abstract Volterra equation

u(t)+/0 a(t — 5)Au(s)ds = f(1), 130, (1.16)

where a € Ly 1o.(R4) is a scalar kernel, and A is a closed linear operator in a Banach
space X. We explain the notion of parabolicity of (1.16), give the definition of resolvents,
and recall the variation of constants formula. Section 2.8 is devoted to convolution
operators in L, associated to a K-kernel. After stating two fundamental theorems from
Priiss [63] on the inversion of such operators in L,(R; X) with 1 < p < co and X € HT,
we consider restrictions of them to L,(J; X), where J = [0,7] or R;. The main facts
about these operators are summarized in Corollary 2.8.1. It asserts that for every -
kernel k£ with angle 6, < 7 there is a unique sectorial operator B in L,(J; X) inverting
the convolution (k*), and that this operator - assuming in addition k € L;(Ry) in case
J = Ry - is invertible and satisfies B~'w = k x w for all w € L,(J;X); it further
says that B € BIP(Ly(J; X)) and that its domain D(B) equals the space oH,(J; X),
where o > 0 refers to the order of k in the sense describe above. So, we have precise
information about the mapping properties of the convolution operators under study and
see that their inverse operators are accessible to the Dore-Venni theorem. In Section
2.8 we further recognize the fractional derivative (d/dt)* of order a € (0,1) to be the
inverse convolution operator associated with the standard kernel t*~1 /T'(«). Besides, we
introduce equivalent norms for the spaces H,(J; X) and consider operators of the form
(I — kx), which appear in connection with transformations of Volterra equations, cf. the
above example on heat conduction.

The main purpose of Chapter 3 is to establish maximal regularity results of type
L, for equation (1.16) as well as for a class of abstract linear Volterra equations on an
infinite strip J xR with inhomogeneous boundary condition of Dirichlet resp. (abstract)
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Robin type. Unique existence of solutions of these problems in certain spaces of optimal
regularity is characterized in terms of regularity and compatibility conditions on the
given data. The main result concerning (1.16), Theorem 3.1.4, is proven in Section 3.1.
To describe it for the case J = [0,7], let 1 < p < o0, k € [0,1/p), X be a Banach space
of class H7, A an R-sectorial operator in X with R-angle qﬁf}, and a a K-kernel (with
angle 6,) of order a € (0,2) such that « + x ¢ {1/p,1 + 1/p}. Let further D4 denote
the domain of A equipped with the graph norm of A. Assume the parabolicity condition
0o+ ¢ < m. Then (1.16) has a unique solution u in the space H3*(J; X) N H(J; D)
if and only if the function f satisfies the subsequent conditions:

(i)  feH (T X);
(i) f(0) € Da(l+ & — Lop), ifat > 1/p;
(iii)  f(0)e DAl +E—1— L p)y ifat+r>1+1/p.

«
Here, D (7, p) stands for the real interpolation space (X, Da),p. In the special case

a=1 (ie. @« =1)and k = 0, by putting g = f and uo = f(0), we recover the main
theorem on maximal Ly-regularity for the abstract evolution equation

u+Au=g, t€J, u(0)=up, (1.17)

stating that in the above setting, unique solvability of (1.17) in the space H;(J ; X) N
Ly(J; D) is equivalent to the conditions g € L,y(J; X) and ug € Da(1 —1/p,p). We
remark that the motivation for considering also the case x > 0 comes from the problem
studied in Chapter 5 which involves two independent kernels.

The proof of Theorem 3.1.4 essentially relies on techniques developed in Priiss [64]
using the representation of the resolvent S for (1.16) via Laplace transform, as well as
on the Mikhlin theorem in the operator-valued version. With the aid of the latter result
and an approximation argument, we succeed in showing L,(R; X )-boundedness of the
operator corresponding to the symbol M(p) = A((a(ip))~t 4+ A)~Y, p € R\ {0}; this
operator is closely related to the variation of parameters formula.

After proving a rather general embedding theorem in Section 3.2, we continue the
study of (1.16), now focusing on the case k € (1/p,1+1/p), and establish a result corre-
sponding to Theorem 3.1.4. This is done in Section 3.3. In Section 3.4 we collect some
known results on maximal L,-regularity of abstract problems on the halfline. Among
others, we consider two abstract second order equations that play a crucial role in the
treatment of problems on a strip which are respectively of the form

{ u—axdpu+taxAu=f teJ y>0, { u—axdjutaxAu=f teJ y>0,
u(t,0) = ¢(t), t € J, —0yu(t,0) + Du(t,0) = ¢(t), t € J,
(1.18)
where a is a K-kernel of order a € (0,2), and A and D are sectorial resp. pseudo-sectorial
operators in a Banach space X with D 412 < Dp. The investigation of these problems
is pursued in Section 3.5. We prove results characterizing unique solvability of (1.18) in
the regularity class Ho'(J; Ly(Ry; X)) N Ly(J; H2(Ry; X)) N Lyp(J; Ly(Ry; Dy)) in terms
of regularity and compatibility conditions on the data. Besides the results concerning
(1.16) and that from Section 3.4 we make here repeatedly use of the inversion of the
convolution, the Dore-Venni theorem, as well as properties of real interpolation.
Chapter 4 is devoted to the study of linear scalar problems of second order in the
space Ly (J xQ), J = [0,T] and © a domain in R", with general inhomogeneous boundary
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conditions of order < 1. Sections 4.1 and 4.2 deal with the full resp. half space case.
The theory from Chapter 3 is applied to find necessary and sufficient conditions on the
data that characterize maximal Ly-regularity of the solutions. The strategy is to look
first at problems with constant coefficients and differential operators consisting only of
their principle parts, and then to use pointwise multiplication properties of the function
spaces involved together with perturbation arguments to extend the results to the general
case. In Section 4.3 we study the case of an arbitrary domain 2 C R" with compact
C?-smooth boundary I' decomposing into two disjoint closed parts I'p and Iy on which
inhomogeneous boundary conditions of zeroth resp. first order have to be satisfied. The
basic idea here is to employ the localization method to reduce the problem to related
problems on R™ and R’}. Proceeding this way we obtain a characterization of unique
solvability of the problem

v+kxA(,x,Dy)v=f, teJ zeQ,
v=g, teJ xzelp, (1.19)
B(t,z,D;)v="h, teJ, zely,

with
A(t,z,D;) = —a(t,z) : V2 +ay(t,z) - Vo +ao(t,z), t € J, x € Q,

B(t,x,Dz) =b(t,x) - Vy+by(t,z), t € J, x € Ty,

in the regularity class Hg'(J; Lp(€2)) N Ly(J; Hg(Q)) Here as before, k is a K-kernel
of order o € (0,2). As to the regularity of the top order coefficients, we only assume
a € C(J x Q,R™™) and that a has a limit as |#| — oo uniformly w.r.t. t € J.

In Chapter 5 we are concerned with a linear parabolic problem of second order which
appears in the theory of viscoelasticity. In comparison to the problems investigated
in Chapter 4, it has two new challenging features: first it is a vector-valued problem,
and second it contains two independent kernels. Once more we characterize unique
existence of the solution in a certain class of optimal regularity in terms of regularity
and compatibility conditions on the given data. Section 5.1 gives a short account of the
basic equations of linear viscoelasticity. In Section 5.2 we state the problem and discuss
the assumptions on the kernels, which are stronger than in the previous chapters, since
the method of proof relies heavily on H*°-calculus. Section 5.3 is devoted to the thorough
investigation of a half space case of the problem under study, which reads

Ov — da x (Azv + 821)) — (db+ ida) x (Vo Ve v+ 0,Vow) = f,  (
Oyw — da * Agw — (db + 4da) = 02w — (db+ 2da) * O, Ve v = fu  (
—da * y0yv —daxyVyw =g, (JxR")
—(db— 2da) xyVy -v — (db+ %da) kYO = Gy (
V=0 =wvo (
Wl=o =wo  (

where the unknown functions v and w are R™- resp. scalar-valued, and v denotes the
trace operator at y = 0. To solve this problem, we introduce an appropriate auxiliary
function by which the system can be decoupled. Using the results from Chapter 3, the
problem is further reduced to an equation on the boundary, which can be solved by
means of the joint H>-calculus for the pair (0;, —A;) in the space L,(Ry x R™). The
essential difficulty is the estimate for the principal symbol of the problem. To be precise,
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we have to show that there exist ¢ > 0 and 7 € (0,7/2) such that the inequality

4b(2)+3a(z)
b(z)+3a(z) a(z) z +1

a / T
az7'2+1+\/(} %&z +1

holds true; here ¥y = {A € C\ {0} : |arg A\| < 8}. This crucial estimate is obtained by a
careful function theoretic analysis.

Finally, in Chapter 6 we study the nonlinear problem (1.1) described at the beginning
and prove the last main result of the present thesis, Theorem 6.1.2, by means of the
contraction mapping principle employing the optimal regularity results obtained for the
linear problem (1.19). Section 6.1 deals with the fixed point construction and the basic
estimates. It also contains the list of all assumptions needed for our treatment of (1.1).
The proof of the harder estimates concerning in particular the nonlinearities on the
boundary is deferred to Section 6.2.

o) , (2,7) € Bz yy X Xy
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Chapter 2

Preliminaries

2.1 Some notation, function spaces, Laplace transform

In this section we fix some of the notations used throughout this thesis, recall some basic
definitions and give references concerning function spaces and the Laplace transform.

By N, Z, R, C we denote the sets of natural numbers, integers, real and complex
numbers, respectively. Let further Ng = NU{0}, Ry = [0,00), C4 ={A € C: Re A > 0}.
X, Y, Z will usually be Banach spaces; | - |x designates the norm of the Banach space
X. The symbol B(X,Y) means the space of all bounded linear operators from X to Y,
we write B(X) = B(X, X) for short. If A is a linear operator in X, D(A4), R(A4), N(A)
stand for domain, range, and null space of A, respectively, while p(A), o0(A) designate
resolvent set and spectrum of A. For a closed operator A we denote by D4 the domain
of A equipped with the graph norm.

In what follows let X be a Banach space. For 2 C R™ open or closed, C(€2; X)
and BUC(Q; X) stand for the continuous resp. bounded uniformly continuous functions
f:Q — X. Further, if @ ¢ R” is open and k € N, C*(Q; X) (BUC*(Q; X)) designates
the space of all functions f :  — X for which the partial derivative 9%f exists on (2
and can be continuously extended to a function belonging to C(2; X) (BUC($; X)), for
each 0 < |of < k.

If © is a Lebesgue measurable subset of R™ and 1 < p < oo, then L,(€2; X') denotes
the space of all (equivalence classes of) Bochner-measurable functions f : 2 — X with
|Flp = (fo, | F (W) dy)V/P < 00. L,(€ X) is a Banach space when normed by | - |,.

For an interval J C R, s > 0 and 1 < p < oo, by H,(J;X) and By, (J; X) we
mean the vector-valued Bessel potential space resp. Sobolev-Slobodeckij space of X-
valued functions on J, see Amann [6], Schmeisser [73], Strkalj [76], and Zimmermann
[83]. Concerning the scalar case, we refer further to Runst and Sickel [72], Triebel [78§],
[79]. In Section 2.8 we give a definition of the spaces H,(J; X) in the situation where
X belongs to the class H7 (cf. Section 2.3); this will always be the case when we are to
consider vector-valued Bessel potential spaces. We will frequently use the property that
the Sobolev-Slobodeckij spaces appear as real interpolation spaces between the spaces
L, and Hy; more precisely (L,(J;X), Hy(J;X))g,p = Bg;(J; X) forall 1 < p < o0,
s >0, and 6 € (0,1). For general treatises on interpolation theory we refer to Bergh
and Lofstrom [9], and Triebel [78].

If F is any of the above function spaces, then f € Fj,. means that f belongs to the
corresponding space when restricted to compact subsets of its domain. In the scalar
case X = R or X = C we usually omit the image space in the function space notation.
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Following these conventions, BV,.(R) designates the space of all scalar functions that
are locally of bounded variation on R.

If not indicated otherwise, by f * g we mean the convolution defined by (f * g)(t) =
fg ft —=m7)g(r)dr, t > 0, of two functions f, g supported on the halfline.

For u € Ly, 10c(R4; X) of exponential growth, ie. [;°e “!|u(t)|dt < oo with some
w € R, the Laplace transform of u is defined by

a(\) = / e Mu(t)dt, Rel>w.
0

For a comprehensive account of the vector-valued Laplace transform we refer to Hille
and Phillips [44], and Arendt, Batty, Hieber, Neubrander [7]; see also Priiss [63]. For
the classical Laplace transform, one of the standard references is Doetsch [30].

We conclude this section by stating a result on the inversion of the vector-valued
Laplace transform. It is due to Priiss, see [64, Corollary 1].

Proposition 2.1.1 Let X be a Banach space. Suppose g : C1 — X is holomorphic and
satisfies
gV + AN < c]A7%, ReA >0, (2.1)

for some B > 0. Then, with n := [(], there is an n-times continuously differentiable
function u : (0,00) — X such that a(\) = g(\) for all X\ € Cy. Moreover,

lW® @) < MPF1 +>0,0<k<n, (2.2)

where M > 0 is a constant depending only on ¢ and (3.

2.2 Sectorial operators

This section contains the definitions and certain known properties of sectorial opera-
tors, operators which admit a bounded H°°-calculus, operators with bounded imaginary
powers, R-sectorial operators, and operators with R-bounded functional calculus. A
general reference for the material presented here is the extensive work by Denk, Hieber
and Priiss [29].

We begin with the definition of sectorial operators. Let X be a complex Banach
space, and A be a closed linear operator in X. Then A is called pseudo-sectorial if
(—00,0) is contained in the resolvent set of A and the resolvent estimate

t(t+ A) gy <M, t>0,
holds, for some constant M > 0. If in addition N'(A) = {0}, D(4) = X, and R(4) = X,
then A is called sectorial. The class of sectorial operators in X is denoted by S(X).
We recall that in case X is reflexive and A is pseudo-sectorial, the space X decomposes
according to X = N(A) & R(A). Thus in such a situation A is sectorial on R(A).
Putting

Yg={AeC\{0}:|arg )| < 6}

it follows by means of the Neumann series that if A € S(X), then p(—A) D Xy, for some
0 > 0 and sup{|\(A + A)~!| : | arg A\| < 8} < oo. Therefore one may define the spectral
angle ¢4 of A € S(X) by

¢pa=inf{p:p(—A) DT, _4, sup AN+ A)7 < oo}
)\EEW_¢
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Clearly, ¢4 € [0,7) and ¢4 > sup{|argA| : A € o(A)}.
We turn now to the H*-calculus. For ¢ € (0, 7], we define the space of holomorphic
functions on 34 by H(X4) = {f : £4 — C holomorphic}, and the space

H>(Eg) = {f : ¥4 — C holomorphic and bounded},

which when equipped with the norm |f]% = sup{|f(\)| : larg A| < ¢} becomes a Banach
algebra. We further let Ho(3y) = U, g< 0 Ha,(Xg), where Ho, 5(Xg) = {f € H(Zy) :
\f|iﬁ < oo}, and |f|§ﬁ i= sup|y <1 [AYF(A)] + suppy>1 IAB£(N\)]. Now suppose that
A€ 8(X) and ¢ € (¢a,m). We select any ¢ € (¢4, ¢) and denote by I'y, the oriented
contour defined by T'y(t) = —te®¥, —oco <t < 0, and I'y(t) = te”™, 0 < ¢t < co. Then
the Dunford integral

1

FA) = 5 | SO AT s S € Ho(S),
P

converges in B(X) and does not depend on the choice of 1. Further, it defines via
®4(f) = f(A) a functional calculus ®4 : Ho(Xg4) — B(X) which is an algebra homo-
morphism. The following definition is in accordance with McIntosh [57].

Definition 2.2.1 A sectorial operator A in X admits a bounded H*°-calculus if there
are ¢ > ¢4 and a constant Ky < oo such that

|F(A)| < Kylf|S,  for all f € Ho(Zg). (2.3)

The class of sectorial operators which admit an H*>-calculus will be denoted by H>®(X).
The H>-angle ¢% of A € H*(X) is defined by

X = inf{od > ¢4 : (2.3) is valid}.

If A € H*>®(X), then the functional calculus for A on Hy(X4) extends uniquely to
H=(5,).

We consider next operators with bounded imaginary powers. This subclass of S(X)
has been introduced in Priiss and Sohr [69]. To justify the subsequent definition, we first
note that for any A € S(X) one can define complex powers A%, where z € C is arbitrary;
cf. Komatsu [48], Priiss [63, Section 8.1] or Denk, Hieber, Priiss [29, Section 2.2].

Definition 2.2.2 A sectorial operator A in X is said to admit bounded imaginary
powers if A" € B(X) for each s € R and there is a constant C > 0 such that |A*®| < C
for |s| < 1. The class of such operators will be denoted by BLP(X).

Since A% has the group property (see e.g. Priiss [63, Proposition 8.1]), it is evident
that A admits bounded imaginary powers if and only if {A" : s € R} forms a strongly
continuous group of bounded linear operators in X. The growth bound 6 4 of this group,
that is 1
64 = limsup — log |A|,

|s]—o0 |5|
will be called the power angle of A. Owing to the fact that the functions fs defined
by fs(z) = 2* belong to H*(3y), for any s € R and ¢ € (0,7), we clearly have the
inclusions

H®(X) C BIP(X) C S(X),
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and the inequalities
X > 04 > pa >sup{largA|: A € o(A)}.

Operators with bounded imaginary powers are of overriding importance in the con-
text of sums of commuting linear operators. This finds expression in the Dore-Venni
theorem, which is one of the fundamental results in this connection. We will state a
version of it in the next section.

Another important application of the class BZP(X) concerns the fractional power
spaces

Xo = Xaa = (D(A%),| - |a), [#]a = [z[ +[A%], 0 <a <1,

where A € S(X). If A belongs to BIP(X), one can derive a characterization of X, in
terms of complex interpolation spaces.

Theorem 2.2.1 Let A € BIP(X). Then
Xo =[X,Dala, a€(0,1),
the complex interpolation space between X and D4 — X of order .

For a proof we refer to Triebel [78, pp. 103-104], or Yagi [82].

At this point let us state a very useful property of the real interpolation spaces
(X, Xa)s,p, 0 <, <1, 1< p< o0, between X and the fractional power spaces X
associated with an operator A € S(X), defined by, e.g. the K-method. Recall that for
AeS(X),1<p<oo,andy e (0,1), the real interpolation space (X, D4),,, coincides
with the space D 4(,p) which is defined by means of

Da(v,p) :=={r € X : [Z]p,(y,p) < O},

where

1
[ 1A+ Al ) 1 <p< oo 2
[-’I}]DA(’va) { SUPy~. At + A) Ly . p=o0, (2.4)

see e.g. [16, Prop. 3].

Suppose now that A € BIP(X). By Theorem 2.2.1 and the reiteration theorem (see
e.g. Amann [5, Section 2.8]), we deduce that

(X, Xa)s,p = (X,[X,Dala)s,p= (X,DAa)ap,p, 0<a, B<1,1<p< 00, (2.5)
Since A € S(X) implies AY € S(X) for all « € (0,1), we conclude from (2.5) that
Do (8,p) = Da(af,p). One can show that this relation is even valid for all A € S(X),
cf. Komatsu [49, Thm. 3.2].
Theorem 2.2.2 Let A€ S(X). Then
Daa(B,p) = Da(aB,p), a,8€(0,1),1<p < oo0.

We come now to R-sectorial operators. First we have to recall the definition of R-bounded
families of bounded linear operators.
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Definition 2.2.3 Let X and Y be Banach spaces. A family of operators T C B(X,Y)
is called R-bounded, if there is a constant C > 0 and p € [1,00) such that for each
N e N, T; € T,z; € X and for all independent, symmetric, {—1,1}-valued random
variables €; on a probability space (Q, M, ) the inequality

N N
| Z gzl vy < C| Z €5%;|L,(0:X) (2.6)
j=1 j=1

is valid. The smallest such C is called R-bound of T, we denote it by R(T).

The notion of R-sectorial operators is obtained by replacing bounded with R-bounded in
the definition of sectorial operators.

Definition 2.2.4 Let X be a complex Banach space, and assume A is a sectorial oper-
ator in X. Then A is called R-sectorial if

RA(0) :=R{t(t+ A)"': ¢t >0} < cc.
The R-angle gi)i of A is defined by means of
% == inf{f € (0,7) : Ra(m — 0) < o0},
where
RA(0) :=R{ANAN+A)7L 2 Jarg A < 6).
The class of R-sectorial operators in X will be denoted by RS(X).
The R-angle of an R-sectorial operator A is well-defined and it is not smaller than the
spectral angle of A, cp. Denk, Hieber and Priiss [29, Definition 4.1].
The following fundamental result, which has been proven in Clément and Priiss [24],
says that the class of R-sectorial operators contains the class of operators with bounded

imaginary powers, provided that the underlying Banach space X belongs to the class
‘HT, see Section 2.3 for the definition of the latter.

Theorem 2.2.3 Let X be a Banach space of class HT and suppose that A € BIP(X)
with power angle 4. Then A is R-sectorial and qbf} <B4

For sectorial operators A one knows that the powers A® with a € R and |a| < 7/¢4 are
sectorial as well and ¢4a < |a|pa, see e.g. [29, Thm. 2.3]. It turns out that there is a
corresponding result for the class RS(X).

Proposition 2.2.1 Let X be a complex Banach space. Suppose A € RS(X) and o € R
is such that || < w/¢%. Then A® is also R-sectorial and ¢p%. < |a|¢f.

Proof. In view of A= = (A~1)% it suffices to consider positive a. In fact, for A € RS(X)
and ¢ > qbﬁ, the relation

AMA+AH =240+ 2040 = A0+ A e Dy,

shows that A™! € RS(X) and ¢% ., = ¢f. So let a € (0,7/¢%) be fixed. Since
RS(X) C S(X), it follows that A* € S(X) with spectral angle ¢4 < ada.

Let now ¢, < m — a¢® and p € Sy, . Then the function g,(\) = p/(u+ A%) belongs
to H>(X4) as long as ¢ + a¢ < m. By means of the extended functional calculus (cf.
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[29, Section 2.1]) we have g, (A) = pu(u+ A%)~L; the problem is to show that the family
{9u(A) - p € By, } C B(X) is R-bounded.

To this purpose we consider first appropriate approximations of A. For € > 0 set
Ac = (e + A)(1 +eA)~!. Then A, is bounded, sectorial and invertible, for each ¢ > 0,
and ¢4, < ¢4, see [29, Prop. 1.4]. Furthermore, A, is also R-sectorial with R-angle
qbi < ¢, and the R-bounds R4_(¢) are uniformly with respect to € > 0, for each fixed

o< T— agbﬁ. To see this verify that the subsequent relation is valid.

A
1+eA

AN+ A)7! 0N (p(N) + A) 1 + Alp-(\) + AL e xy,

A te
where ¢-(A) = (¢ + A\)/(1 + €X). Here it is essential that the functions ¢. leave all
sectors X, invariant. The claim follows then by the rule R(7; + 72) < R(7T:1) + R(72)
and Kahane’s contraction principle, cf. [29, Section 3.1].

We next show that Raa(¢s) < C < oo uniformly w.r.t. & > 0. To this end we
employ the following representation formula for the operators g,(A:), cf. the proof of
Theorem 2.3 in [29)].

() =t [ g — ) ar
gﬂ/ € _27T'L 0 (Iu+,rae’ia(972ﬂ'))(lul+roéeia0) £

+uzn:A}—a(Aj — A7V a. (2.7)
j=1

This formula is obtained by contracting the contour I'y, from the Dunford integral for
gu(Ag) to a suitable halfray I'y, = [0, o0)e? | with % < 1 < 6 < 7, and using Cauchy’s
theorem as well as residue calculus. The numbers A\; = \j(u), 7 = 1,...,n denote the
zeros of p + A%; note that there are only finitely many of them, and n = 0 means that
there are none. The angle § = 0(u) is chosen such that for some § > 0, we have with
¢ =arg p the inequalities |p—af(u) — (2k+1)7| > 0 and |p+2am—ab(pu)— (2k+1)7| >
for all 4 € ¥y, and k € Z. From (2.7) we get with p+ A7 = 0 and the change of variables

= (|uls)"

- [t
Gu\Ae) = 0 2mai (ei(SO*aQ) +5)(ei(go+2om'fa9) +S)

ds

(k) e (uls)= e =A™ s

|-|<C

— Z )\j()\j — AE)_l/a.
j=1

Hence g,,(A:) € Coaco ({A(A+ A:)7! : A € B;_y}), where aco (7) means the closure in
the strong operator topology of the absolute convex hull of the family 7. Proposition
3.8 in [29] and the above observation concerning the R-bounds R 4_(¢) then yield

RAg (gba) < 2CORA5 ("L/J) < C < o,

uniformly w.r.t. € > 0.

The assertion R 4e (¢4) < 0o can now be established by the following approximation
argument, which relies on g,(A:)z — g,(A)z as € — 04+ on D(A) N R(A), which is a
dense subset of X, see [29, Thm. 2.1]. Set 7 = {g,(A) : p € Xy, } and 7. = {gu(4A:) :
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peE Xy, b Let NeN, T; € T, x; € X and suppose that €; are independent, symmetric,
{—=1,1}-valued random variables on a probability space (2, M,u), j = 1,...,n. Let
further 7: ; € 7. be the approximation of T}, that is, for T; = g,;(A) we put 7% ; =
gu,;(As). Also, we choose for each z; a sequence {z; ,}72; C D(A) N R(A) such that
xj — T; as k — oo. By uniform R-boundedness of 7., we may then estimate

N N N
| Zejjjjxj’Lp(Q;X) < ‘ Zngg,j l‘j|Lp(Q;X) + ’ Zej(,‘rj - vaj)xj7k|LP(Q§X)

j=1 j=1 J=1
N
1D e (T = Te ) (w5 — 258) | Ly (25)
=1
N N N
<O el + >N = Te )wsklx +2C ) |y — x5kl x,
j=1 j=1 j=1

(2.8)

where C' does not depend on ¢, j, k. Now let ¢ — 0+ in (2.8) with k£ being fixed. This
makes the second summand disappear. The third one vanishes if we then send k — oo.

It remains the desired inequality expressing R-boundedness of {g,(A) : p € ¥4, } for
each ¢ < 7 — agh. O

Connecting the concept of R-boundedness to the H*-calculus, leads to the notion of
operators with R-bounded functional calculus.

Definition 2.2.5 Let X be a complex Banach space and suppose that A € H*(X). The
operator A is said to admit an R-bounded H*°-calculus if the set

{f(A): f € H™(Sp), |fl% < 1}

is R-bounded for some 0 > 0. We denote the class of such operators by RH>(X) and
define the RH™>-angle gbﬁoo of A as the infimum of such angles 0.

One important application of such operators concerns the joint functional calculus of
sectorial operators, see Section 2.4.

2.3 Sums of closed linear operators

Let X be a Banach space, A, B closed linear operators in X, and consider the problem
Az + Bx =vy. (2.9)

Given y € X one seeks a unique strict solution x of (2.9) in the sense that x € D(A) N

D(B), that is x possesses the regularity induced by A as well as that coming from B.

In this situation we say that the solution has mazimal regularity. Furthermore it is

desirable to have an a priori estimate of the form

|Az| 4+ |Bz| < C|Az + Bx| for allz € D(A) N D(B), (2.10)

where C' does not depend on .
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Let us define the sum operator A + B by
(A+ B)x = Ax+ Bx, z € D(A+ B)=D(A)ND(B).

If 0 € p(A+ B), which in particular means that A+ B is closed, equation (2.9) is solvable
in the strict sense for all y € X, and the closed graph theorem shows (2.10) with some
C > 0. For the latter it suffices to know only that A+ B is injective and closed. If A+ B
is merely closable but not closed, and 0 € p(A + B), then (2.9) only admits generalized
solutions in the sense that there exist sequences (z,) C D(A) N D(B), z, — =z, and
Yn — Y satisfying

Az, + Bry, =yn, n€N.

In general, nothing can be said on A+ B. It may even happen that it is not closable.
In order to prove positive results in this direction, further assumptions on A and B have
to be imposed.

In 1975 Da Prato and Grisvard ([26]) were able to show that if A and B are com-
muting sectorial operators satisfying the parabolicity condition ¢4 + ¢ < w then A+ B
is closable, and the closure L := A + B is a sectorial operator with ¢, < max{¢a, ¢p},
see also [16], [63, Section 8]. Recall that two closed linear operators are said to commute
(in the resolvent sense) if there are A € p(A), u € p(B) such that

A=A = A) = (= A A=A

By strengthening the assumptions on A, B and X Dore and Venni [31], [32] succeeded
in proving closedness of A 4+ B. Priiss and Sohr [69] improved their result by removing
some extra assumptions. Before we repeat a version of the Dore-Venni theorem we have
to recall what it means for a Banach space X to belong to the class H7T .

A Banach space X is said to be of class H7, if the Hilbert transform is bounded
on L,y(R,X) for some (and then all) p € (1,00). Here the Hilbert transform Hf of a
function f € S(R; X), the Schwartz space of rapidly decreasing X-valued functions, is
defined by

(HF)(t) = - tim ft-92, ter,
T e=0 Je<|s|<1/e s

where the limit is to be understood in the L,-sense. There is a well known theorem
which says that the set of Banach spaces of class H7 coincides with the class of UMD
spaces, where UMD stands for unconditional martingale difference property. 1t is further
known that H7 -spaces are reflexive. Every Hilbert space belongs to the class H7, and
if (€2,%, ) is a measure space, 1 < p < oo, then L,(€, X, y; X) is an H7T -space. For all
these results see the survey article by Burkholder [10].

We state now a variant of the Dore-Venni theorem, cf. [31], [65], [69].

Theorem 2.3.1 Suppose X is a Banach space of class HT , and assume A, B € BIP(X)
commute in the resolvent sense and satisfy the strong parabolicity condition 4405 < 7.
Let further u > 0. Then

(1) A+ uB is closed and sectorial;
(i1) A+ pB e BIP(X) withatr,p < max{04,0p};
(7i1) there exists a constant C > 0, independent of jp > 0, such that
|Az| + p|Bz| < C|Ax + puBzx|, x € D(A)ND(B). (2.11)
In particular, if A or B is invertible, then A + uB is invertible as well.
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We remark that a theorem of the Dore-Venni type for noncommuting operators has been
established by Monniaux and Priiss [58]. Another remarkable result has been obtained by
Kalton and Weiss [47]. They could show, without restriction on the underlying Banach
space X, that A + B is closed, provided that A € H*(X) and B € RS(X) commute
with ¢ + ¢f < 7.

Some consequences of Theorem 2.3.1 concerning complex interpolation are contained
in the following corollary, see Priiss [65, Cor. 1]. For a proof we refer to the forthcoming
monograph Hieber and Priiss [43].

Corollary 2.3.1 Suppose X belongs to the class HT , and assume that A, B € BIP(X)
are commuting in the resolvent sense. Further suppose the strong parabolicity condition
0a+0p <m. Let A or B be invertible and o € (0,1). Then

(i) A*(A+ B)~ and B*(A+ B)™“ are bounded in X;
(ii) D((A+ B)?) = [X,D(A + B)]a = [X, D(A)] N [X, D(B)]s = D(A%) N D(B).

We conclude this section with two results which are also very useful in connection with
the method of sums. The first of these has been established by Grisvard [40], even in a
more general situation.

Proposition 2.3.1 Suppose that A, B are sectorial operators in a Banach space X,
commuting in the resolvent sense. Then

(X, D(A) ND(B))a,p = (X, D(A))a,p N (X, D(B))a,p;
for all a € (0,1), p € [1,00].

The following result is known as the mized derivative theorem and is due to Sobolevskii
[75].

Proposition 2.3.2 Suppose A, B are sectorial operators in a Banach space X, com-
muting in the resolvent sense. Assume that their spectral angles satisfy the parabolicity
condition ¢4 + ¢p < w. Further suppose that the pair (A, B) is coercively positive, i.e.
A + uB with natural domain D(A + uB) = D(A) N D(B) is closed for each pu > 0 and
there is a constant M > 0 such that

|Az|x + pu|Bz|x < M|Az + pBz|x, for allx € D(A)ND(B), u> 0.
Then there exists a constant C' > 0 such that
|A°BY"%z|x < C|Az + Bz|x, forallz € D(A)ND(B), o€ [0,1].
In particular, if A or B is invertible, then A*B1=%(A + B)~™! is bounded in X, for each
a€|0,1].
2.4 Joint functional calculus

This section is devoted to the joint H-calculus for a pair of sectorial operators A, B on
X with commuting resolvents. It was first introduced by Albrecht [1] and is a natural
two-variable analogue of McIntosh’s H*-calculus, which we have already discussed in
Section 2.2. For proofs and many more details we refer to [1], [2], [51], and [47].
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Given ¢, ¢’ € (0, 7] we denote by H™ (X4 x X4) the Banach algebra of all bounded
‘&W —

holomorphic scalar-valued functions on ¥y x 34 equipped with the norm |f
sup{|f(A\, )| : larg A] < @, Jarg N'| < ¢'}, and we put Ho(Eg x Xg) = {f € H®(Zy X
E¢/) : 3(]81, fg) € Ho(z(b)XHo(qu/), f1 and fo non-vanishing, and f(flfg)il € HOO(Z(bX
Yg)}. Let A, B € §(X) with spectral angles ¢4 and ¢p, respectively, commute in the
resolvent sense. For ¢ € (¢a,7), ¢' € (¢5,7), and f € Ho(Ey x E¢) one defines

1

f(A,B) = ——
( ) 47T2 F¢,XF,¢/

FOLN)YA=A) YA = B) taxdy, (2.12)

where (1, 1) € (¢4, ¢) X (¢B,¢"). This integral converges in B(X) and does not depend
on the choice of ¢ and ¢'. Via @4 p(f) = f(A, B), it defines a joint functional calculus
P 4,8 Ho(Xg x Xg) — B(X). In analogy to Definition 2.2.1, we say that (A, B) admits
a bounded joint H* -calculus (symbolized by (A, B) € H*>(X)) if there exist ¢ € (¢pa,7),
¢ € (¢B,7), and a constant K4 » < oo such that

(A, B)| < K4 o |f129 for all f € Ho(Zg x Tg). (2.13)

If (A,B) € H™(X), then the functional calculus for (A, B) on Ho(X, X Xy) extends
uniquely to H>® (X4 x Xy ).

An interesting question is the following: what are the Banach spaces X for which
(A, B) admits a bounded joint H>-calculus as soon as A and B, each, admit a bounded
H>-calculus? In [1] Albrecht was able to prove that this is the case if X = L,(Q, X, p),
1 < p < oo, where (2, X, 1) is a o-finite measure space, see also [2, Section 5]. Lancien et
al. [51] extended this result to a class of Banach spaces which enjoy a certain geometric
property. They also give an example for a Banach space not possessing the joint calculus
property. We would further like to mention a result by Kalton and Weis [47] which
asserts, without additional assumption on X, that if A € H*(X) and B € RH>*(X)
with commuting resolvents, then (A, B) admits a bounded joint H*°-calculus.

We consider now an important example.

Example 2.4.1 Let 1 < p < 00, X = L,(R; x R"), and denote the independent vari-
ables by t (€ Ry) resp. z (€ R"). Take B = 9; with domain D(B) = oH, (R; L,(R™)),
and define A as the natural extension of —A, in L,(R") with D(-A;) = HZ(R") to X,
ie. D(A) = Ly(Ry; HZ(R™)) and Af = —A,f, f € D(A). Then A and B commute in
the resolvent sense, and A, B € H>(X) with H*-angles ¢% = 0 resp. ¢ = /2. Since
X has the joint calculus property, we have (A, B) € H*(X). More precisely, for each
n € (0,7/2), there exists Cy > 0 such that for all f € H>*(X, x X=z,,), f(A4, B) € B(X)
and |f(4, B)ls(x) < Cyl FI27/*H7.

Regarding functions in X as elements in L,(R; L,(R™)), the resolvent of B admits
the kernel representation

t
(0= B)Lu(t) = —/ Ay (s)ds, teR,,
0

for all w € X. Thus, for f € Ho(%, x Z%Jrn), the operators f(A, B) admit a kernel
representation as well, namely

e Bt = [ (2‘7} /

GA/(t_S)f(A, )\,)d>\/> ’LU(S) dS, te R+‘ (214)
!
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Here f(A,-) € Ho(Xz1y; B(X)) results from the functional calculus of A:

1
fAN) = ot FON)YA=A)7MdA, N ez,
P

Since the resolvent of A is a pointwise operator with respect to t € R, we deduce from
(2.14) that f(A,B) is causal for all f € Ho(E, x Xz,). For an arbitrary function
feH®(, x Z%Jrn), this property of f(A, B) can be seen by approximating f with a
sequence (fn) C Ho(Ey X Xz4p).

2.5 Operator-valued Fourier multipliers

Let 1 < p < oo and X be a Banach space. We denote by D(R; X) the space of X-valued
C*°-functions with compact support on R. Let D'(R; X) := B(D(R), X) be the space
of X-valued distributions on the real line. Further we denote by S(R; X) the Schwartz
space of smooth rapidly decreasing X-valued functions on R, see e.g. Amann [5, p. 129].
By S'(R; X) := B(S(R), X) we mean the space of X-valued temperate distributions. Let
Y be another Banach space. Given M € L jo.(R; B(X,Y)), one may define the operator
Ty : FID(R; X) — S'(R;Y) by means of

Tye :=F 'MF¢, forall Fp € D(R; X), (2.15)

F denoting the Fourier transform. Note that F~!D(R; X) is dense in L,(R; X). Thus
Ty is well-defined and linear on a dense subset of L, (R; X).

One can now ask what conditions have to be imposed on M so that Ty, is bounded
in Ly-norm, i.e. Ty € B(Ly(R; X), L,(R;Y')). The following theorem, which is due to
Weis [80], contains the operator-valued version of the famous Mikhlin Fourier multiplier
theorem in one variable.

Theorem 2.5.1 Suppose X and Y are Banach spaces of class HT and let 1 < p < oo.
Let M € C*(R\ {0}; B(X,Y)) be such that the following conditions are satisfied.

(i) RUM(p): p e R\{0}}) =: wo < o0;
(i1)  R({pM'(p) : p € R\ {0}}) =t i1 < 00.

Then the operator Th defined by (2.15) is bounded from L,(R;X) into L,(R;Y") with
norm |Tor|B(r,(r;x),L,R;Y)) < C(ko + K1), where C > 0 depends only on p, X, Y.

A rather short and elegant proof of this theorem is given in [29].

2.6 Kernels

In this section we collect some of the basic definitions and properties concerning scalar
kernels which we need for the treatment of parabolic Volterra equations. Definition 2.6.1
and 2.6.2 as well as Lemma 2.6.1 were taken from the monograph Priiss [63, Sections 3
and 8].

Let a € Ly 1oc(Ry). We say that a is of subexponential growth if for all ¢ > 0,
Jo~ e a(t)| dt < oco. If this is the case, then it is readily seen that the Laplace transform
a(\) exists for Re A > 0.
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Definition 2.6.1 ([63, Def. 3.2]) Let a € Ly jo.(R4) be of subexponential growth and
suppose a(\) # 0 for all ReX > 0. a is called sectorial with angle 6 > 0 (or merely
f-sectorial ) if

larga(\)| < 0 for all Re A > 0. (2.16)

Here, arga(\) is defined as the imaginary part of a fixed branch of loga()), and 0 in
(2.16) is allowed to be greater than w. In case a is sectorial, we always choose that
branch of log a(A) which yields the smallest angle 0; in particular, if a(\) is real for real
A we choose the principal branch.

The next definition introduces an appropriate notion of regularity of kernels.

Definition 2.6.2 ([63, Def. 3.3]) Let a € Ly jo.(R4) be of subexponential growth and
k € N. a is called k-regular if there is a constant ¢ > 0 such that

IA"a™M(\)| < ela(A)|  for all ReA>0,0<n < k. (2.17)

It is not difficult to see that convolutions of k-regular kernels are again k-regular. Fur-
thermore, k-regularity is preserved by integration and differentiation, while sums and
differences of k-regular kernels need not be k-regular. However, if a and b are k-regular
and

larga(\) — argh(\)| <0 <7, ReX >0, (2.18)

then a + b is k-regular as well (see Lemma 2.6.2(ii)).
Some important properties of 1-regular kernels are contained in the following lemma.

Lemma 2.6.1 ([63, Lemma 8.1]) Suppose a € L1 jo.(Ry) is of subezponential growth
and 1-regular. Then

(i) a(ip) := limy_;, a(A) exists for each p # 0;
(ii) a(X\) # 0 for each Re A > 0;
(ii) a(i-) € W9, (R\ {0});

(iv) |pd'(ip)| < cla(ip)| for a.a. p € R;

(v) there is a constant ¢ > 0 such that

cla(IAD] < la(V)] < e Ha(ADl,  Rex >0, X #0;

(vi) lim, .o a(re®) = 0 uniformly for |p| < Z.

With regard to Volterra operators in L, (see Section 2.8), we now introduce the subse-
quent class of kernels.

Definition 2.6.3 Let a € Ly 1o.(Ry) be of subexponential growth, and assume r € N,
0, >0, and o > 0. Then a is said to belong to the class K" (v, 0y) if

(K1) a is r-regular;
(K2) a is 0,-sectorial;

(K3) limsup,,_, | a(p)| p® < oo, liminf, oo [a(p)| p > 0, liminf, o[ a(w)| > 0.
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Further, K®(a,04) := {a € L1 10c(Ry) : a € K"(,0,) for all v € N}. The kernel a is
called a KC-kernel if there exist r € N, 0, > 0, and o > 0, such that a € K" (v, 0,,).

An example for a KC-kernel is the so-called standard kernel:

Example 2.6.1 (standard kernel) Let a(t) = t*~1/T'(a),t > 0, with o > 0. Then
a € L1,10c(Ry), a is of subexponential growth, and its Laplace transform is given by
a(A) = A7%, ReA > 0. Hence, a € K®(a, aF).

From [58, p. 4793] it follows that K" (a, ) # () entails the inequality > o7. In view of
Example 2.6.1 we thus get the following equivalence:

Remarks 2.6.1 Let o > 0. Then K" (o, 0) # 0 if and only if 6 > aF.
The subsequent lemma collects some important algebraic properties of K-kernels.

Lemma 2.6.2 Suppose a € K"(a,0,), b € K*(5,0p), and w > 0. Let a,, be defined by
ay,(t) = a(t)e @t t > 0. Then the following statements hold true.

(i) a, € K"(a,0,) N L1(Ry), and there exist positive constants Cy, Co such that

Gy . Cs

(i) If a and b satisfy (2.18), then a + b € K™} (min{a, 8}, max{6,, 6} ).
(iii) a*be K™t + 3,60, + 6,).

(iv) If @ > B and liminf, o |a(u)/b(u)| > 0, then there exists a unique kernel ¢ €
ICmin{’"’s}(a — 3,00+ 0p) such that a = bxc. If in addition Im a(A)-Im l;()\) >0 for
all Re X > 0, then ¢ € K™t (o — 8, max{64, 0, }).

(v) If « > 0 and 0, < 7, then there is a unique kernel & € K"(w,0,) such that
E+wéxa=a.

(vi) Ifa € Li(Ry) and € := wla|r, r,) < 1, then there is a unique kernel § € K" (v, 0+
arcsin(e)) N L1 (Ry) such that £ —wé xa = a.

Proof. Suppose a € K" («, 6,) and w > 0. Then it is evident that a,, lies in L;(R;) and
is of subexponential growth. Further, a,(\) = a(A +w), ReA > 0. Thus, for all k € N
with 1 <k <rand A € Cy,

k
B ()] = AP A+ w)] = (3 + w)fa® () + w)| ’Aiw

IN

Cla(A +w)| = Clau (A,

where C' > 0 is the constant of r-regularity of a, i.e. a, is r-regular. We easily see 0,-
sectoriality of a,, too. Moreover, Lemma 2.6.1(v) implies |a,(A)| < clay(|A])| for all A €
C,, with ¢ not depending on \. So, owing to continuity and the asymptotic behaviour
of @& on R, described in (K3), there exist two positive constants C; and C3 such that
law(AN)(A+w)?| = |a(A+w)(A4w)?| € [C1,Cy] for all Re A > 0. This shows (2.19). As for
property (K3), by Lemma 2.6.1(ii), we have liminf, ¢ | a,(p)| = |a(w)| > 0. The other
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two properties in (K3) follow immediately from (2.19) and lim,, o [n®/(p + w)*| = 1.
Hence, assertion (i) of Lemma 2.6.2 is proved.

To show (ii), suppose a € K" (e, 6,) and b € K*(8,0p). Trivially, a + b € Ly j0.(R4),
and a+0 is of subexponential growth. We then note that by (2.18) there exists a constant
¢ > 0 such that |a(\)] + |b(A)] < ¢la(X) + b(A)|, Re A > 0. Therefore, for all k € N with
1 <k <min{r,s} and X € Cy,

INF(a(A) 4+ BN)] < [XFa(N)] + INBN)] < CjaN)] + [BV)]) < C ela(A) + b)),

where C only depends on the constants of min{r, s}-regularity of a and b. This proves
min{r, s}-regularity of @ + b. From 6,-sectoriality of a, 6j-sectoriality of b, and (2.18)
it follows that |arg (a()\) 4+ b(A))| < max{f,, 6} for all ReA > 0. Thanks to (2.18) we
further have

liminf |a(s) + b()] > ¢ limint(a(0)| + b)) > 0,
pn— H—

which shows the third condition in (K3) for a +b. W.l.o.g. we may then assume o < 3
and obtain the estimates

lim inf [a(g) + b(p)|u® > ¢ Hliminf(Ja ()] + [b(w)))u® > ¢ liminf |a(u)|u® > 0,
p—00

U—00 H—00

lim sup |a(p) + b(p)|p® < limsup |a(u)|p® + limsup [b(p) 4’7 < oo,
f—00 p—00 p—00
So assertion (ii) is also established.
We now come to (iii). Suppose a € K" (o, 0,), b € K*(3,0p). By Young’s inequality,
axbe Ly ,(Ry) and given € > 0, we have

[(axb)e™ |1y ®y) = |(ae *be)ln, (ry) < laelry®y) [belry ®y) < 00,

i.e. ax* b is of subexponential growth. Further, (a * b) = ab due to the convolution
theorem. So a * b is (0, + 0p)-sectorial. Assuming k € N, 1 < k < min{r, s} Leibniz’
formula in combination with r-regularity of a and b yields

INF(@(N)b(A k>y<z<>w< M AF=DRE=D (N < C < 00, ReA>0. (2.20)

Thus a * b is min{r, s}-regular. Finally,

lim sup | () b(p) |t < (limsup |a () |u®) (lim sup [b(p)|4”) < oo
U—00 HU—00 HU—00

The other two conditions in (K3) are shown similarly. Hence, a * b satisfies (X3) with
exponent « + (3, and so (iii) is proved.

Next we show (iv). Suppose a € K" («,0,), b € K%(3,0p), and « > (. For any fixed
w > 0 we know from (i) that a, € K" (v, 0,) and b, € K*°(3,0p), in particular bu(N) # 0,
ReA > 0, due to Lemma 2.6.1(ii). So we can define g, (A) := dy,(A)/buo(N), ReA > 0. The
function g, is holomorphic in C,, and by 1-regularity of a, and b, we get

Col = | AELAb) = s (VL) | (AL | ALY
Pl = bu(M)? S( dww‘ bu(N) )’gm'
< Cilgo(N)|, ReA>0. (2.21)
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Using (2.19) for a,, and b, yields |g,(A)] < Ca|A + w|P~® < Co|A[P~%, ReA > 0, where
Cy > 0 is independent of A. In view of (2.21) we thus obtain

C
ML+ < (g ReA >0, (2.22)

with C' > 0 not depending on A. Proposition 2.1.1 then allows us to define u, €
C(0,00) N L1, 10c(Ry) by means of G, (A) = go(A), ReA > 0. Estimate (2.2) implies
that u, is of subexponential growth. So we have @(A)by()\) = du(A), A € Cy, ie.
(g * by)(t) = aw(t), t > 0. With u(t) := u,(t)e*t, t > 0, we thus arrive at u * b = a.
Observe that the construction of u is independent of the chosen w > 0. Further, u
is of subexponential growth, for wu, possesses this property for each w > 0. Since
a(A) = a(N)/b(X), ReA > 0, it is clear that u is (6, + 6p)-sectorial, even max{6,, 0 }-
sectorial provided that Im a(\)-Im b(A) > 0 for all A € C,.

We now show min{r, s}-regularity of w. To this purpose we put m = min{r, s} and
h(X\) = 1/b(A), A € C. Then 1-regularity of b yields an estimate

RO M) < CRO], A€ Ty, (2.23)

for k = 1. Here the constant C' does not depend on A. Let us now assume that (2.23)
holds true for all k € N with 1 < k < n, where n € N and n < m. If we then differentiate
(n 4+ 1) times both sides of the equation bh = 1 and use Leibniz’ formula it becomes
apparent that

. 1 o n+ 1\, A ;
A (N = 5 > < . )b(’)()\)h("ﬂ”(A), Re\ > 0.
=1

Thus, by hypothesis and m-regularity of b,

n+1
|)\n+1il(n+1)()\)| < Z n+1
B =1 ’

for all A € C4, with C} not depending on \. So, induction over n < m establishes (2.23)
for all & < m. Using this fact and m-regularity of a we can argue as in the proof of (iii)
(cp. (2.20)) to see that u is m-regular.

The function w also fulfills property (K3) with exponent o — 3. In fact, we have
liminf,, o |a(p)| > 0 by assumption. Moreover, owing to a1 € K"(«,04), b1 € K*(53,05),
and (2.19), we have

MDD ()

>\n+1—ii7/(n+1—i) NIEYe: ]AT, A
o (A)] < Cilh(V)]

a a 1 1)~
lim sup M £ P = limsup (}(M—i_ M+ 1) < 00.
Likewise we see liminf, oo |4(u)[u®™? > 0. Hence, the kernel ¢ := u possesses all

properties claimed in (iv). Uniqueness follows from the unique inverse of the Laplace
transform. The proof of (iv) is complete.

Our next aim is to show (v). Suppose a € K"(a,0,), w,a > 0, and 6, < 7. Further
fix an arbitrary n > 0. Due to the last assumption there exists a constant ¢ > 0 not
depending on A such that

11+ wa(\)] >¢, Re> 0. (2.24)
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Letting g, (\) = a,(\)/(1 4+ way, (X)), ReA > 0, we thus obtain |g,(\)| < Co|A|™* for all
A € C4, where Cy > 0 is independent of A. Here, we also made use of (2.19) for the
kernel a,. Observe that

Aap(N) 1
an(N) 1+ wa,(N)

Thanks to (2.24) and 1-regularity of a,, we therefore get an estimate

Agn(A) = gn(N) , ReA>0.

C
IAgy (N =+ [g,(V)] < NG Re A > 0, (2.25)

which, together with a > 0 and holomorphy of g, in C,, implies existence of u, €
C(0,00) N L1, j0c(R4) satisfying 4,(\) = g,(X), ReA > 0, by Proposition 2.1.1. (2.2)
entails that u, is of subexponential growth. By inversion of the Laplace transform we
then obtain u, + way, * u, = a,, hence u + wa * u = a, where u(t) := u,(¢t)e™, t > 0. As
in the proof of (iv), we see that the construction of u is independent of > 0, and that
u is of subexponential growth. From @ = a/(1 + wa) and w > 0 one deduces that u is
f4-sectorial. Furthermore, the function h(\) := 1 + wa(A) defined on C satisfies (2.23)
with a suitable constant C > 0 for k =1,...,r. In fact,

1
w+1/a(N)
for all A € C; and k£ = 1,...,r, in virtue of 8, < 7 and r-regularity of a. By the
considerations in the proof of (iv), that property of h is passed on to the function
h(\) := 1/h()\), A € C,, which is well-defined in view of (2.24). Then % = ah, and as
above, with the aid of Leibniz’ formula, we see that u is r-regular. Concerning (K3), the
assumption ¢ := liminf, .o |a(p)| > 0 implies liminf,, .o |@(x)| > 0, since

liminf |@(p)| > liminf(w 4 [1/a(p))) ™ = (w4 1/¢) 7L
pn—0 n—0

M%Wuﬂzwu%wunsammsc%un\ \gamun

Besides, by (2.24), limsup,,_,., |a(p)[u® < 0o, and (2.19) applied to a1, we have

limsup [@ () [ < ¢ limsup [a(p)|u® < oo,

p—00 p—00

as well as

[0 [e%
liminf |a(p)|p® > liminf (p _{: D > lim inf _ et > 0.
s R S a(u+ D]~ e o+ C(u+ 1)
Hence, the kernel £ := wu satisfies £ + wa * £ = a and belongs to K" («, 6,). Uniqueness
follows again from the unique inverse of the Laplace transform. Thus (v) is shown.

It remains to prove (vi). Suppose a € K"(«,0,) N L1(Ry), w > 0, and € :=
wlalp,ry) < 1. We proceed as in the previous part. Fix an arbitrary n > 0 and
define g,(A) := a,(\)/(1 — way, (X)), ReA > 0. This time the assumption € < 1 ensures
that the denominator in the definition of g, is bounded away from zero. Using this and
1-regularity of a, yields (2.25) in a similar fashion as above. With the aid of Proposi-
tion 2.1.1, existence of u € L joc(Ry) with © — wa * u = a can then be seen. By the
same line of arguments as in the previous part one further shows that u is r-regular.
Validity of the conditions in (K3) with exponent o can be proved for w similarly as
above. By elementary trigonometry, |arg (1 — wa(\))| < arcsin(e) for all A € C, i.e.
u is (0, + arcsin(e))-sectorial. Last but not least, v € L;(R;) follows from e < 1 and
a € L1(R4) by the Paley-Wiener theorem. Hence, £ := u possesses all properties claimed
in (vi), uniqueness being evident as above. [J
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2.7 Evolutionary integral equations

Let X be a Banach space, A a closed linear, but in general unbounded operator in X
with dense domain D(A), and a € L; ;o.(R4) a scalar kernel of subexponential growth
which is not identically zero. We consider the Volterra equation

u(t) + /0 a(t — s)Au(s)ds = f(t), t>0, (2.26)

where f : R. — X is a given function, strongly measurable and locally integrable, at
least. Observe that in case a(t) = 1 and f differentiable, (2.26) is equivalent to the
Cauchy problem

() + Au(t) = (1), £> 0, u(0) = £(0).
Following Priiss [66] (see also [63, Def. 3.1]), we call (2.26) parabolic if a(\) # 0 for
ReA >0, —1/a(\) € p(A), and there is a constant M > 0 such that

(I 4+a(MNA)"H <M for Rel > 0.

If A belongs to the class S(X) with spectral angle ¢4, and a is 0,-sectorial, then (2.26)
is parabolic provided that 4 + ¢4 < 7, cf. [63, Prop. 3.1].

An important property of parabolic Volterra equations consists in that they admit
bounded resolvents whenever the kernel a is 1-regular, see [63, Thm 3.1]. By a resolvent
for (2.26) we mean a family {S(¢)}+>0 of bounded linear operators in X which satisfy
the following conditions:

(S1)  S(t) is strongly continuous on R4 and S(0) = I;
(S2)  S(t)D(A) Cc D(A) and AS(t)x = S(t)Ax for all z € D(A), t > 0;
(S3)  St)r+ A(axSx)(t) ==z, forallz e X, t > 0.

(S3) is called resolvent equation, cf. [63, Def. 1.3, Prop. 1.1]. One can show that (2.26)
admits at most one resolvent, and if it exists, then (2.26) has a unique mild solution «
represented by the variation of parameters formula

u(t) = c(lit/o S(t—s)f(s)ds, t>0, (2.27)

at least for such f for which (2.27) is meaningful, see [63, Section 1.1 and 1.2].

2.8 Volterra operators in L,

This paragraph looks at convolution operators in L, which are associated to a K-kernel.
After stating two fundamental theorems from the monograph Priiss [63] on the inver-
sion of the convolution in L,(R; X), we will consider restrictions of it to L,(J; X) and
use them to introduce equivalent norms for the vector-valued Bessel-potential spaces
Hy(J; X). We will also study operators of the form (I — a*) in these spaces. Such
operators occur in connection with transformations of Volterra equations.

For J = [0,7] and J = Ry, we identify in the sequel L,(J; X) with the subspace
{f € Lp(R; X) : supp f C Ry} of Ly(R; X).
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Theorem 2.8.1 (Priiss [63, Thm. 8.6]) Suppose X belongs to the class HT, p €
(1,00), and let a € Ly j0c(Ry) be of subexponential growth. Assume that a is 1-regular
and §-sectorial, where < w. Then there is a unique operator B € S(L,(R; X)) such

that
1

(BN0) = 555

Moreover, B has the following properties:

fp), peR, feC&R\{0};X). (2.28)

(i) B commutes with the group of translations;

(i) (u+ B)"'L,(Ry; X) C Ly(Ry; X) for each > 0, i.e. B is causal;
i) B € BIP(L,(R; X)), and 0 = ¢p = 0,, where
(iii) P

0, = sup{|arga(A)| : ReA > 0}; (2.29)

(iv) o(B) = {1/alip) = p € R\ {0}}.
The next theorem provides information about the domain of the operator B.

Proposition 2.8.1 (Priiss [63, Cor. 8.1]) Suppose X belongs to the class HT, p €
(1,00). Assume a € K!(a,0) with 0 < 7, and let B be defined by (2.28). Then D(B) =
HO (R; X).

Here H(R; X) := D(B/?), a € Ry, where By = —(d2/dt?) € BIP(L,(R; X)), cf. 63,
p. 226]

Suppose the assumptions of Proposition 2.8.1 hold. Let J = [0,7] or J = R;. We put
HY(J; X) = {fls: f € HY(R; X)} and endow this space with the norm ]f\Hg(J;X) =
inf{\g|H3(R;X) : gl;y = f}. We further introduce the subspace oH,'(J; X) by means
of oH(J; X) = {fls : f € HY(R;X)and supp f € Ry}. Define then the operator
B e S(Ly(J; X)) as the restriction of the operator B constructed in Theorem 2.8.1 to
L,(J;X). This makes sense in virtue of causality. In fact, we have

D(B) = D(Bl,x) ={f € Lp(J;X)ND(B): Bf € Lp(J; X)}
= {fel,(/;X)NH)(R; X): Bf € L,(J;X)}
= {fls: fe Hy(R; X), supp f C Ry, Bf € Lp(R; X), and supp Bf C Ry}
= {fls: fe Hy(R;X)and supp f C R}
= oH,(J;X),

the equals sign before the last following from the causality of B. Assuming in addition
a € Li(R4) in case J = Ry, by Young’s inequality, the operator B is invertible and
B~lw = a*w for all w € Ly(J;X). From Theorem 2.8.1 we further see that B €
BIP(Ly(J; X)) and 03 < g = 6,. We summarize these observations in the subsequent
corollary.

Corollary 2.8.1 Let X be a Banach space of class HT, p € (1,00), and J = [0,T] be a
compact interval or J = Ry. Suppose a € K*(a,0) with 0 < 7, and assume in addition
a € L1(Ry) in case J = Ry. Then the restriction B := Bl (s.x) of the operator B
constructed in Theorem 2.8.1 to L,(J; X) is well-defined. The operator B belongs to
the class BIP(Ly(J; X)) with power angle 6 < 0p = 0, and is invertible satisfying
B~lw=axw for all w € L,(J; X). Moreover D(B) = oHy (J; X).
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Example 2.8.1 For J = [0,7] and an(t) = t*'/T'(a), t > 0, a € (0,1), the operator
B in Corollary 2.8.1 takes the form

d t
Bu(t) = dt/o a1-ot — s)u(s)ds, t>0, ueoH,(J;X),

thus coincides with (d/dt)®, the derivation operator of (fractional) order .. The function
Bu is called the fractional derivative of u of order «.

We point out that Corollary 2.8.1 will prove extremely useful in establishing maximal
L,-regularity results for parabolic Volterra equations. On the one hand it describes
precisely the mapping properties of the convolution operators associated to a KC-kernel,
on the other hand it enables us to apply the Dore-Venni theorem to operator sums in
L,(J; X) which involve an inverse convolution operator B.

We next show how Volterra operators can be used to introduce equivalent norms for
the vector-valued Bessel-potential spaces HZ?(J ; X). Suppose we are in the situation of
Corollary 2.8.1, where we restrict ourselves to the case J = [0,7]. Assume further that

€ (0,2)\ {1/p,1+1/p} and let yx > 0. For f € Hy(J;X), we put with some abuse of
language

IBflL,1:x) ca € (0,
|f|HO¢(JX)_ ‘B(f_f(O)NLP(:];X)+:u‘f(0)‘X e (%7
B(f = £(0) = t£(0)|1,s:x) + I F (O)|x + ulf(0)[x 1 € (14 1,2).

This is a well-defined expression in view of Sobolev’s embedding theorem. Observe that
(a,u)

|- Hg(J;:X

is equivalent to the usual norm | - | Hg (J;X) We can employ Corollary 2.8.1 and Sobolev

embeddings. Indeed, if a > 1+ 1/p and f € Hy(J; X), we may estimate

) enjoys the properties of a norm for the space Hy(J;X). To verify that it

\flasx)y < [f = f(0) —tf(0 0)l o (r.x) + 1F(O) mg () + \tf(o)’Ha (J:X)
= laxB(f— f(0) — tf(o))|H ;%) + H{t = 1Hue ] f(0)|x
+{t = g ()£ (0)|x
< e (IB(f = f(0) = t£(0)) |1, six) + ulF(0)x + ul £(0)]x)

Cl‘f‘Ha J;X)’

with ¢; not depending on f. Conversely, by

1£(0)x +[£(0)lx < |flerix) < Csoblflag (i) (2.31)
and
B(f = £(0) = tfO) |1,y < elf = £(0) = t£(0)| g rix)
< cllflugx) + 1F O e rx) + |tf(0)|Hg‘(J;X))
< el flmg ) + e(lf(0)]x + 1£(0)]x)),

we also get an inequality of the form
|f|Ha (J:X) < e |f|H0‘(JX)7
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where co does not depend on f.

To see the equivalence of the norms for o < 1 + 1/p, replace the non-existing traces
in the above estimates with zero and use Hy(J;X) — C(J;X) instead of (2.31), if
a € (1/p,1+1/p). We thus have proved

Corollary 2.8.2 Let the assumptions of Corollary 2.8.1 hold. Let J = [0,T], p > 0,
and assume that a € (0,2)\ {1/p,1+1/p}. Then (2.30) defines an equivalent norm for
HE(J; X).

We continue to consider the setting of Corollary 2.8.1, where J = [0,7] and « € (0,2) \

{1/p,1+1/p}.
Let us additionally assume that a € L1(R4) with v := [a|r,®,) < 1, and define the

operator 7, in Ly(J; X) by
Tf=f—axf f€LyJX). (2.32)
By Young’s inequality,
lax flr,x) < lalo ol fle,x) < vIfle,x), f€ Lp(J; X),

ile. T, € B(Ly(J;X)) and |Za|p(r,(7:x)) < 1+ v. Since v < 1, we also see that 7 is
invertible with |7;_1|B(LP(J;X)) <1/(1-v).

Suppose now that f € Y := H}(J;X). Then trivially f € Ly(J; X), and thus
Corollary 2.8.1 yields T,f € Y. Assuming p > v~ TP max{1,T/(1 + p)*/?} in (2.30),
we obtain in the case a > 1+ 1/p,

jax f

(a,p)
Y

= [Blax* f)lr,:x) = |flL,:x)

< Uf = F0) = t£(O0) 1, (rx) + £ O, x) + [EF(O)] 1, (7x)
. ) 1,
< JaxB(f = 0) = tF Oty + THIOx + G Ol
< alp, () IB(f = £(0) = t£(0)|1,:x) + 1 (1£(0)|x + £(0)x)
< vl

In the same way, we see that |a f\gf’”) < 1/|f]§f’“) is valid for @« < 14 1/p. This
shows 7, € B(Y) and |7,|g(y) < 1 + v, where the operator norm is induced by | - &’”),
which is a norm for Y, due to Corollary 2.8.2. Moreover, in view of v < 1, it follows
that 7 is invertible in Y and |7, [y < 1/(1 —v). This is also true in the subspace
oY = oHS(J; X). Here (2.30) reduces to | /'Y = |Bf|1,sx). f € oY

We record these properties of 7, in

Corollary 2.8.3 Let the assumptions of Corollary 2.8.1 hold. Let J = [0,T], and as-

sume o € (0,2) \ {1/p,1+ 1/p}. Suppose further a € L1(Ry) and v := |a|r,(r,) <1

<
Then the operator 1, defined by (2.32) is an isomorphism of the spaces Y = L,(J; X),
Hy(J; X), and oHy(J; X), satisfying

1
1—-v’

where in case Y = Hy(J; X) or o H(J; X), the operator norm is induced by (2.30) with
p> v TYP max{1,T/(1 + p)'/7}.

Talgoy < 1+v, |7 ) <
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We conclude this section by illustrating the usefulness of the operators 7 in connection
with transformations of Volterra equations.

Let X be a Banach space of class H7, p € (1,00), and J = [0,7] be a compact
interval. We consider in X the Volterra equation

ut+axAu=f, telJ, (2.33)

where A is a closed linear operator in X with domain D(A), and the kernel a is assumed
to belong to the class a € K" (a, 0,) for some r € N, a > 0, and 0 < 6, < 0. Given A > 0,
our aim is to transform (2.33) in such a way that the operator A is shifted to A + A.

To this end, we choose an w > 0 such that a, defined by a,(t) = a(t)e ! t > 0,
is an L1(Ry)-function and v := May|r,(r,) < 1, as well as 0, := 0, + arcsin(v) < 0.
According to Lemma 2.6.2, we have a, € K"(a,0,), and there is a unique kernel b €
K" (e, 0,) N L1(Ry) such that b — \b % a, = a,. Further, the kernel Aa, fulfills the
assumptions of Corollary 2.8.3, hence the operator 7 := T),, = (I — Aay*) is well-
defined and is an isomorphism of L,(J; X), of )Hy(J; X), and also of L,(J;D(A)).
Observe that a, x g = b* Tg for all g € L,(J;X). Multiply now (2.33) by e !, put
uy(t) = u(t)e ™t as well as f,(t) = f(t)e ! and add a zero-term to obtain

Uy — Ay * Uy + ay * ( A+ A)uy, = fo, tEJ (2.34)
If we set v = Tuy, then b* v = a,, * u, and so (2.34) transforms to
v+bx AN+ Av=f, te. (2.35)

This equation is equivalent to (2.33). The kernel b enjoys the same properties as a, and
instead of A we have now the shifted operator \ 4+ A.
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Chapter 3

Maximal Regularity for Abstract
Equations

3.1 Abstract parabolic Volterra equations
In this section we study the abstract Volterra equation
u+ax Au = f, t>0, (3.1)

on a Banach space X. Here A is an R-sectorial operator in X, the kernel a belongs to the
class K!(a,6,) with o € (0,2), and we assume the parabolicity condition 6, + ¢% < 7.
Our aim is to find conditions on the given function f which are necessary and sufficient
for the existence of a unique solution u of (3.1) in the space

HOHF(J; X) N HE(J; D),

where J is Ry or a compact time-interval [0,T], D4 denotes the domain of A equipped
with the graph norm of A, and « is a real parameter belonging to the interval [0,1/p).
We begin with the special case of vanishing traces at ¢ = 0.

Theorem 3.1.1 Let X be a Banach space of class HT , p € (1,00), and A an R-sectorial
operator in X with R-angle ¢¥. Further let J be Ry or a compact time-interval [0,T].
Suppose that a belongs to K'(a,0,) with o € (0,2) and that in addition a € Li(R,)
in case J = Ry. Further let k € [0,1/p), a+r ¢ {1/p,1 + 1/p}, and suppose the
parabolicity condition 6, + ¢%f < 7.

Then (3.1) has a unique solution in Z = oHY"(J; X) 0 HJ(J; Da) if and only if
f € oHOT (J; X).

Proof. Suppose that u € Z is a solution of (3.1). This clearly implies Au € H}(J; X) =
oH}(J; X). From Corollary 2.8.1 we then deduce that a x Au € oHg™(J; X). This,
together with u € OHZ?J”*(J; X), entails f € OHI?‘*”(J; X). Hence, the necessity part is
established.

To prove the converse, we first consider the case x = 0. Suppose f € oH(J; X)
is given. From Section 2.7 we know that equation (3.1) is parabolic and admits a
resolvent S(-), with the aid of which the mild solution u of (3.1) can be represented
by the variation of parameters formula (2.27). According to Corollary 2.8.1 it makes
sense to define B € S(L,(J; X)) as the inverse convolution operator associated with the
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kernel a. The operator B is invertible and we have B~lw = a * w for all w € L,(J; X).
Furthermore, D(B) = oH'(J; X) so that we may set g = Bf. Then g € L,(J; X) and

u(t) = %(S’* (axg))(t), te.

Let Ejy: Ly(J; X) — Lp(R; X) denote the operator of extension by 0, i.e.
(Esh)(t) =h(t), teJ, (E)Et)=0, t¢&lJ,

let Py: L,(R;X) — Ly(J; X) be the restriction to J, and define the operator-valued
kernel K by means of K(t) = (S * a)(t)x[o, o0)(t), t € R. Then the solution u can be
written in terms of a convolution operator on Ly(R; X):

d

In order to show that Au € L,(J;X), we study the symbol of the operator (A%K*),

which reads 1
1 _
Mp:A<A, +A> , peER, p#N0. 3.3
=455 (33)
By Lemma 2.6.1, for each p # 0, a(ip) := limy_;, a(\) exists and does not vanish.
Besides, a(i-) € WL , .(R\{0}), and the sectoriality of a implies |arg(a(ip))| < 6, for all
p # 0. The idea is to apply the Mikhlin multiplier theorem in the operator-valued version,
Theorem 2.5.1, to the symbol M. But it is not clear that M € C1(R\ {0}; B(L,(J; X))),
so we introduce the sequence of symbols

—1
1
—+ A , pER, neN.
a((i 1 1)p) )

My (p) == A (

Since A is R-sectorial with R-angle ¢% < 7 — 6,, we deduce that R({M,(p) : p €
R\ {0}}) < k < oo for all n € N with & not depending on n. From

i+ +)pd ((i + +
pMMm:<+nw<<+am< L

-1
i+ D \a(G+ D) A) My(p), peR,

using 1-regularity of a, R-sectoriality of A, and Kahane’s contraction principle (see [29,
Lemma 3.5]), we obtain

R({pM;,(p) : p € R\ {0}}) < Cr(1 +K),

for all n with C' not depending on n. By Theorem 2.5.1, it follows that the operators T,
defined by
T = F Y (M, Fp), forall Fo<c D(R;X),

are uniformly L, -bounded, i.e.
’Tn|B(LP(R;X)) <Ko, neN.

Furthermore we have, for all p # 0, lim, ..o M,(p) = M(p) and |M,(p) — M(p)| <
2k. Thus, by Lebesgue’s dominated convergence theorem, we conclude M,, — M in
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L1, 10c(R; B(X)) as n — oo. It follows now by an approximation result, cp. Clément and
Priiss [24, p. 6] or [29, Proposition 3.18], that (A%K*), which corresponds to the symbol
M, is a bounded linear operator on L,(R;X) with |A%K*)|B(LP(R;X)) < Ko. Since Ej
and Py are bounded as well we see that Au € L,(J; X). As in the necessity part, this
implies a * Au € oHy'(J; X), i.e. u= f —ax* Au € oHy(J; X). Hence u € Z.

We now consider the case k € (0,1/p). Suppose that f € 0H§‘+”(J;X). Putting
b(t) = e 't" "1 ¢t > 0, yields b € K'(k,s7/2) N L1(Ry). Let B, be the operator con-
structed in Corollary 2.8.1 associated with the kernel b. Then By f € oHy(J; X). Suf-
ficiency being already established for x = 0, we may define v € oHy (J; X) N Ly(J; Da)
as the solution of

v+ ax*x Av = B, f, t>0.

Since B, commutes with both A and the Volterra operator corresponding to the kernel
a, we see that u := bx v solves (3.1) and lies in Z. O

Remarks 3.1.1 (i) Although not explicitly stated in Theorem 3.1.1, we have an esti-
mate of the form

C_l‘f’()H;+N(J;X) < ’u‘Z < C’f‘OHg‘Jr“(L];X)’ f € OH;?H_H(J;X)v

where C' is a positive constant not depending on f. This follows immediately from
the above proof. Note that the subsequent theorems on linear problems have to be
understood in the same sense: whenever necessary resp. sufficient conditions are stated
in terms of regularity classes, this, by convention, means that the corresponding a priori
estimates hold true.

(ii) Observe that the statement of Theorem 3.1.1 remains true if k > 1/p and Z is
defined by oHy ™ (J; X) NoHy(J; Da).

(iii) In the case of a compact interval J, one can weaken the assumption on A. In
view of the transformation property of (3.1) discussed at the end of Section 2.8, it suffices
to know that u+ A € RS(X) with 6, + ¢5+A < m for some p > 0.

(iv) If k = 0, equation (3.1) is equivalent to Bu+.Au = Bf in the space Y := L,(J; X),
where A stands for the natural extension of A to Y. If one additionally assumes that
A € BIP(X) and 04 + 6, < m, the assertion of Theorem 3.1.1 can also be proved by
means of the Dore-Venni theorem, Theorem 2.3.1. This approach has been used in Priiss
[63, Thm. 8.7].

(v) In the case J = Ry there is a variant of Theorem 3.1.1 which does not need
the assumption a € L1(R4). Instead one assumes that A is invertible and that f in
(3.1) is of the form f = a % g. In this situation, existence of a unique solution of
(3.1) in Z is equivalent to the condition g € oH}(Ry; X). In fact, if g € L,(R4; X),
then, as seen in the above proof, we have Au € L,(Ry;X), which by invertibility of A
entails u € Ly(R4; X). From Bu+ Au = g, we then deduce that Bu € L,(Ry; X). So
u € oHJ(Ry; X)NLy(Ry; D). The converse direction is trivial, and the case k > 0 can
be reduced to the case kK = 0 as above.

(vi) The idea to use Theorem 2.5.1 to show that the linear operator corresponding to
the symbol (3.3) is bounded in L,(R; X) goes back to Clément and Priiss [24]. However,
they do not give a detailed proof including the approximation argument, by the aid of
which one can surmount the technical difficulty consisting in the fact that Theorem 2.5.1
cannot be applied directly to (3.3).

We now turn our attention to situations where the function f or its derivative f, if it
exists, has a non-vanishing trace at t = 0. If f € H}?‘+"‘(J;X) and a + k > 1/p, then
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x := f(0) € X exists and we are led to ask under what conditions on z € X the solution
of the problem
u(t) + (ax Au)(t) =z, t>0, (3.4)

lies in the space Z = HY™*(J; X) N Hj(J; D4). In case a + x > 14 1/p we even have
to take into account the trace y := f (0). Thus we also have to examine the problem

u(t) + (a* Au)(t) =ty, t>0, (3.5)

with given y € X.

Observe that the solution u of (3.4) is given by u(t) = S(t)x, ¢t > 0, while that of (3.5)
equals (1% .5)(-)y. This follows immediately from the variation of parameters formula
(2.27).

The next theorem gives conditions on the traces which ensure that the solutions of
(3.4) and (3.5), respectively, are contained in Z. Take notice of the fact that here the
operator A is only assumed to be sectorial.

Theorem 3.1.2 Let X be a Banach space of class HT, J = [0,T] a compact time-
interval, p € (1,00), and A a sectorial operator in X with spectral angle ¢ 4. Suppose
that k € [0,1/p), a € K («,0,) with o € (1/p — K,2), a+ k # 1+ 1/p. Further suppose
that 0, + ¢4 < w. Then

e DAl + % - o5,p) = S()x € Z = Hy™(J; X) N Hy(J; Da), (3.6)
and if o+ Kk > 1+ 1/p,
yeDa(l+5—-1—5p)= (1xS)()y e Z (3.7)

Proof. We first show (3.6). In case 0 < k < 1/p we let B, € S(L,(J; X)) be the inverse
convolution operator associated with the kernel b(t) = t*~!/T'(k), t > 0. If kK = 0, we set
B = I. Suppose x € D(A). Letting u(-) = S(-)z our goal is to show that |B,Aulr,(s.x)
is bounded above by the Da(l + k/a — 1/pa,p)-norm of x. Since D(A) is densely
embedded into D4(1 + k/a — 1/pa, p), the assertion then follows by an approximation
argument.

To establish the desired estimate we use the representation of the resolvent S via
Laplace transform. Recall that S is given by

SN ==(1+aMNA)~", Rex>0.

> =

Let T" denote a contour v + i(—00,00) with some v > 0. We have

—_— d/\

tBuS(\) = = BeS()
= —% (A” i(l—%a()\)A)_l)
= 1Az__f (1+anA)™" + A11_H ' (\)A(1+a(\)A)~
With y
p(N) =1—r+ Ag(%) ca(NA(1+a(M)A) ™, Rex >0, (3.8)



and
Ge(N) = AN A1+ a(MN)A)™H Red >0, (3.9)

we then obtain

18,4870 = 2N G (0, Rer > 0.

\2
Inversion of the Laplace transform now yields for ¢ > 0
1
tB.AS()r = — / M (tBAS) (N dX
21 T
_ L= eCHPt G 1 ip) Gy +ip)a _dp
2 " (y +1p)?
1 [ , o o tdo
- yt4io )G -
27?/_006 ¢(7+Zt) H(Wdi—zt)z(’yt—l-ia)?

where we used the change of variables 0 = tp. By 1-regularity of a and parabolicity of
(3.4) we get a bound |p(N)| < C, for all ReA > 0. Using this estimate and choosing
v = % we obtain

BLAS(H)z|x < o/ (1 +ip) /D)z|x f’ >0,

Taking the L,-norm on the interval J = [0,7] and applying the continuous version of
Minkowski’s inequality yields
do

0o T
B.AS Ol < C ([ 1Gu@ +intaty a5

Now we employ the change of variables s = v/1 + 02/t for the inner integral and enlarge
its interval of integration to get

* o 2 10)s do
B.ASOalt,om < C [ ([ (TGSl ds)— T
T

(1+02) "2
< 0sup{</ (771G (LD )al ) 107},
ocER = 1402

T

This shows that B,AS(:)x € L,(J; X) whenever
1 = sup {( / C

ceR T

RS

a( U2 7 A1/ U

Now we have by the resolvent equation

1 ~1
Al —=+A4 = A(N*+A)™!
(a7 +4) A
+ [ [\]* = LIV (E 1 B A(N> + A
a(A) ) \a(X)
for Re A > 0, thus using the parabolicity of (3.4)
[A(L/a(N) + A) el < AN+ A) ] +

A = 1 [(1+a(N)A) AN + A) e
(Cr + Cola(A)| [A|%) [A(IN[* + A)~ e

IN
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with two positive constants C, Co not depending on A. Therefore, we can estimate 7 as

follows.
< Crsupl( [ (" H (I A + 4) el C)r)
L A v s
+Ca( [ ITHAGT + ) el S
T
= m+ne.

As for 19, by employing the change of variables r = s we get

o0
LhE- -1 dr i
S Cf, HEEAC+ A a0 T < Coblp sty
Concerning 71, there exists C3 > 0 independent of A such that |a(|A])| < Cs|a())], for
all ReA > 0, A # 0, see Lemma 2.6.1. Thus,
m < C1Cs( [ (" wlals)| A" + A)alx)” =) VP

T
Exploiting the assumption liminf, .. |a(p)|pn* > 0 for a bound |a(s)|s* > Cs > 0,
1/T < s < oo, we deduce that

C.C ® ke
LA )
4 1

T

s) ’

m =

i.e. we have the same expression as above for 72, hence the desired estimate follows.
So if v € Dy(1 4+ k/av — 1/pa, p), then B, Au € Ly(J; X), which is equivalent to Au €
Hy(J; X) = oHy(J; X), by Corollary 2.8.1. Applying this once more it follows then that
ax Au € oHy™(J; X), thus uw =z — a x Au € Hy"*(J; X). Hence u € Z.

We now prove (3.7). Suppose y € D(A), and put u(-) = (1*5)(-)y. To show that the
L,(J; X)-norm of B, Au can be estimated above by the D4(1+#r/a—1/a—1/pc, p)-norm
of y, we use once more the representation of u via Laplace transform. With

(B8N ) =~ B =~ (35 0+ a0
2—kK

= 2T aNA) T g YA (L ) A) 2

and ¢ as well as G,; from above (see (3.8),(3.9)), we have this time

$(A) +1
23

By repeating all steps from the first part of the proof, we get

ds

(tB,A(1xS))"(\) = Gx(A), ReA>0.

BeAul, (%) <c/ SR A 1 A) g )P E

m_1_ dr ~
= C/ taa pa|A(r +A) x’X)pE < C‘y|DA(1+ﬁ/a71/a71/pa,p)'

So by approximation, we see that y € Da(1 + k/a — 1/a — 1/pa, p) implies B, Au €
L,(J;X). As in the first part, we obtain v € Z. O
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Remarks 3.1.2 (i) It is not difficult to see that the second assertion of Theorem 3.1.2
remains true if we allow « to lie in [1/p, 1+ 1/p).

(ii) Let k = 0, A be invertible, and assume that the kernel a admits in addition the
estimate C' < s™%|a(s)], s > 0, for some constant C > 0. Then by taking J = R, in the
above lines and by employing this additional estimate, one obtains the implications

x € Da(l— JT%,p) = S()x € L,(R4;Dy), if a > %;
yeDa(l—21—-2p) = (1x8)()y € Ly(Ry; Da), if a>1+1,

«

see also Priiss [64, Theorem 6].
(iii) The proof of Theorem 3.1.2 is inspired by the estimates derived in the proof of
Theorem 6 in Priiss [64].

We next want to show that these conditions on the traces are also necessary. In the
following theorem, again, the operator A is only sectorial. For technical reasons, we
have to assume maximal regularity of the solutions of (3.4) and (3.5), respectively, on
the whole halfline. Later on we shall extend this result to problems on compact time-
intervals where the operator A is R-sectorial.

Theorem 3.1.3 Let X be a Banach space of class HT, p € (1,00), and A a sectorial
operator in X with spectral angle ¢4. Suppose that k € [0,1/p), a € Kl(a,0,) with
a€(l/p—k,2), a+k #1+1/p. Further let w > 0 and assume that 0, + ¢4 < w. Then

e AS(-)x € Hj(Ry; X) =z € Da(1+ 5 — -5, p), (3.11)
and if o + k> 1+ 1/p,
e A1+ S)( )y e HY(Ry; X) =y € Da(1+ 5 — 1_ p—la,p). (3.12)

Proof. The main idea of the proof is to use Proposition 1 in [64], which says that for
every function g in L,(R4; X), the Laplace transform g(\) exists for Re A > 0, and with
p~ !+ ¢! =1 the estimate

|z an < gl P10 (3.13)
0

holds true.

We first show implication (3.11). Let B, be defined as in the proof of Theorem
3.1.2. Suppose that g(t) := Bi(e “'AS(t)x), t > 0, is contained in L,(Ry;X). Then
g is Laplace transformable, according to the proposition mentioned above. From the
resolvent equation for S(-), S(t)z+ (ax AS)(t)xr = x, t > 0, it follows by the convolution
theorem that 3

i\ = yn wA(l + au(N)A) "z, Rel>0.

Here, a,(t) := a(t)e *!, t > 0. Therefore, using (3.13) we obtain

1
= [T s ayA) el < (3.14)
= 0 4w w XN = 9Ly (R15X)" ’

From Lemma 2.6.2 we know that a, € K'(«a,6,). So, in similar manner as in the proof
of Theorem 3.1.2, we can derive the following estimate from the resolvent equation for
A and parabolicity of (3.4):

JA(IN® + A) 7 ] < (C1+ Ca(lawN] AT [A(1/aw(A) + A)"lal, Red >0,
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with two positive constants C7 and Cy. Employing this estimate as well as the inequality
A (A+w)>Co>0,A>1, we deduce that

v 2 G [ A ) e

|aw ()]
o0 AT dX
> CP AN+ A
= 0/1 (Clldw()\)‘)\a""cby ( + ) |) )\

We now exploit the assumption limsup,_,. [a(s)|p® < oo to get an upper bound
|aw (M) A* < C3 < 00, 1 < A < 00, and thus arrive at

p > atr—1 « -1 p@
Clol o / (TR AQ + 4) Tl S
_ [Tk “1 oy AT
—/1 (r ra|A(r + A)” x| x) -

ie. x € Da(l1+ k/a — 1/pa, p).

The proof of (3.12) is similar. Suppose g(t) := Bi(e7“*A(1 % S)(t)z), t > 0, lies in
L,(Ry;X). Then g is Laplace transformable, on account of the proposition mentioned
at the beginning of the proof. Integrating the resolvent equation for S(-) yields with
Sy := 1% S the relation Si(t)x + (a x AS1)(t)x = tx, t > 0. Thus, by the convolution
theorem, we obtain that

)\K

mA(l =+ dw()\)A)_1$, Re)\ > 0

9\ =

Using (3.13) then yields
o AR . dA
AN - pZA
| G A0+ WAl < Clall 5,
in consequence of which we arrive at

< k1 - d\
/1 AR + a ) A) el < Clgly g, -

thanks to the inequality A\/(A +w) > Cy > 0, A > 1. By the same line of conclusions as
in the first part of the proof we then obtain

° K_1_ dr
1+
/1 (r @ « PQ‘A(T—FA x’X E < C’g’LP(R+,X)
Hence z € Da(l+ k/a—1/a—1/pa,p). O

We have now got all important ingredients of the main theorem concerning (3.1) which
reads as follows.

Theorem 3.1.4 Let X be a Banach space of class HT , p € (1,00), J a compact time-
interval [0,T] or Ry, and A an R-sectorial operator in X with R-angle d)ﬁ Suppose that
a belongs to K'(a,0,) with o € (0,2) and that in addition a € L1(Ry) in case J = R..
Further let k € [0,1/p) and a + k ¢ {1/p,1 + 1/p}. Assume the parabolicity condition
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0o+ ¢% < 7. Then (3.1) has a unique solution in Z := HYt(J; X) N Hy(J; Da) if and
only if the function f satisfies the subsequent conditions.

(i)  feH (T X);
(i) f(0) € Da(l+ 5 —o5.p), fa+r>1/p;
(i) f0) € Da(l+£5—2L—Lop), ifat+r>1+1/p

(03
Proof. We consider three cases with respect to the sum a + k.

Case 1: a4+ Kk < 1/p. Because here H}t"(J; X) = oHy™(J; X), we are in the
situation of Theorem 3.1.1.

Case 2: 1/p < a+ Kk < 14+ 1/p. We begin with the necessity part. Suppose
that u € Z is a solution of (3.1). Then Au € Hy;(J;X) = oH,(J; X), which entails
ax Au € o HYt"(J; X), thanks to Corollary 2.8.1. Thus f = u + a* Au € Hy**(J; X),
i.e. condition (i) is proved.

To show the second condition we extend u in the case J = [0,T] to a function v on
R, such that

vE Zp, = H{T(Ry; X) N Hy(Ry;Dy).

If J = Ry, we simply set v := u. From a € K!'(«a,04), it follows by Lemma 2.6.2
that the kernel a; defined by ai(t) = a(t)e™t, t > 0, belongs to K'(a, 64), too. Further,
a; € L1(R4). Thus we deduce that a;xAv € OHZ‘;‘+”(R+; X). Therefore, g := v+ajxAv €
Hy ™ (Ry; X) as well as g — g(0)e™ € oHyt*(Ry; X). Define now v; by means of the
equation vy + a1 * Avy = g — g(0)e™t, t € R,. This makes sense owing to Theorem
3.1.1, which also yields v; € OHZ?+”(R+;X) N H;(R+;DA). Then ve := v —v1 € Zgr,
is the solution of the equation w + a; * Aw = g(0)e™*, t € Ry. Denoting the resolvent
of (3.1) by S(-) it is not difficult to see that ve(t) = e tS(¢)g(0), t > 0. Consequently,
by Theorem 3.1.3, we get g(0) = v(0) = u(0) = f(0) € Da(1 + k/a — 1/pa,p). This
establishes condition (ii).

To prove the converse, suppose that the conditions (i) and (ii) are satisfied. Unique-
ness is a direct consequence of Theorem 3.1.1. Concerning existence, we construct a
solution of (3.1) in the following way. If J = [0, T, we define u;,us € Z as the solutions
of the problems w; + a * Awy = f — f(0),¢t € J, and we + a * Awy = f(0),t € J,
respectively. These solutions exist and lie in Z, by virtue of Theorem 3.1.1 and The-
orem 3.1.2. Thus u := u; + ug has the desired regularity and solves (3.1). In case
J =Ry let v1 be the solution of wy 4+ a * Aw; = f(0), t € [0,1]. Condition (ii) implies
v € Hyt([0,1]; X) N Hj([0,1]; D4), by Theorem 3.1.2. We extend v; to a function
up € Z. Then g :=uj+a*xAup— f € 0H§‘+“(R+; X), and the solution uy of the problem
wg + ax Awy = g, t € Ry, lies in Z, thanks to Theorem 3.1.1. Hence, u := u; +ug € Z
is a solution of (3.1).

Case 3: a+ Kk > 1+ 1/p. We first prove the necessity part. Suppose that u € Z is
a solution of (3.1). Then condition (i) can be derived as in the second case. Our next
objective is to show (iii). The idea behind the following argument is a reduction to a
situation of Case 2.

For this purpose we extend u to a function v € H]‘;‘*”(R; X)N Hy(R; Dy). Define A

as the natural extension of A to Y := L,(R; X) and let G := (I — D?)*/? with domain
D(G) = Hy(R; X). Then the operators A,G are sectorial in Y with spectral angles

oa < qﬁﬁ and ¢g = 0. Thus, ¢4 + ¢g < m. Furthermore the resolvents of A and G
commute, and the pair (G, .A) is coercively positive. This allows us to apply the mixed
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derivative theorem to this pair of operators acting on Y to obtain
A5G yly < ClAy + Gyly, for all y € D(A) N D(G), (3.15)

where C' > 0 is a constant not depending on y. By definition, D(QITTK) = H;_”(R;X).
This together with (3.15) implies

HY(R; X) N Ly(R; Da) — Hy " (R; D, 1=x).
Thus, by the boundedness of DG~ = in L,(R; DA171?T~ ),
b= DiG v G " Grv e HE™ U R X) N Ly(R: D, 1),
To determine the regularity of v(0) we now use the necessity part of the second case.

Let b(t) = t*t*=2 ¢t > 0. Then b € K} (a+r—1,(a+r —1)7/2). Since A is R-sectorial,
the operator C := A'~(1=%)/a js R-sectorial as well, and

OF < (1 128)f < (eb5=1)(n — oF) = (att=lyr _ (ebp=lyr,

by Proposition 2.2.1 and the parabolicity condition, combined with Remark 2.6.1. So
we see that 0y + qbg < 7. By the necessity part of Case 2, applied to the equation

0(t) + (b« Cv)(t) = g(t), te][0,1],

with some g € Hyt"1([0,1]; X), we get f(0) = 9(0) € De(1 —1/p(a+ & —1),p). It
follows now, by Theorem 2.2.2, that £(0) lies in

DAl_leﬂ (1—mvl)> = DA((l_l?TH)(l_m)aP)

Hence condition (iii) is satisfied.
It remains to show (ii). Put J; := [0,1] in case J = Ry and J; := J, otherwise.
Define w; by means of

wi(t) + (ax Aw)(t) = t(0), te .

Then, due to Theorem 3.1.2, it follows from condition (iii) that u|;, —wy € Hy™*(J1; X)N
Hpy(J1;Da). We extend ulj, —w; to a function v € Zg, and put h(t) := v(t) + (a1 *
Av)(t), t € Ry, where ay is defined as in Case 2. As above, we see that h € HJ " (R; X).
By construction, we have 9(0) = h(0) = 0, i.e. h—(-)h(0) € oHy (Ry; X), where ¢(t) =
(L+t)e™", t > 0. In fact, ¢ € HIT (Ry), 1(0) = 1, Y(t) = —te~t, t > 0, in particular
1(0) = 0. Define now the function v; by means of v1+a;*Avy = h—1h(0), t € Ry. This
is possible in view of Theorem 3.1.1, which also gives v; € o Hy™*(Ry; X)NHj(Ry; Da).
Consequently, vp := v—v; € Zg, , and vy solves the equation w+ayxAw = ¢h(0), t € Ry.
If S(-) denotes the resolvent for (3.1), then one verifies that

va(t) = e ' S(t)h(0) + e (1 % S)(t)h(0), t>0.
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Letting k(t) = e~ ! and £(t) = e *S(¢)h(0), t > 0, we thus have

va(t) = £(t) + (k% E)(t), t>0. (3.16)
Define now r € L1, joc(R+) by means of

r(t) + (r+ k)(t) = k(t),  t>0.

Then (3.16) implies
in particular

Since k € L1(Ry) and

1+k(A) =1+ 55 #0, ReA>0,

it follows by the halfline Paley-Wiener theorem (see [39, Chapter 2, Theorem 4.1, p. 45])
that r € L1(R4). So, letting b(t) = t*le7t, t > 0, and B, = (bx)7! € S(L,(R4; X)),
we see with the aid of Young’s inequality and Corollary 2.8.1 that

% Avg = r*xb*x B, Avy = bx 1 x B, Avg 6H5(R+;X).

Therefore A§ € HJ(Ry; X), and so, by Theorem 3.1.3, we get h(0) = v(0) = u(0) =
f(0) € Da(1 + k/a — 1/pa, p). This proves condition (ii).

To prove the converse direction, suppose that the conditions (i),(ii) and (iii) are
fulfilled. Uniqueness is an immediate consequence of Theorem 3.1.1. As for existence,

we build a solution u € Z of (3.1) as follows. Put z = f(0) and y = f(0). If J = [0, 77,
let u; be the solution of

w(t) + (ax Aw)(t) = f(t) —x —ty, te

This solution exists and lies in o H3+*(.J; X) N H}(J; Da), thanks to Theorem 3.1.1. By
Theorem 3.1.2, we also have S(-)x, (1%S5)(-)y € Z, so that u:=wu; +Sx+1xSy e Z. It
is easy to see that u solves (3.1). In case of J = Ry, we extend vy, vz € Hy([0,1]; X)N
L,([0,1]; D) defined by v (t) = S(t)z, va(t) = (1%S5)(t), t € [0,1], to functions uy, ug €
Z and set fi = f — (u1 +ax Auy) — (u2 +a* Auz). By construction, f; € o H}t*(Ry; X).
So, due to Theorem 3.1.1, we can define ug € Z as the solution of v+a*xAv = f1, t € Ry.
Clearly, u := u; + u2 + ug € Z solves (3.1). Hence the proof is complete. [J

Remarks 3.1.3 (i) In Section 3.3 we will prove a corresponding result for the case of a
compact time-interval J where k € (1/p, 1+ 1/p).

(ii) In the case of a compact interval J, one can weaken the assumptions on both a
and A. Due to the transformation property of (3.1) discussed at the end of Section 2.8,
it suffices to assume that u + A € RS(X) with 6, + (Z)fLA < m for some p > 0. As for
the kernel, the theorem is also true, if a is of the form a = b+ dk * b, where b is like a in
the statement of Theorem 3.1.4 and k € BV,.(R4) with k£(0) = k£(0+) = 0. This follows
from a straightforward perturbation argument, cp. [63, Section 8.5].
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3.2 A general trace theorem

Let X be a Banach space of class H7, p € (1,00), J = [0,T] or R4, and A be an
R-sectorial operator in X with arbitrary R-angle ¢§ < . Further suppose v € [0,1/p),
s>1/p—r, and

u€E Z: = HZ*V(J;X)HH}?(J;DA). (3.17)

Our first aim is to prove that u(0) € D4(1+4 /s —1/ps,p). To do so, note that, by the
mixed derivative theorem, we have the embedding

HE™(J;X) N H) (J;Da) — HIO(J;D g0), 0 €(0,1). (3.18)

We now distinguish two cases.
Case 1: 1/p —~v < s < 2(1/p — ). By hypothesis and (3.18), we see that

we HSM(J; X) N H"(J;D o), 6 € (0,1).

If we put K = (1 —60)s +v, B = A% and a(t) = e %=1 ¢ > 0, then we are in the
situation of Theorem 3.1.4, provided that x < 1/p and Osm/2 + (;5}3z < m. But these
two conditions are fulfilled with # = 1/2. 1In fact, in case of § = 1/2, we estimate
k=5/24+~v<(1/p—7)+v=1/p, as well as

05 +of<F+iof<i+i=m
where the inequality qﬁg < qﬁfi /2 follows from Proposition 2.2.1. Further,
1 2y 2
1+%—@—2+?—E,

and so, by Theorem 3.1.4 and Theorem 2.2.2, we obtain

w(©0) € D2+ = Z.p) =D 4 2+ = Zp) = Da(l+ 1 = 15.p).

A%( s

Case 2: s > 2(1/p—-y). Here, we look at the regularity with respect to the operator
A. By hypothesis and (3.18),

we H"DM(J;D o) N HY(J;Da), 6 € (0,1).
Therefore, if we choose the base space Xy = D(A?), then we get
we HDM(J: Xg) N HY(J;D g10), 0 € (0,1).

Again, we want to apply Theorem 3.1.4. So we have to ensure that 1/p < (1 —6)s +~
and (1 —0)s7/2+ (1 — )¢} < 7. But these conditions are satisfied for

_ 1
=1
with an arbitrary n € (1,2/(1 + 1/p — )]. We namely have in this case
— 1_ 1
(1*9)8+7—77(p 7)+7>p
as well as

(1—9)8%+(1—9)¢§<n<%—'y)-§+§(%—7)W§n<%—'y)-§+%w§m



where we used the assumption s > 2(1/p — ) for the second summand. Furthermore,

1 _ 1
Lt g — o = L

Thus, Theorem 3.1.4 yields

u(0) € (Xo, Da)y_1,, = (D(A?), D(A))

p 1—0.p

which entails, by the reiteration theorem (cf. Amann [5, Section 2.8]),
U(O) € (X7D(A))0 %-}—(1—%)71) = DA( - %7])) = DA(l + % - I%vp)

Hence, u(0) € Da(1+ /s — 1/ps,p) is established for all s > 1/p.
Suppose now that s +v > n 4 1/p with n € N. If u € Z, then u*(0) exists for all
0 <k <n. Taking # =1 — (k —~)/s in (3.18) shows that

u® € HR(T X) N Ly (J; D, &)

k—
So, with B = AlfTw, the above mapping property of the trace operator implies that

k 1 _ 1 _ E_ 1
u®)(0) € Dp(1 — (s_i_,y_k)p,p) = DAI_;C_Ty(l — (s+ﬂ/_k)p,p) =Ds(1+71-3% - S,(p), |
3.19
using once more Theorem 2.2.2.

If we replace in (3.17) and (3.19) the operator A by A®, assuming A € RS(X) and
qﬁﬁ < /s, we see that the composition of Df and the trace operator tr

troDf : Hy''(J; X) N H)(J;Das) = Da(s+~—k—1,p) (3.20)

is bounded. Thus, by real interpolation, we obtain boundedness of
tro D+ By 7(J;X) N HY(J; Da(s,p) = Da(s+7—k—L,p). (3.21)

Strong continuity of the translation group then yields (3.22) and (3.23) in the following
Theorem 3.2.1 Let X be a Banach space of class HT, p € (1,00), v € [0,1/p), and
s+~ >n+1/p withn € Nyg. Let further J = [0,T] or Ry, and A be an R-sectorial
operator in X with R-angle qﬁﬁ < m/s. Then for all 0 < k <mn,

Hy"(J; X) N HY (J; Das) — BUCH(J; Da(s +v =k — £,p)) (3.22)
and

By (J; X) N Hy (J; Da(s,p) — BUCK(J; Da(s + 7 — k — L,p)). (3.23)

The proof of the previous result is inspired by [43]. Theorem 3.2.1 is an extension of [65,
Proposition 3], where k = 0 and A is assumed to have bounded imaginary powers.
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3.3 DMore time regularity for Volterra equations

This section deals with the question under what conditions the solution of equation (3.1)
lies in the space
H;J”“(J; X)n Hy(J; Dy),

where, in contrast to Section 3.1, we assume k € (1/p,1+1/p) and a+rk <2+ 1/p.

Theorem 3.3.1 Let X be a Banach space of class HT , p € (1,00), J a compact time-
interval [0,T], and A an R-sectorial operator in X with R-angle qbﬁ. Suppose that a
belongs to K'(a, 0,) with o € (0,2). Further let x € (1/p,1+1/p), a+r <2+ 1/p and
a+ kK # 1+ 1/p. Assume the parabolicity condition 0, + ¢§ < . Then (3.1) has a
unique solution in Z := HJ*(J; X) N Hy(J; Da) if and only if

(i) £(0) € D(A);

(i) f=h+(1xa)Af(0), with h € HyT(J; X), and h(0) € Da(1+ £ — L — L p) in
case o +k >1+1/p.

Proof. We first show the necessity part. Suppose that u € Z solves (3.1). Then, k > 1/p
entails &« + £ > 1/p. Thus, the trace z := u(0) € X exists. Furthermore we see that
Au € C(J; X). So, by the closedness of A, x € D(A) and we infer from (3.1) that

u(t) + (ax Alu —x))(t) = f(t) — (1 xa)(t)Az, teJ

From A(u — x) € oHy(J; X), it follows that a * A(u — x) € oHy™(J; X), in view of
Corollary 2.8.1. In addition, 1 % a is absolutely continuous on J and vanishes at t = 0.
Hence, f(0) = x as well as f = h+(1xa)Af(0), where h is defined by h = u+a*xA(u—zx) €
Hy*(J; X). This proves (i) and the first part of (ii).

To verify the second condition in (ii), suppose that a + k > 1+ 1/p. Owing to
ax Alu —x) € oHY(J; X), we have h(0) = @(0). We now consider two cases. In
case of k € (1/p,1), we can argue as in the proof of Theorem 3.1.4, Case 3, to see that
w(0) € Da(l+ K/ —1/a—1/pa,p). If k € [1,1+1/p), then

u e Hy™ N(J; X) N Hy N (J; Da),

and we obtain the desired regularity of #(0) with the aid of Theorem 3.1.4, applied to
the equation
i(t) + (ax AD)(t) = g(t), te

with some g € HI§“+“_1(J ; X). Hence, the necessity part is complete.

We now want to prove the converse. Uniqueness follows immediately from Theorem
3.1.1. Concerning sufficiency, we suppose validity of (i) and (ii) and distinguish two
cases.

If a+k < 1+1/p, we set u = x+u1, where u; is defined as solution of v+a*xAv = h—x
on J. Condition (i) ensures that the constant function w(t) = x, t € J lies in Z. From
the second condition, we deduce h(0) = f(0) = z and h — z € o Hy""(J; X). So, due to
Remark 3.1.1(ii), we obtain u; € oHy™*(J; X) NoHy(J; Da). Thus u € Z. Further,

ut+axAu= (z+ (1xa)Az)+ (h—z) = f,
by condition (ii). Hence, u € Z is indeed the solution of (3.1).
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We now assume a + £ > 14 1/p. Put this time v = x + 1 * Sh(0) + u1, where u;
solves (3.1) with right-hand side g(t) := h(t) — 2 — th(0) on J. Because of (ii), we have
g € oHy™(J; X). Soit follows by Remark 3.1.1(ii) that uy € o H3 " (J; X)NoH(J; D a).
Further, the property h(0) € Da(1+ /o —1/a—1/pa, p) implies 1% Sh(0) € Z, thanks
to Remark 3.1.2(i). Finally, as in the first case, condition (i) ensures that the constant
function w(t) =z, t € J lies in Z. So we conclude that v € Z. From

u(t) + (a* Au)(t) = (z + (1 a)(t) Az) + th(0) + (h(t) — x — th(0)) = f(t), t € J,

we see that u solves (3.1). O

It should be mentioned that, in the situation of Theorem 3.3.1, we have in general
Lxa¢ HY"(J). As illustration, we consider the following example.

Example 3.3.1 Let 0 < x # 1/p, a € (0,1 — k), and take a(t) = t*~1/T'(a), t > 0.
Further put b = 1 a. Since b(0) = 0, we see that b € HJ}*"(J) if and only if b €
oHS (). So, letting k(t) = t=(*T%) /T(1 — (a + K)), t > 0, we have

d
beoHy™(J) & a(k xb) € Ly(J) & k*a € Ly(J).

But (k*a)(t) =t7"/T'(1—k), t > 0, so that kxa € L,y(J) if and only if k < 1/p. Hence,
Lxa¢ HY"(J) whenever x> 1/p.

3.4 Abstract equations of first and second order on the
halfline

In this paragraph we collect some known results on maximal L,-regularity of abstract
problems on the halfline.
The first theorem, which is due to Weis [81], concerns the abstract Cauchy problem

U+ Au = f, t>0, u(0) = uo, (3.24)
in a Banach space X.

Theorem 3.4.1 Let X be a Banach space of class HT , p € (1,00), and A be an invert-
ible and R-sectorial operator in X with R-angle (zﬁﬁ < m/2.
Then (3.24) has a unique solution in Z := H)(Ry; X) N Ly(Ry; Da) if and only if

(1) feLp(Ry; X); (11) uo € Da(l—1/p,p).

Proof. The assertion follows immediately from Remark 3.1.1(iv), Remark 3.1.2(ii) and
Theorem 3.1.4 with a = 1. [

In the remainder of this section, we consider two abstract second order problems, which
play an essential role in the treatment of abstract parabolic problems with inhomoge-
neous boundary data. By the aid of the two subsequent key results, in Section 3.5, we
will succeed in finding the natural regularity classes for the data on the boundary.

The following theorem concerns the problem with Dirichlet condition

{ —u"(y) + FQZ%; - (J;(y) y >0, (3.25)

in L,(Ry; X).
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Theorem 3.4.2 Suppose X is a Banach space of class HT, p € (1,00). Let F €
BIP(X) be invertible with power angle Op < 7/2, and let D%, denote the domain D(F7)
of FV equipped with its graph norm, j =1, 2.

Then (3.25) has a unique solution u in Z := Hg(]RJr; X)N Ly(Ry; D%) if and only if
the following two conditions are satisfied.

(1) f € LpyR;X); (i) ¢ € Dp(2—3,p).
If this is the case we have in addition uw € H}(Ry; D).

This result has been obtained by Priiss, cf. [65, Theorem 3]. Recall that Dp(2—1/p,p) =
{9€ D(F): Fg € Dp(1—1/p,p)}.
There is a corresponding result for the abstract second order problem with abstract
Robin condition
—u/(0) + Du(0) = v, ’

in L,(Ry; X). For D = 0, the Robin condition becomes the Neumann condition.

Theorem 3.4.3 Suppose X is a Banach space of class HT, p € (1,00). Let F €
BIP(X) be invertible with power angle Op < 7/2, and let D%, denote the domain D(F7)
of FV equipped with its graph norm, j = 1, 2. Suppose that D is pseudo-sectorial in X,
belongs to BIP(R(D)), commutes with F, and is such that Op + 0p < 7.

Then (3.26) has a unique solution u in Z := H2(Ry; X) N Ly(Ry; DF) with u(0) €
D(D) and Du(0) € Dp(1—1/p,p) if and only if the following two conditions are satisfied.

(i) f € Lp(Ry; X); (i) € Dp(1—3,p).
If this is the case we have in addition v € H}(Ry; D).

This result is also due to Priiss, see [65, Theorem 4].

3.5 Parabolic Volterra equations on an infinite strip
We now study the vector-valued problem

{u—a*8§u+a*Au:f, teJ, y>0, (3.27)

u(t,0) = (t), te

in L,(J; Ly(R4; X)). Here X is a Banach space which belongs to the class HT, J = [0, T]
is a compact time-interval, A is a sectorial operator in X and the kernel a belongs to the
class K!(a,0,) with o € (0,2). The data f and ¢ are given. Our aim is to characterize
unique existence of a solution u in the maximal regularity class of type L, i.e.

we Z = HY(J: Ly(Rys X)) N Ly(J; HXR: X)) 0 Ly(J; Ly(R; D))

in terms of regularity classes for the data. Recall that D4 denotes the space D(A)
equipped with the graph norm of A. The main result reads as follows.
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Theorem 3.5.1 Let p € (1,00) and X be a Banach space of class HT . Suppose that
a € K'Y (a,0,) with a € (0, 2)\{1)7 1 1 -l— 21+ %} and A € BIP(X) with power

angle 04. Assume further 6, + 04 < . Then the problem (3.27) has a unique solution
in Z if and only if the data f and ¢ satisfy the following conditions.

@ f 6Ho‘(J'L (R X));

(i) @By 7 (JiX)NLy(J Dall— .p))

(i6)  flico € By ™ (B3 X) N Ly(Re; Da(1 — Lp), ifa> 1

(iv)  fli=0,y=0 = @li=0, if > TZ_l;

20*%*;%)

(v)  Oifli=o0 € Bpp
) Ot fle=0,y=0 = (Z.5|t:07 ifa>1+ Tg_y

(R X) N Lp(Ry; Da(l = L = 25,p)), ifa>1+1

«a

If this is the case, then additionally

(vii)  fli=0,y= oa¢|t0€DA(—*—:,,% ),ifa>2p27_1;

(Vi) Oefli=0,y=0, Pli=o € Da(l = 55 — £ = Lop), fa>1+ 32

Proof. We begin with the necessity part. Suppose that v € Z is a solution of (3.27).
Then clearly f = u—a* 82u+a* Au € H3(J; Ly(Ry; X)), ie. the first condition is
satisfied.

Next we extend u w.r.t. y to all of R by u(t,y) = 3u(t,—y) — 2u(t, —2y),y < 0,
resulting in a function (again denoted by u) that belongs to

Hy(J; Lp(R; X)) N Lyp(J; Hg(R; X)) N Ly(J; Ly(R; D a)).

Define A as the natural extension of A to Y := L,(R; X) and let G = —85 with domain
D(G) = HZ(R; X). Then G is sectorial and belongs to the class BIP(Y) with power
angle 8 = 0. Since both operators commute in the resolvent sense, Theorem 2.3.1 yields
that

A=A+G (3.28)

with domain D(A) = D(A)ND(G) is sectorial and belongs to BZP(Y) with power angle
Op < 04, in particular A € RS(Y) with R-angle ¢f < 64, by Theorem 2.2.3. It now
follows from Theorem 3.1.4 that u|;—o € Da(1 — 1/pa, p), if &« > 1/p. Proposition 2.3.1
gives

2

22
— By " (R X) N Ly(R; Da(l - L, p)), (3.29)

which entails the third condition, by restriction to y € Ry. If &« > 141/p, then Theorem
3.1.4 further yields Oyuli—o € Da(1 — 1/a — 1/pa, p). By employing Proposition 2.3.1
once more, we get

2014 —35)
Da(l—2—Lp) =By ° " (®X)NLRDal—L— L p). (330

Thus, after restriction to y € Ry we arrive at condition (v).
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Our next objective is to show necessity of (ii). For this purpose we choose an ex-
tension of the solution u € Z w.r.t. t to all of R (again denoted by u) which lies in the
regularity class

Zy := H(R; Lp(Ry; X)) N Lp(R; H2 (Ry; X)) N Ly(R; Lp(Ry; D). (3.31)

Set A; = I+ A with domain D(A;) = D(A) and let A; be the natural extension of 4; to
Y := L,(R; X). Then the operator A; is invertible, and by Theorem 2.3.1 it belongs to
the class BZP(X) with power angle 64, < 64; thus A, is invertible as well and contained
in BIP(Y) with power angle 64, < 64. Further let B € BIP(Y) be the inverse Volterra
operator from Theorem 2.8.1. Then the resolvents of A; and B commute, and we have
Op + 04, < 6,+ 04 < 7. This allows us to apply Theorem 2.3.1 to the pair (B,.4;) in
the space Y yielding that B + A; with domain D(B) N D(A1) = HJ (R; X) N Ly(R; Da)
is invertible and contained in BZP(Y) with power angle 0p1 4, < max{6,,04}. The
function v € Z; now satisfies a problem of the form

Bu—-du+Au = g, y>0,teR,
u(t,0) = p(t), teR,

with g € L,(R;Y") and some ¢, which is an extension of ¢ to all of R. To determine the
regularity of ¢, we apply Theorem 3.4.2 to the invertible operator

F:=+\/B+ .Al, (3.32)

which belongs again to BZP(Y') and has power angle 0p < max{6,,04}/2 < 7/2. This
results in ¢ € Dp(2 —1/p,p). Due to Theorem 2.2.2 and Proposition 2.3.1, we have

DF(’Yap) = D(B+A1)1/2(/75p) = DB+.A1(%5P) = DB(%ap) N D.A1(%7p)a v E (07 1)

Therefore (11
a(l_L
Dp(1 - %ap) =By’ 7 (R;X)N Ly(R; Da(3 — ﬁap)% (3.33)
which implies
1 a(1-3;) 1
Dp(2— ];ap) = Byp (R; X) N Lp(R; Da(1 — @ap))- (3.34)

Here we employ the embeddings

a(l—%) 1 O‘(%_%

Bl (R X) LR Da(l - £,p) — B P(®D)), (3.35)
a(l-) o

By PR X) N LR Da(l— £.p) — HE®Dab—2.p) (330

which follow from the mixed derivative theorem and real interpolation. Hence, we have

shown that 1)
a(l—5z
¢ € By (R X)NLy(R; Da(l— %,p))-

By restriction to J, we see that the second condition in Theorem 3.5.1 is necessary.
To derive condition (iv), we notice that u € Z satisfies

we He(J; H2 ) (Ry; X)), (3.37)
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for each s € [0, 1]. This follows from the mixed derivative theorem. The space in (3.37)
embeds into BUC(J xRy; X) if 1/p < scvand 1/p < 2—2s,ie. if 1/pa <s<1—1/2p.
This shows that the compatibility condition (iv) is necessary in case o > 2/(2p — 1).

We proceed with the determination of the regularity of ¢|;,—¢ in case a > 2/(2p — 1).
Observe that this inequality is equivalent to 1/p < a(1 — 1/2p). In light of Theorem
3.2.1, we have the embedding

By (J;X) N Ly(J; Da(y,p)) = C(J; Daly — 55:p)), (3.38)

if v,v—1/ps € (0,1) and sy € (1/p,2). Thus, by taking s = « and v = 1 —1/2p, we see
that ¢|t=0 € Da(1 —1/2p — 1/pc, p). Hence property (vii) is established.

It remains to show (vi) and (viii). Let @ > 1+3/(2p — 1), which in particular means
that o > 14 1/p. Exploiting (3.37) with s = 1/« yields

_ 2(1—+
Oru € HY ™ M(J; Ly(Ry; X)) N Ly(R; Hy' ) (Ry; X)),

which in turn entails

1
du e HO V(112 T R X)),

for each s € [0,1], by the mixed derivative theorem. This space is embedded into
BUC(JxR4; X) whenever (a¢—1)s > 1/pand 2(1—-1/a)(1—s) > 1/p, i.e. if 1/p(a—1) <
s <1—a/2p(a—1). An easy calculation shows that existence of such an s is equivalent
toa >1+3/(2p— 1), which we just assumed. Therefore the trace d;u(0,0) exists, and
we see that the compatibility condition (vi) is necessary.

Last but not least, we restrict 0y f|;—o to some finite interval J; = [0, yo], which results
in a function that belongs to

201-3-1) L
Bpp (JISX)mLp(JHDA(l—*—pfa;p)%

[e%

owing to property (v). Then we apply again (3.38), this time with y =1—1/a — 1/pa
and s = 2. This is possible on account of o > 1+ 3/(2p — 1). We immediately see that
Ot fli=0,y=0 enjoys the regularity claimed in (viii). Hence the necessity part of Theorem
3.5.1 as well as the additional properties (vii) and (viii) are established.

We turn now to the sufficiency part of Theorem 3.5.1. Let the data f and ¢ be given
such that the conditions (i)-(vi) are satisfied. We will build the solution u € Z of (3.27)
as a sum of two functions in Z.

At first we will construct a function u; € Z such that

ul—a*ajulJra*Aul:f, teJ y>0, (3.39)

i.e. wuy solves the first equation of (3.27). For this purpose we extend the function f
w.r.t. y to all of R in such a way that (i),(iii),(v) are fulfilled with R, replaced by
R. Let Y := L,(R; X) and A € BZP(Y) be the operator defined in (3.28). Then we
have fli—o € Da(1 — 1/pa,p), if & > 1/p, and O;f|i—0 € Da(1 — 1/ — 1/pcx, p) in case
a>141/p, owing to (3.29) and (3.30). Thus, by Theorem 3.1.4, the Volterra equation

vtaxAv=f teJ, (3.40)
admits a unique solution v; in the regularity class

Hy (5 Ly(R; X)) 0 Ly(J; Hp (R; X)) 0 Ly(J; Lp(R; Da)).
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Let uj be the restriction of v; to y € Ry. Then clearly u; € Z, and u; satisfies (3.39).
Next we put ¢ := ui|y—g. Due to the necessity part of Theorem 3.5.1 (conditions
(ii),(iv),(vi)), we see that

a(l-24)
d)l GBPP r (J’X)OLP(JvDA(]'_%vp))a

and fli=o0,y=0 = P1]i=0, if & > T{l’ as well as 0 fli=0,y=0 = éllt:(), in case a >
1+3/(2p —1). Therefore we deduce that

a(lfi)
¢ — ¢1 € o0Bpp o (J; X) mLp(J§ Da(1— %p?p))'

Consider now the problem

{v—a*(‘)ﬁv—i—a*Av:O, ted, y>0, (3.41)

U(tvo):¢_¢1a ted

Define this time A as the natural extension of A to Y; := L,(J;X). Let further B €
BZIP(Ly(J; X)) be the inverse Volterra operator from Corollary 2.8.1 associated with the
kernel a. Then B is invertible, A and B belong to BZP(Y7), their resolvents commute,
and 04 + 05 < 04 + 0, < w. Therefore, by Theorem 2.3.1, the operator B + A with
domain D(B) N D(A) = oH(J; X) N Ly(J; Da) is invertible and contained in BZP(Y7)
with power angle 044 < max{6,,04}. Moreover, the operator F; := /B + A is also
invertible and belongs to BZP (Y1) with power angle 0r < max{f,,04}/2 < 7/2. We
can now rewrite (3.41) as

—0"(y) + Fio(y) =0, y >0, v(0) = ¢ — ¢1. (3.42)

In the same way as above for the operator F', one can show that

a(i—)
Dpy(1=2,p) = 0Bpp" ™ (R; X) N Ly(R; Da(5 — 25,p)) (3.43)
and (1o d
a(l—==
Dp (2= 3,p) =0By 7 (J;X) N Ly(J; Da(l = 55,p))- (3.44)

Compare this with (3.33) and (3.34). Thus we have ¢ — ¢1 € Dp, (2 — 1/p,p), which
implies existence of a solution ug of (3.41) in the space

OHE(J; Ly(Rys X)) 0 Ly(J; H2 (R X)) N Ly(J; Ly(R o5 D)),

by virtue of Theorem 3.4.2.

Finally let u := u; +u2. Then u € Z, and by construction w is a solution of problem
(3.27).

Uniqueness follows from Theorem 3.4.2. To see this, rewrite (3.27) with zeros on the
right-hand side as (3.42) with initial value zero. This completes the proof of Theorem
3.5.1. 0

There is a corresponding result for the problem

{ u—a*&ju—i—a*Au:f, ted y>0, (3.45)

—dyult,0) + Du(t,0) = ¢(t), teJ.
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Here the operator D is pseudo-sectorial in X, and we assume that D 412 < Dp. As
above we seek a solution in

Z = Hy(J; Lp(Ry; X)) N Ly(J; Hy (Ry; X)) N Ly(J; Ly(Ry; Da)).

Before we state the theorem concerning (3.45) we note that any function v in the space
Z automatically satisfies v|,—o € L,(J; Dp) and

(3—25)

[e%
Du(-,0) € Bpp (3 X) N Ly (J; DA(% - ﬁ,p))- (3.46)
In fact, if v € Z, then it follows, by Theorem 3.5.1, that
1)|y:0 € LP(J; DA(l - %7])))7
which entails the first claim, for we have the embeddings
Da(1-3;p) = D,y — Dp.

As for (3.46), we see with the aid of the mixed derivative theorem (Proposition 2.3.2)
that for w := A2y,

w € Hy (J; Lp(Ry; X)) N Ly(J5 Hy(Ry; X)) N Lp(J3 Ly(Ry; D 1) (3.47)
We extend w w.r.t. ¢ to all of R such that (3.47) holds true, with J replaced by R.
As above, set Y = L,(R; X) and define the operator F' by (3.32). Then we know that
F is invertible and lies in the class BZP(Y) with power angle p < 7/2. Further,
w € HYRy;Y) N Ly(Ry; Dp). Thus, Theorem 3.4.1 yields w|,—g € Dp(1 —1/p,p),
which by restriction to ¢ € J implies

(1 1

Az0(-,0) € Bpp® 7 (J; X) N Ly(J; Da(k — &.p)),
in view of (3.33). Assertion (3.46) now follows on account of D 41,2 <— Dp.

Theorem 3.5.2 Let p € (1,00), X be a Banach space of class HT, a € K*(a, 0,) with
a € (0,2)\ { L2 1+ %}, and A € BIP(X) with power angle 04. Let further D be a

p’ p—1?
pseudo-sectorial operator in X such that D € BIP(R(D)) with power angle 0p. Suppose
that A and D commute in the resolvent sense, and that D 412 — Dp. Assume further
the angle conditions 0, + 604 < m and Op < ™ —max{6,,04}/2. Then the problem (3.45)
has a unique solution in Z if and only if the data f and ¢ are subject to the following
conditions.

(1)  feHy(J;LyRy; X));

1

S X) N Ly(J5 Dals — 25,p)):

1
a(5—

(i) ¢ € Bpp
92

(ii1)  fli=o € Bpp " (Ry; X) N Lyp(Ry; Da(l — o5,p), if a > 3;

(iv)  fli=o,y=0 € D(D) and — Jy fli=0,y=0 + D flt=0,y=0 = ¢|t=0, if o > ,%;

11
(1-2-3a)

2
() 9flio € Byy (Rei X) N Ly(Rys Da(l— 2 — L p), ifa>1+ L.

(0%
If this is the case, then additionally
(vi) f|t:0’y:0€DA(1_%_;%avp)’ ifa > Qp%l;
(Uii) Df|t:0,y:07 ¢|t=0 € DA(% _ 1 _ 1T10¢7p)7 ifa > %
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Proof. We begin with the necessity part. Suppose we have a function v € Z which is a
solution of (3.45). Then w is also a solution of the problem
u—a*6§u+a*Au:f, ted, y>0,
u(t,0) =p(t), teJ,

where ¢ := uly—g. Therefore, conditions (i),(iii) and (v) are necessary, by the first part of
the proof of Theorem 3.5.1, where the case o = 2/(2p — 1) is admissible, too. Moreover,
we see that fli—o y—0 € Da(1 —1/2p —1/pc,p), if @ > 2/(2p — 1), i.e. property (vi) is
fulfilled.

To show condition (ii), we proceed similarly as in the proof of Theorem 3.5.1. We
extend u w.r.t. ¢ to all of R such that u € Z; (see (3.31) for the definition), u|y—o €
L,(R;Dp), and

3= 25) 11
Du(-,0) € By, (R; X)N Ly(R; Da(5 — %7]9))'
Let Y := L,(R; X) and define D as the natural extension of D to this space. Let F'
be as in (3.32). Then the space Dp(1 — 1/p,p) is given by (3.33). Thus we see that
u € H2(Ry,Y) N Ly(Ry; Dpz2), uly—o € D(D), and Duly—o € Dp(1 —1/p,p). Now
consider u as the solution of the problem

—"(y) + Fu(y) =g, y>0, —u'(0)=¢—Du(0),

with some g € Lp(R;;Y) and an extension ¢ of ¢ on the real line. Since 0p <
max{f,,04}/2 < 7, it then follows from Theorem 3.4.3 that ¢ —Du(0) € Dr(1—1/p,p),
i.e. € Dp(1—1/p,p), which after restriction to ¢t € .J yields condition (ii).

Finally, we have to prove (iv) and (vii). By the mixed derivative theorem, it follows
from uw € Z that

Ayu € Hy (J; Lp(Ry; X)) N Ly(J; Hy (R X)),
and further s
dyu € Hy? (J; H5(Ry; X)),
for all s € [0, 1]. This space embeds into BUC(J xRy; X) if as/2 > 1/pand 1—s > 1/p,
i.e. in case 2/pa < s < 1—1/p. Such an s exists if and only if « > 2/(p — 1) as a short
computation shows. Thus in this situation the trace (0yu)(0,0) € X exists. Further,

(3-2)

Duly=o, ¢ € Byp (J; X) N Lyp(J; DA(% - gipap))

and
o(3-35)

Byp® '(J; X) N Ly(J; Da(s = 55,)) = C(J;Dalz = 95 — pas D))

thanks to Theorem 3.2.1 and the remark before Theorem 3.5.2. Therefore, by the closed-
ness of D, fli—0,y=0 € D(D) and

—0y fli=0,y=0 + D flt=0,y=0 = ®|i=o0,

where each term in this equation lies in the space D4(1/2 — 1/2p — 1/pa,p). Hence,
conditions (iv) and (vii) are proved. This completes the necessity part of the proof.
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We come now to sufficiency. Suppose we are given the data f and ¢ which fulfill the
conditions (i)-(v). We proceed similarly as in the proof of Theorem 3.5.1.

Firstly, let u1 € Z be a function which satisfies (3.39). Such a function was con-
structed in the proof of Theorem 3.5.1. Put ¢ := —0yui|y=0 + Du1|y—o and consider
the problem

v—a*@iv—i—a*Av:O, ted, y>0,
—0yv(t,0) + Du(t,0) = ¢(t) — ¢1(t), te .

Owing to the necessity part of Theorem 3.5.2 and the above remark concerning (3.46),
¢1 is well-defined and lies in the same regularity class as the data ¢. In addition, we see
that (¢—¢1)|t=0 = 0, if @« > 2/(p—1), by construction of ¢; and thanks to condition (iv).
That is, the compatibility condition is satisfied. To solve (3.48), we let Y; = L,(J; X),
D be the natural extension of D to this space, and define the operator F; as in the
paragraph following problem (3.41). Then (3.48) can be rewritten as

(3.48)

~v"(y) + Fu(y) =0, y >0,  —v'(0) +Dv(0) = ¢ — ¢1. (3.49)
Observe that D is pseudo-sectorial in Y; and D € BIP(R(D)) with power angle 6p <
Op. In view of (3.43), ¢ — ¢1 € Dp, (1 — 1/p,p). Further, we have 0p + 0p, < 0p +
max{0,,04}/2 < m. By Theorem 3.4.3, problem (3.48) thus admits a unique solution us
in the space

0HE(J; Ly(Re; X)) 0 Ly(J; H2 (R X)) N Ly(J; Ly(Ros D))

with
o(3-2;) 11
DU2('>O> € DF1(1 - 1/p,p) = OBpp (JSX) N LpU% DA(§ - %71?))-
Finally put w := u; + ug. Then w clearly possesses the desired regularity and solves
(3.45).

Uniqueness follows by Theorem 3.4.3. In fact, rewrite (3.45) with zero data as (3.49)
with zeros on the right-hand side. Then it is apparent that the zero-function is the only
solution of (3.45) in Z. O

Remarks 3.5.1 (i) Theorem 3.5.1 and Theorem 3.5.2 are also true, if the kernel a is of
the form a = b+dk=b, where b is like a above and k € BVj,.(Ry) with £(0) = k(0+) = 0.

(ii) The proofs of the two foregoing theorems are inspired by Priiss [65]. In the case
a = 1 Theorem 3.5.1 is equivalent with a version of [65, Thm. 5] for compact J, while
Theorem 3.5.2, roughly speaking, can be regarded as an extension of [65, Thm. 6], at
least in the case D 412 < Dp.
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Chapter 4

Linear Problems of Second Order

This chapter is devoted to the study of linear problems of second order on Ly(J X ),
) a domain in R”, with general inhomogeneous boundary conditions of order < 1. We
shall apply abstract results proven in Chapter 3 to characterize maximal L,-regularity
of the solutions in terms of regularity and compatibility conditions for the data. We will
first consider problems on the full space R™. This will be followed by the investigation
of the half space case. Finally, we study the case of an arbitrary domain. Here we use
the localization method to reduce the problem to related problems on R™ and R} .

4.1 Full space problems
In this section we study the Volterra equation
v+kx A x,Dy)v=f, teJ zeR", (4.1)

in Ly(J; Ly(R™)). Here J = [0,T], the kernel k& belongs to the class K!(«,6) with
€ (0,2), 0 < m, and A(t,x, D,) is a differential operator of second order with variable
coefficients:

A(t,z, D) = —a(t,z) : V2 +by(t,x) - Vy + bo(t,z), t € J, x € R, (4.2)

By VZv we mean the Hessian matrix of v w.r.t. z, that is (V2u(t, z))ij = 0,0, 0(t, ),
i, 7 = 1,...,n. The double scalar product a : b of two matrices a, b € C™*" is defined
bya:b= Z? j=1 @ijbij. We further denote the principal part of the differential operator

(4.2) by Ag(t,z, D), that is Ag(t,z, D;) = —a(t,z) : V2, and we write A(t,z, D,) =
Ay(t,z,Dy) + Ag(t,z, Dy).
For an unbounded domain 2 C R” and a Banach space X, we set

Cu(J x4 X)={geC(JxQX): lim g(t,z) exists uniformly for all t € J}.

|z|—o0

The symbol Sym{n} stands for the space of n-dimensional real symmetric matrices.
The goal of this section is to prove the following result.

Theorem 4.1.1 Let1 < p < oo andn € N. Suppose the differential operator A(t,x, D,)
is given by (4.2). Assume the following properties.

(H1) k € KX, 0), where o € (0,2)\ {1/p, 1 +1/p}, 0 < 7;
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(H2) a € Cy(J x R™, Sym{n}), by € Loo(J x R™", R™), by € Loo(J x R™);

(H3) Jag > 0: a(t,x)€ - € > aplé)?, t € J, z € R", £ € R,

Then the Volterra equation (4.1) admits a unique solution in the space
Z = H(J; Ly(R") 1 Ly(J; HA(R™))

if and only if the function f is subject to the subsequent conditions.

(1) feHy(J;Lpy(R"));

.. 2-= .
(i)  fli=o € 0Z := Bpp " (R"), if a > 1/p;

1 1

(i) Oflimo €MZ = B ® (R ifa > 14 1/p.

Proof. We start with the necessity part. Suppose that v € Z solves (4.1). By assumption
(H2), we immediately verify that A(t,z, D,)v € Ly(J; Ly(R™)). Thus, in view of (H1),
f=v—kxA(,z,D)v € Hy(J; Ly(R")), i.e. condition (i) is satisfied. To see (ii)
and (iii), apply Theorem 3.2.1 to the space L,(R"™) and the operator A = —A with
domain Hg(R”), and use (Lp(R"), H2(R"))s,, = BX(R"), s € (0,1), together with
N vlt—o = 8] fli=o in case @ > j+1/p, j =0, 1.

The sufficiency part is more involved. Suppose f satisfies (i)-(iii). In order to prove
existence of a unique solution of (4.1) in Z, we use localization and perturbation to
reduce (4.1) to related equations with constant coefficients.

Given n > 0, assumption (H2) allows us to select a large ball B,,(0) C R™ such that

la(t, x) — a(t, 00)|gmnxny < g, forallt € J, z € R", |z| > ro.
Putting Up = R™ \ B,,(0) we can further cover B,,(0) by finitely many balls U; =
By (xj), j = 1,..., N, and choose a partition 0 =: Tp < Ty < ... < Ty 1 < Ty =T
such that for all ¢ =0,...,.M —1,j=1,...,N,

]a(t, CIZ) - a(Tivxj)‘B(R"X") <n, te [TiaTi-I—l]v x e B”"j (IL’]'),

and
) le [ﬂ,n—i—l]'

VRS

la(t, 00) — a(T;, 00)|rnxn) <

Define coefficients of spatially local operators A;E(t,x,Dx) = —al(t,x) : V2 eg. by
reflection, that is

04 ) = a(t, ) :teJ, x ¢ By(0)
a’(t,z) = a(t,rd25) :t € J, x € By, (0)

||

and

alt,xj +rio—y):t € J, x ¢ By (x5)

J ‘JS—Z‘J' |2

a’(t, ) ::{ a(t, ) it €, x € Byy(x)

for each j =1,..., N. With g = oo, we then have
]aj(t,x) - a(j—:i’$j)‘B(R"><n) <n, te [T%7,I‘i+1]a T e an

forallt=0,...,M —1,5=0,...,N.

o8



The strategy for solving (4.1) is now as follows First we determine the solution of
(4.1) on the interval [0,T}]. Let us denote it by v!'. Now suppose we already know the
solution v* of (4.1) on the interval [0,T;], where 1 < i< M —1. We then seek the
solution v**! of (4.1) on the larger interval [0, T;11] which equals v’ on [0,T;]. The last
step is repeated as long as i < M. Proceeding in this way we finally obtain the solution
of (4.1) on the entire interval [0, 7. This is the basic idea concerning the localization
in time. Besides, we will also localize (4.1) with respect to the space variable. This will
be done in each single time step by means of a partition of unity {(pj};vzo C C™(R™)
which enjoys the properties Z;-V:O v; =1,0 < j(z) <1 and supp ¢; C U;. We will
also make use of a fixed family {1; }j»V:O C C*°(R™) that satisfies ¢; = 1 on an open set
V; containing supp ¢;, and supp; C Uj.

Suppose we are in the (i + 1)th time step of the above procedure. Set 0 Zi+1 =
O HZ ([0, Ty1]; Lp(R™)) N Ly ([0, Tyga]; HA(R™)). If @ = 0 (initial time step), we have to
find v! in the space

Z1(0°) :={w € Zy : 0" w|i=o = O™ fli=o, if @ >m +1/p, m = 0,1}.

If i > 0, we assume that v’ =: V;lf lies in Z;. Here V; refers to the operator I + k *
A(-,z,D,) on [0,T;]. Using the notation

ZZ'_H(TI)) = {w € Zit1: w’[O,T,‘] = ZD} for w € Z;, (43)

our aim is then to determine v*™! in the space Z;11(v'). To achieve this, observe that
with d(wi,w2) = w1 — walz,,,, (Ziy1(v),d) is a complete metric space. Our plan is
to transform (4.1) to an appropriate fixed point equation in Z;y1(v') and to apply the
contraction principle.
We first derive the local equations associated with {¢; };V:O. Note that (4.1) is equiv-
alent to
v+ ko A#(‘,ZL‘, Dx)v =f—kx AR('7$a Dx)”»

which when multiplied by ¢; becomes

v+ kk Ay (3, D)oo = 9if =k @ AR(,a, Dy)o
Tk Ay (2, Do), oy (4.4)

We freeze the coefficients of the local operator .A;E (t,z, D,) at the point (T}, x;) to get the

homogeneous differential operator with constant coefficients A% (D,) := A;ﬁ(Ti, xj, Dy).
Then (4.4) can be written as

pjv+kx A7 (Dy)pjo = @if —k* 0 AR(, @, Da)v + k * [Ag (-, x, Dy), @j]v
+k = (A#(TZ,JU], ) — .A#( D,))pjv. (4.5)
Let AY be the L, -realization of the differential operator A% (D,). Forl € {1,..., M},
we put X; = Ly([0,T7]; L,(R™)) and define the space =; as the set of all functions g €

Hy ([0, Ti]; Ly(R™)) satisfying gli=0 € 70Z in case a > 1/p, and 0igli=0 € 11 Z in case
a>1+4+1/p. E; endowed with the norm

(k,1
|g|~z ’g‘ch )[0 Ty);Lp(R™)) + X( ( )|g|t:0"on + X(1+%,2) (O‘)’atg‘t=0|'y1z
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is a Banach space, cp. Corollary 2.8.2. Recall that for g € oZ; := oHy ([0, Tj]; Lp(R"™)),

one has = |Brg|x,, Br denoting the inverse convolution operator in X;

71)
1915 (jo 13, ()
associated with the kernel k. For the spaces Z;, I = 1,..., M, we choose the norm

’w‘Zl ”U)|Ha OTH LP(R" + ‘viw’Xan

Claim 1: Let i € {0,...,.M — 1}, 5 €{0,...,N},and [ € {1,..., M}. Then
wH+kx AYw =g, tcl0,Ty,zcR", (4.6)

possesses a unique solution w =: E;j g in the space Z; if and only if ¢ € =;. Further,
there exists a constant C' > 0 not depending on i, j, [ such that

’ﬁgjg‘zl < C‘Q‘El, Vg € OE'l- (47)

Claim 1 is an immediate consequence of Theorem 3.1.4. Note that after a rotation
and a stretch of the spatial coordinates, the elliptic operator A” becomes the negative
Laplacian. The constant C' in (4.7) can be selected to be independent of ¢ and j, due to
the uniform ellipticity assumption (H3); the independence on [ is clear, because in (4.7),
functions g in the subspace ¢=; are considered, only.

By applying the solution operator EZ“ to (4.5) we get

where

SZ]U) - 5211 k (‘A#(Tlﬂ '7:]7 ) Aj ( ))wa (49)
and

Cj(t,z,Dy) = [Ax(t,x, D), ¢;] — ¢ Ar(t, z, Dy). (4.10)

One immediately verifies that S¥ € B(Z;y1). Furthermore, S¥ enjoys the subsequent
properties, which will be shown at the end of this proof.

Claim 2: There exists 19 > 0 such that whenever n < no, i € {0,...,M — 1}, and
j€{0,...,N},

(a) [SYw|z,,, < 3|w|z., for all w € Z;11(0) (Z1(0) := ¢Z1);

i+1 —

(b) if w € Zi41(0) and wo = (I — SY)w, then |w|z,,, < 2|wolz,,,;

(c) for each g € Z;41 and v € Z (V) g) the equation (I — S¥)w = h¥(g,v) ad-
Zior (v g)h” (9,v) in Zit1(p;Vitg). Here
Z1(Vytg) == {v € Z1 : 9™v|i—o = O["gli=0, if @ >m +1/p, m =0,1}.

mits a unique solution w =: (I — $¥)|}

Let n < ng. By employing the operators (I — SU)G-H(WW) desribed in Claim 2 we infer
i j
from (4.8) that '
Spjv:(I_S”)’ZZHLpUz <fv )
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Since 1; = 1 on supp ¢, we may multiply this equation by ; resulting in
L S .
PV = djj (I - Sl])‘ziﬂ(%vi)hw (f, U)'

Summing over j then yields

v = ij S” ’ ! -1 Egﬁ(@jf +k*Cj(-, 2, Dy)v) =: G(v), (4.11)

2+1 ‘10 VZ f)

which is a fixed point equation for v € Z;11(v?).

Due to Claim 2(c), G is a self-mapping of Z;;1(v’). Thus the contraction principle is
applicable to (4.11), if we can verify that G is a strict contraction. It turns out that this
can be achieved by choosing a yet finer partition 0 = Ty < 11 < ... < Ty—1 < Ty =
T, more precisely, by making § := max; |T;41 — T;| sufficiently small. The following
observation is crucial in this connection.

Suppose u € Z;11(0). By causality, it is clear that Byuljg ;) = 0. So we can write

u=kxBru = (kxjo,1,,,-1]) * Bru.
Thus, by Young’s inequality,

[ulx, 1 < 1klL 0,10 —1) 1 Brulxiyy < KL 0,6)ul 2 Yu € Zig1(0). (4.12)

Another observation concerns the operators C;(t,x, D). Since those are at most of
first order and have bounded coefficients, for each € > 0, there exists C. > 0 such that

Cj(t,z, Dy)w|x (4.13)

i S E‘Viw’Xi’fl + Celwlx

i+1
foralli=0,....M —1,5=0,...,N,and w € Lp([(),TiJrl];Hg(R”)).

We are now ready to prove the contractivity of G. Let v, v € Z;1(v'). In view of
(4.7), Claim 2(b), (4.12), and (4.13), we may estimate

1G(v) = G(V)| 2,4, = | Z% =SNG 0Lk Ci @, D) (v = )|z,
< COZ|»CZ+1'I€*C )(U_@)|Z¢+1
< Coclz|Cj('a$7Dx)(U*@)|Xi+1
N
< G Z(SW;%(U—UNXT@ +Cel(v = 0)x,4)
=0

< CON +1)(e+ Celklpy00) ) 0 = 81z, = £, Dl = Blz,,,,  (414)

with Cp, C7 and N being independent of §. This shows existence of a left inverse Q;11
for the operator

Vier =T+ kx A(,2,Dp) : Ziv1(v') — Eip1(Vivh), (4.15)
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provided that x < 1, that is, if the numbers € and § are selected sufficiently small.
The symbol Z;11(V;v?) in (4.15) has to be understood like the corresponding one for Z
defined in (4.3).

We still have to show that v**! = Q;,;f indeed solves (4.1) on [0,T};1], i.e. that
Vit1 is a surjection. To this purpose we define the linear operator ;11 : Zi41 — 0Zit1
by

N

Kit1g =k * ZO[A#(-, z, Dg),;](I — S7) 21_:[+1(<Pjvi—1g)hlj (9, Qi+19)-
j=
The commutators [Ax(t,z, D), ;] are differential operators of order < 1. Thus for
0 sufficiently small, we see that the mapping g — f — K119 is a strict contraction
in the space {g € Ziy1 : 9"gli=0 = 07" fli=0, if @ > m + 1/p, m = 0,1}. That
means for such ¢, there exists g € Z;41 satisfying g + ;119 = f. We apply now
Vi i1 =1 +k*xAy(-,z,D;) to v = Qiy19 in (4.11) with f replaced by g. This gives

N
) ) — ) (T — qiy|—1 ] )
V#,H—lQlJrlg - ZOV#,’H-IQ/)](I S )|Zi+1(<,0jV;lg)h (g, Qerlg)
]:

N
= Z Vi(pig +k*Ci(-, 2, Dy)Qit19) + Kitrg.
=0

From } . ¢; = 1 we infer that > [Ax(t, 2, Dy), ;] = 0. Using this, together with the
fact that ¢; = 1 on supp ¢;, we see that

=

D 0ilpig 4k Ci(w, Da)Qitag) = g — k * Ar(, @, D2) Qi1 g.
=0

Therefore
Vit1Qit19 = g + Kit19 = f. (4.16)
Hence V;;1 is surjective, provided that § is sufficiently small.
Concluding, we have proven that (4.1) admits a unique solution v € Z.
It remains to prove Claim 2. Let w € Z;11(0). Thanks to Claim 1 we may estimate

|Sijw|Z¢+1

|E§i—1 k (A;é(Tiafﬂj,Dm) - A;E(-,a:, Dx))w|Zi+1
C|(A(t, x, Dy) — AY(T;, x5, Dp))wlx,

IN

< C |(aj('> ) —a(T, xj)) : Viw’LP([ThTiJrl]?LP(Rn))

< 2

< Cn ‘wa‘Xinfl

< Cn‘w’Zz‘+1 < %|w’Z¢+17 (4'17)

provided that n < 5o := 1/2C. This shows (a). Suppose now that w € Z;11(0) and
wo = (I — SY)w. Then in view of (a)

’w|Z¢+1 < |Sijw|Z¢+1 + |w0|Zi+1 < %‘w|Zi+1 =+ ’wO‘Zi+1‘
Hence (b) holds.
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Turning to (c), let g € ;41 and v € Z;1(V; 'g). Evidently h"(g,v) € Zi41. Ifi > 0,
we further have

W (g, 0)lomy = (L (ig+k+Ci( 2, Da)o))lo
= E;j(gajg\[()’m +kxCi(-,x, Dz)Vi_lg) (here * is meant on [0, T;])
= oV g — Lk x (A (2, Dy) — A (Ti, x5, Da))es Vi g,

Thus, w € Zi11(p;V; tg) implies F(w) := SYw + h(g,v) € Zip1(p;V; 1g). In fact,

(F)lpzy = Lk (AL, D) = AL(Ti 25, D))V g + 7 (9,0)] 0.1,
= @V g.

So F' is a self-mapping of Zi+1(g0jVi_1g). This is true for ¢ = 0, too. Compare the
initial values of all terms occurring above to see this. In view of (4.17), F is also a strict
contraction. Hence the assertion follows by the contraction principle. [J

4.2 Half space problems

This section is devoted to parabolic problems of second order in a half space subject
to general boundary conditions. In the first subsection we study the case in which the
coefficients are constant and the differential operators consist only of their principal
parts. Then we shall prove pointwise multiplication properties for the function spaces
arising as the natural regularity classes on the boundary. These results allow us to treat
also the case of variable coefficients by means of perturbation arguments. This will be
done in the last part of this paragraph.

4.2.1 Constant coeflicients

Let J = [0,7] and R = {z := (2/,y) € R"*! : 2/ € R", y > 0}. We separately
consider the problems

_ X722, — n+1
u—kxa:Viu=f, teJ, x/ER+ , (4.18)
u=g, teJ 2 eR" y=0,
_ L \T2,, — n+1
u—kxa:Viu=f, teJ, $/ERJ%’ (4.19)
—Oyu+b-Vyu=h, telJ 2'eR" y=0,

where k is as in Section 4.1, a is an (n + 1)-dimensional real matrix, and b € R". We
look for unique solutions u in the maximal regularity space

Z = HY(J; Ly(RT) N Ly (J; HY(RE).
As to (4.18), we have the following result.

Theorem 4.2.1 Let 1 <p < oo, n €N, and a € Sym{n+1}. Let further k € K'(a, ),
where 8 < 7 and a € (0,2) \ {%, %, 1+ 1%, 1+ %} Assume that a is positive
definite.
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Then (4.18) has a unique solution in the space Z if and only if the data f and g are
subject to the subsequent conditions.

(i) feHy(J; Ly(RE™));
a(lfﬁ n 275 n
) g € Byp (J5 Lp(R™)) N Ly (J; Bpp ¥ (R"));
-2 .

(@) fli=o € By ™ (R, if > %5

) fli=0,y=0 = gli=o, if a > 32
2(1-+-L
(v)  Ofli=o € Bp( o Pa)(mﬂ), ifa>1+;
(vi)  Oifli=0,y=0 = Orgli=0, if > 1+ %-

Proof. By means of a variable transformation of the form z = QT AQz, where Q is a
rotation matrix and A is diagonal with A;; = 1/v/A; (A1, ..., A\as1 denoting the positive
eigenvalues of the matrix a), problem (4.18) can be reduced to a problem of the same
structure but with a = I,,41. The assertion follows then from Theorem 3.5.1 applied to
X = L,(R™) and the operator A = —A,/, which belongs to BZP(X) and has power angle
0, and from the fact that all function spaces occurring in that theorem are preserved
under the above variable transformation. [

The corresponding result for (4.19) reads
Theorem 4.2.2 Let 1 < p < oo, n € N, a € Sym{n + 1}, and b € R™. Suppose
k€ K'(a,0), where § < 7 and o € (0,2) \ {%, 1%’ 1+ %} Assume that a is positive
definite.

Then (4.19) possesses a unique solution in the space Z if and only if the functions
f and h satisfy the following conditions.

(i) f€H (T LyR));
) he Bt W (L L(RM) 0 Ly(J; By (RY));
i) fleeo € By ™ (REH), if o>

) =0y fli=0,y=0 + bV fli=0,y=0 = hli=0, if o > 1%;
(v)  Ouflio€ Bpy R, ifa > 141

Proof. Use the variable transformation described in the proof of Theorem 4.2.1 and
normalize the coefficient in front of the normal derivative to reduce (4.19) to a problem
of the same structure with ¢ = I,,;1. The assertion is then a consequence of Theorem
3.5.1 applied to X = L,(R"), A = —Ay, and D = b-V, (b € R"). Note that
D € BIP(R(D)) with power angle p < m/2 (cp. Priiss [65, Section 3]) and thus
Op < m™—0/2 =m—max{0,604}/2 showing the second angle condition in Theorem 3.5.1.
U

4.2.2 Pointwise multiplication

Let 1 < p < o0, 81,82 € (0,1), 0 < T, 0 < Ty < T, and Q be an arbitrary domain in
R™. We are interested in pointwise multipliers for the intersection space

YT = v Y, = BiL((0; To); Ly(2) N Ly ([0, To); B2(R2))
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endowed with the norm | - |yr, defined by

| lyr =1 lr,(01x0) + HYIT + [~]Y2T, T7>0 (4.20)
where
p 1
i = ///|f |t—7"1+z1px)| da dr dt)v, (4.21)
flt,y)P 1
flyg = / // i ’x_y’n+szf)| da dy dt)7. (4.22)

We consider first products with bounded factors. Suppose that m,f € Y2 n
Loo([0,T2]) x Q) =: Y2 N L. In what is to follow we estimate |mf|yr,, using among
other things terms referring to norms of functions on [0,77] and [T1, T3], respectively.
Note that in case T7 = 0 respectively T7 = T5 these terms have to be regarded as zero.

It is readily seen that

Imflr,qo,mixe) + Il m)x9)
M Lo (0,1 x) | fl Lo (0,701 x0) 1 Lo (171, 1013 | f |2, (0,72) x ) -

Imflr,(omxe) <
<

By employing the trivial identity
and Minkowski’s inequality, we further get

[mf]y2T2 < |m|Loo([0,T1]XQ) [f]y2T1 + [m]y2T1 |f|Loo([0,T1]xQ)

il mxe) [y + 0, mymz ) 1L (0.151x9) -

Proceeding similarly as above, we also obtain

[T It ) f(t ) — m(r,2) f (7 @) P 1
[mf]leg = / / / |t — 7—|1+slp dx dr dt)p

T T T, L
< / / / p -+ 2 / / / 5 (4.23)
< Imlro.m)x9) [f]lel + [m]Y1T1|f|LOO(O,T1}xQ)
H2(|ml 1 m)x ) flym + [mlyrem |l qomix):
where we have set
T m(t m(T, x)|P 1
T1 Ty = / / / ’ ‘t_7—|1+81p )’ dx dr dt)r. (4.24)
So with | - fyTimLoo =||yn +]- ’Loo([O,Ti]XQ)7 t=1,2, and
|m‘YT1’T2ﬁLoo = |m‘Loo([T1,T2]><Q) + [m]lelaTQ + [m]Lp([TLTZ};B;%(Q))’ (425)

we have thus proved
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Lemma 4.2.1 Let 1 < p < o0, s1,82 € (0,1), 0 < Ty, 0 < Ty < T, and Q be an
arbitrary domain in R™. Then

Im flyr, < |m’YT1mLoo‘f|YTmLoo + 2|m‘YT1aT2mLoo‘f|YszLoo (4.26)

for all m, f € Y2 N Loo([0, T3] x ).

We turn now to products where one factor might be unbounded. Such a constellation
arises for example when s; < 1/p. We confine ourselves to the case 2 = R™. By means
of extension and restriction, the subsequent multiplication property can be transferred
to domains with sufficiently smooth boundary.

Suppose f € Y2 and m € C™(]0, To]; C(R™)) N C([0, Tz]; C"2(R™)) =: M2 for some
s; <ri<1,i=1,2. Letting J be a subinterval of [O,Tg], we then estimate

im(t, x) f(t, z) —m(t,y) f(t,y) " 1
(mf, 2@y = //n /n ‘x_ Y[ dx dy dt)?

< mlpxe) [f]Lp(J B2([®Rn)) T I(m, f),

where
m(t,2) — mit, p)PLA ()P . o
I(m,f) < //n ) \x TR dx dy dt)r + (/J/"/R”\Bl)(y)
= Li(m, f) + Ia(m, f).

We put [m]e(s,cramn)) = SUPies, z, yern IM(t,2) — m(t,y)| |z — y[~"™. By hypothesis
1—s9/re > 0. If n €]0,1— sy9/r2), then (1 —n)re — so > 0, and we obtain

B(m. ) < @l eI e [ /B ) |m‘f S )
< C(pyra,s2,m )‘m|L Jan)[ ]C(J Cr2(R) |f’Lp(JxR”)
Further,
p
Io(m, f) < 2mlL_(sxrr) //n /}Rn\B1 |f7;‘y_’y’iliizdt);
< CO(p, s2,n)|m|L (1xrm)| flL, (xR
Hence
mflyre < [f,misgen) T Ml 0n myg e
< C(mlroqomxre) + [Meqon); or2@ny)) (f1 L, (011 xR) + [f]YQTl)
M| Loy (111 2] xR) ([f]Y2T2 + C(L + [mley ), cm (R”)))|f|Lp([0,T2]><R")>-
Let now [m]cr (7. c@ny) = SUP reg,oern Mt 2) — m(7,@)[|t — 7[7™. To estimate

[m f] 7, We take (4.23) with Q@ = R™ as starting point, apply Fubini’s theorem, and

use the same estimation techniques as for [m f]YT2 to the result
2

[mf]lez < \m’Lw([o,Tl]an)[f]ylﬂ +Cl[m]cn([o,Tl];C(Rn))’f\LP([mTﬂan)

+2m @y, m)xre) ([flyme + Colmlon iy o); ooy (0,70 xm))-
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We remark that the constant Co stems from finding an upper bound for the integral
fi,:? |t —7|7Pdt, T € [0,Ty], where < 1 is a fixed number. Thus if 7} and T vary
within the set [0, 7], C2 can be chosen to be independent of those numbers.

Set

Im|pm = |m|Loo([0,T1}><Rn) + [m]crl([o,Tﬂ;c(Rn)) + [m]c([o,Tl];crz(Rn))

and
[m] yyri. 1 = [m]crl([Tl,Tg];C(Rn)) + [m]C([Tl,Tg];CW(R"))‘

Then our observations can be summarized as follows.
Lemma 4.2.2 Suppose that 1 < p < o0, 0 < T, 0 < T7 < Ty < T, and 0 <
si <1 <1 fori=12 Let Y = B3([0;Ta]; Ly(R™)) N Ly([0, T3]; Bs2(R™)), and
M™2 = O ([0, T); C(R™) N C([0, T); C"2(R™)). Then there exists a constant C > 0 not
depending on 11 and Ts, such that

[mflyr < C(Imlym flyn + Il gy e (U+ Il flyn ) (427)

for allm € M™2 and f € Y2,

4.2.3 Variable coefficients

The goal of this subparagraph is to extend the results proven in Subsection 4.2.1 to vari-
able coefficients. Besides we no longer stick to differential operators consisting only of the
principal part but consider general operators of second (Volterra equation) respectively
first order (boundary condition).

To start with, recall the notation R = {(2',y) € R™! : 2/ € R, y > 0}. Define
the operators A(t,z, D,) and B(t,z’, D,) by

A(t,z,D;) = —a(t,x) : V2 +ay(t,x) - Vy +ao(t,z), t € J, x € Rﬁ“,

and
B(t,x',Dy) = =0, + b(t, ') -V + bo(t,2), t € J, 2’ € R", (4.28)

respectively. We are concerned with the two separate problems

v+ kxA(,x,Dy)v=f, teJ, m/E R—z ) , (4.29)
v=g, teJ 2 eR", y=0
) _ n+1
v+ k * A( ,1;7Dx)v f: te J’ .%'/E Rtl ’ , (430)
B(t7$7D$)v:h7 te‘]’xER’yZO

and seek, as in Subsection 4.2.1, unique solutions in the regularity class
Z = Hy(J; Ly(RY™)) 0 Ly(J; Hy (RY)).
Concerning (4.29), we have the following result.

Theorem 4.2.3 Let1 <p<oo, J=[0,T],n €N, and k € K*(«,0), where < 7, and

a € (0,2)\ {%, %, 1+ 119’ 1+ 2]%1} Suppose a € Cy(J x Riﬂ,Sym{n +1}), a1 €
Loo(J x RV R™Y) ag € Loo(J x R, and assume further that there exists co > 0
such that a(t,x)€ - € > colé|?, t € J, z € R ¢ € R*FL

Then (4.29) has a unique solution in the space Z if and only if the data f and g are
subject to the conditions (i)-(vi) stated in Theorem 4.2.1.
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In order to formulate the corresponding result for (4.30), we put s; = a(3 — %), S9 =

1— 2, aswell as Y =Y NYs, where Y1 = ByL(J; Lp(R")) and Y = L,(J; Bp2(R™)).

Theorem 4.2.4 Let 1 < p<oo, J=1[0,T],n€EN, and k € K'(c,0), where § < ,
and a € (0,2) \ {p 1 L+ 7}. Let further a, a1, and ag be as in Theorem 4.2.5.

Assume b € Cyi(J x R™), as well as (b,bg) € Y™ if p>n+1+2/a, and (b, by) €
(C™(J; C(R™)) N C(J; C™2(R™))" 1 with some r; > s4, i = 1,2, otherwise.

Then (4.30) has a unique solution in the space Z if and only if the data f and h
satisfy the conditions (i)-(iii) and (v) stated in Theorem 4.2.2, as well as

(i’l)) B(O,:L'/,D:C)f‘t:o,y:o = h’t:(), ifOé > p%l

We only prove Theorem 4.2.3. Theorem 4.2.4 can be established by means of the same
techniques; the proof is even much simpler, since one does not have to consider pertur-
bations on the boundary.

Proof of Thm. 4.2.4. We begin with the ”only if” part. Suppose v € Z is a solution
of (4.30). By the regularity assumptions on A(t, z, D), it is evident that A(t,z, D,)v €
Ly(J; Ly(RY*Y)), which in turn implies k x A(t, 2, Dy)v € oH3(J; Ly(RT™)), according
to Corollary 2.8.1. Thus f € H$(J; Ly,(R})). Since &{v|i—g = 0] fli—o in case a >
j+1/p, 7 = 0,1, Theorem 4.2.1 shows (iii) and (v). Another consequence of that theorem
is that v|,—o € Y. Also, V,v|y—o € Y"1, by Theorem 4.2.2. Since p > n + 1+ 2/«
entails Y < C(J x R™), the coefficients b and by exhibit just the regularity needed for
the application of Lemma 4.2.1 and Lemma 4.2.2, respectively. Hence condition (ii) is
necessary. Last but not least, the compatibility condition (iv) follows from the regularity
assumptions on b, by, and the embedding Y — C(J; L,(R™)), which is valid whenever
a>2/(p—1), cp. the proof of Theorem 3.5.2 and that of Theorem 4.2.2.

We come now to the sufficiency part. Although problem (4.30) is far more compli-
cated than (4.1), the strategy we are going to follow is basically the same as in the proof
of Theorem 4.1.1. Unless stated otherwise and apart from trivial modifications, the
notation used here is adopted from that proof. Note that we decompose the boundary
differential operator as B(t,z’, Dy) = By (t,2', Dy) + bo(t, 2).

Given 1 > 0, the assumptions on a and b permit us to choose a large ball B,,(0) C
R+ such that

N3

la(t, z) — a(t, OO)‘B(R("-H)Q) <= forallte J x¢€ ]R’}fl, |z| > ro,

as well as

for allt € J, 2/ € R™, |2/| > .

n
[b(t, 2") = b(t, 00) | pmn k) < 2

Put Up = {z € R™! : |z] > ro}. We can cover B,,(0) N R by finitely many balls
= By (%), j =1,..., Ny + N, and select a partition 0 =: Ty <T1 < ... <Ty_1 <
= uch that for all ¢ = 0,..., M — 1, the following conditions are fulfilled:

EI:B;' €R": By, (z;) = Br,((},0)), 1 < j < Ny;
Brj(xj)ﬂ{(a:’,y) e R cy=0}=0, Ny+1<j<N,+N;
la(t, 2) =a(Ty, )| geninzy <75 ¢ € [T T, @ € REFINB, (2), 1< < Nyt N;

i’ﬂQ

|b(t,l',)—b( 2 j)|B(R" R)<77a te [E7TZ+1] (m/’o) € B, ( ) 1<j < Ny;
a(t. ) ~a(T},50) gy [lF ) ~B(T3, 00 s(anzy < o £ € [ i
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One can then construct functions a/ € C(J x R"Jrl), 0 <j <N, as well as @’ €

J
C(JxR"™H Ny +1<j<N,+N, whlcharesubjecttoa( x) =a(t,z),te J x e
%ﬂRTFl; I(t,z) =a(t,x), t€J z € Ujﬁ]Rf”fl, j > 0; and

’Clj(t,$)—CL(E,$]‘)‘B(RM+1)2) <n, te [Evﬂ-i—lL HAES R1+1 resp. Rn+17

foralli =0,...,M —1and j =0,...,N, + N, where zp = co. Similarly, one finds
functions &/, 0 < j < IV, defined on J x R" enjoying the same regularity properties as
b, and which are such that b’ equals b on J x {2/ € R" : (2/,0) € U;} as well as
‘bj<t7x,> - b( (2 ])’B(R” R) <n, te [Tian-‘rl]v S an

forall i =0,...,M —1and j = 0,...,Np. With these functions we define spatially
local operators by A;&(t,x,Dx) = —al(t,x) : V2, 0<j < Ny+ N, and B;&(t, 2, D) =
—0y + b/ (t,2') -V, 0 < j < Np. Further, let AY(D,) = A;E(Tl-,mj,Dx) and BY(D,) =
B % (Tiy 2, D).

We next choose a partition of unit Nb+N C C*(R™*1) which has the properties

b Y L5 S prop

Z;V:ba“N ¢j =1on ]R’ffl, 0 < pj(x) < 1andsupp ¢; C Uj. Fix also a family {1/1]}N”+N C
C>(R™*1) that satisfies ; = 1 on an open set V; containing supp ¢;, and supp ¢; C U;.
To derive the local equations associated with {(pJ}NHN
in (4.30) by ;. For the Volterra equation, this again results in (4.5). Concerning

the boundary, for j = Ny + 1,..., Ny + N a condition does not appear, whereas for
j=0,..., N, we obtain
BY(Dz)pjo = @ih—ibo(-, 2’ v+ (By(t,z', Do)pj)v
—l—(B;E(Ti,x;-, D,) — B’;E(t, 2, Dy))pjv. (4.31)

we multiply both equations

Rephrasing, for j = Ny+1,..., Ny+ N we encounter the full space problems which were
already considered in the proof of Theorem 4.1.1 and which, with 1 being sufficiently
small, gave rise to the equations

pjv =15 - S“)‘ZH_1 (0jv%) h(f,v). (4.32)
In case 0 < j < N we are led to half space problems of the form
w+kx A9 (Dy)w =g, te[0,Tj, ze R}, (4.33)
—0yw + b(T;, J) Vew=¢, tel0,T)], 2/ €eR" y=0, '

where 1 < i+1, 1 < M. By Theorem 4.2.2, (4.33) has a unique solution w =: E%l(g, )7
in the space Z; if and only if g and ¢ are subject to the conditions (i)-(v) enunciated
therein with J = [0,7}]. Let us write for the latter (g, ¢) € Ep ;. Moreover, an a priori
estimate for |w|z, in terms of the norms of the data ¢ and ¢ holds, and the constant in
this estimate is independent of i, j, [, if the data belong to the spaces with vanishing
traces at t = 0. Note that for Z;, we use as in the proof of Theorem 4.1.1 the norm

— |1 2
|w|Zl - |w‘H(;([O7'Tl]7Lp(R1+1)) + ’wa|Xl(n+1)2'

Here X; = L,([0,Tj] x R"™). The corresponding norm for

Yi = Bos® (0, T: Ly(R™) 0 Ly([0. Ti): By * (R™),
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the natural regularity space of ¢ in (4.33), is equivalent to

=1 ompxen + [ lyn + [ yn,
see (4.21) and (4.22) for the definition of [‘]YTZ, HYTI.
1 2

Taking now for (g, ) in (4.33) the right-hand sides of (4.5) and (4.31), application
of the solution operator E% i1 yields

(I - SHpu=LY 1 < ‘Pi;jf h*f;;gﬁ;; " 5;3” ) W (fhe), (434)
where
= e ( k*gﬁgfjb ) ijl#(&(x b ) |
i,
and
Ch,j(t,x) = By(t,2', Dz)pj — @jbo, (4.35)

7y denoting the trace operator at y = 0. One can then show an analogue to Claim 2 (cf.
the proof of Theorem 4.1.1) asserting in particular existence of a small 79 > 0 which is

such that whenever § = max; |Tj1 — Tj|, n < 1o, the equation (I — SH)w = L' (f, h,v)
admits a unique solution
. (T _ qiy—1 tj
w=:(I=5p) Zip1(95Vi i (f (1)

in Zi+1(80jvﬁlz(f, h)) fOT all (f,h) € By, it1,v € Zi+1(V1},1¢(fa h)),i=0,...,M—1, and
j=0,...,Ny. Here V;;';(f, h), i > 1, refers to the solution of (4.30) on the time-interval
[0, T3], which is already known in the (i + 1)th time step. Further, Zi(¢; Vi o(f, b)) :=
{pjw:w e Zy, 0f"wli=0 = 0" fli=0, if « > m +1/p, m =0,1}.

The proof of these properties is similar to that of Claim 2 above, which is why we
only consider the part that involves estimates on the boundary.

Let w € Z;41(0). If p>n+1+2/a, that is Y — BUC([0,T] x R"), Lemma 4.2.1
yields

h/y(Bj (T' xl' D ) - B;&(tﬂ x,7Dz))w‘Yi+l = ‘( (Thx]) bj(v )) : vx”yywhfi+1
Cb(T:, g) bj("‘)|(yTi7Ti+1mLoo)n| |Vx"7yw|(Yi+1ﬂLoo)"

<
S Cl|b( 29 ]) bj('v')|(YTivTi+lmLoo)n’w|Zi+1 = K;l‘w|Zi+17

where the constant C; does not depend on i, j. Similarly, if p < n+ 1+ 2/a, Lemma
4.2.2 shows that

vy (B (T, @y, Dy) = By (t, 2/, Dy))wly,,, <

< Ol 25) =6 () Lo (11T xmyn (L [0(T5, 25) = ()] i iy ) [0 24

< COonlw|z

= i1 - ”2’w‘Z

i+1)

again with a constant not depending on 4, j. In view of (4.24) and (4.25), it is clear that
K1, ko tend to zero if  and § do so. This, together with Theorem 4.2.2 and an estimate
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analogous to (4.17), shows that S” : Ziv1(9 VM (f, b)) — Ziy1 is contractive if both 7
and ¢§ are sufficiently small.
Assuming this, we thus obtain, aside from (4.32),

pjv=I— S”)ZH(@] VL (fh) R (f h,v), 5=0,...,Np.

Multiplying these equations by v; and summing over all j then results in

Ny
v = gH Zw] I SZ])| 21+1 Lp] (f, hg(f’hvv)
7=0
Ny+N
7 1 i1
+ Z % SJ | Ziv1(p;V Hli(fvh))hj(f’ v), (4.36)
Jj=Np+1 ’

a fixed point equation for v € Z;11(v'). Since Gy leaves this space invariant, the con-
traction principle is applicable, provided that Gy is a strict contraction.

To verify that this can be arranged by selecting § sufficiently small, we let v, v €
Ziv1(v") and estimate with the aid of Theorem 4.1.1 and 4.2.2

01 (6)~Gur (9 — )ZW Sl (PTG D)

Nb—f—N
F30 = SO L ke Gl D) —0)|
J Nb i+1
Ny+N Ny
< C( Z |Cj('7xv DI)(U - /D)|Xi+1 + Z |’YyCH,j(t’ li)(” - 6)‘3/i+1)7
j=0 Jj=0

with C > 0 not depending on §. By extension to J x R"*l estimate (4.14), and
restriction to J x RCLFH, we obtain for the first sum

Nb-‘rN
Z ’C ’U - v)’XH-l < 01(6 + C ‘k’L1 0,6) )‘ ,l_)’Zi-Q—l? (4'37)

where € > 0 can be chosen arbitrary small and Cy, C: > 0 do not depend on §.
Turning to the second sum, we introduce the space

1/2

0ZM% = 0H2 (J; Ly(RTTY) 1 Ly (J; H(RMH),

which is normed by

‘w’ozﬂf = |Bka/2w’Xi+1 + ]wa|XZL++117

where &, /(t) = t*/2=1 ¢ >0, and Bk, ,, = (ka/g*)*l in X;41. Suppose that u € Z;11(0).
By causality, Bia/Qu][o,Ti] = 0, and so we have
al, 172 = oo 1) B, ol + Wil
< |ka/2|L1(0,Ti+1—Ti)|Bk2a/2u‘Xz‘+1 +e|Viul + Celulx,,,
< Colkasa|L,(06)Brulx,oy + elVaul + Celk| L, 0.6)| Brulx,,,
< (Colkasalr,0,6) + €+ Celklr, 06 |ulz .y Yu € Zi11(0), (4.38)
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where Cj is independent of § (u € Z;11(0)!) and £ > 0 can be chosen arbitrary small,
cf. (4.12) for the last term. Theorem 4.2.1, the results in Section 4.2.2 on pointwise
multiplication, and (4.38) allow us now to estimate

Ny
> Ca, (@) (v = 0)lyiy, < Co(Ny+ Dy (v = 0)lyiy, < Co(Ny +1)Calv — ol 2172
=0 '

< Cy(Colkasalri0,5) + €+ Celklp 0,5) v — V]z,yy, (4.39)

the constants Cp, C4 being independent of §. In view of (4.37) and (4.39), it is now
apparent that Gy is a strict contraction for § sufficiently small. Consequently, for such
5, (4.36) possesses a unique solution v =: Qp ;+1(f,h) in the space Zi+1(V; ' (f, h)). In
other words, Qp, i+1 is a left inverse for the operator

VH,i+1 = (IJF k*A(~,x,D$),’yyB(t,x,,D$)) :

Zip1(v') = Eip1(Viv') X Yiga (9 B(t, o', Dy)v').

Here the symbols Z;41(¢) and Y;41(?) have to be understood like the corresponding one
for Z defined in (4.3).

To show that Vg ;41 is a surjection, we proceed as in the proof of Theorem 4.1.1.
Define the linear operator Ky, ;41 by means of

K iv1(9:9) = (K101 (9. 90). K111 (9. 90)
Ny

= (k > [Ag( @, Do) i) - Sg)|2;1(%V;11_(g’gb))hg(gagba Qu,i+1(9: %))
§=0 &
Np+N B B
+k* Z[A#(7x7D1')7¢j](I_ S;;]) 27,14»1(30]]}];1(gygb))hzj(g’gI” QH,Z-'—l(g’gb))’
j=Np+1 "
Nb .. ..
Yy Z(B#(ta xlv DI)¢])(I - Sg’) giil(‘ﬂjvﬁl'(gygb))hg (ga b, QH, i+1(ga gb))) .
j=0 :

Observe that KCp ;41 maps pairs (g, gp) € Zi41 X Yiy1 satisfying the compatibility con-
dition (iv) into ¢Z;4+1 X ¢Yi+1. Indeed, if a > 2/(p — 1), the function
e (T _ Qidy—1 ] )
w = (I SH) ’Zi+1(<ij;I}i(g,gb))hH(g’ 9v, QH,Z+1(97 gb))
has temporal trace w|;—g = ¢;gli=o. Since 1); = 1 on an open set V; containing supp ¢;,
it follows that By (t, 2, D,)1; = 0 on supp ¢;. Hence (Kg)iﬂ(g,gb))\t:o = 0.

The commutators [Ax (¢, z, D;), 1;] are differential operators of first order, while mul-
tiplying pointwise by Bx(t,2’, D;)1; can be regarded as an operator of order zero. So
we see that by choosing ¢ small enough, the mapping (g, g5) — (f, h) — K, it1(g, 9») be-
comes a strict contraction in the space {(g, gp) € Zi+1 X Yit1 : 9" gli=0 = O/ fli=0, if a >
m+ 1/p, m = 0,1; gpli=o = hl=0, if @« > 2/(p — 1)}; thus for such § we find a pair
(9,9) € Eig1 X Yiq satisfying

(9, 9) + Kn,i+1(9,95) = (f, h).
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Apply now Vy ;1 :=1+kx Ayu(-,2,D;) to Qu,i+1(9, 9); by (4.36) this gives

Nb+N
Vi i1 Qm,iv1(g:g6) = D j(pig+k C5(-, Jf,Dx)QH,iH(g,gb))+7cgr,)i+1(979b)
7=0

=g—kxAr(,2,D;)Qm,i+1(9, 9)) + ’Cg?i+1(979b)a

whence
Vis1Qm,i+1(9,9) = g + ICELI)Hl(g w) = [
Similarly,
Ny
Bt &', D2)Qu i1 (9, 95) =D (0596 +74Cr, 5 (£, 2) Qi1 (g, gb))+lC§?,’,»+1(g, )
i=0

= gb — bovyQum,i+1(9, ) + /Cg,)m(g,gb),

which entails @
’YyB(tu xla -Dx)QH, i+1(ga gb) =09 + ]CH7 7;+1(g7 gb) = h.
This proves surjectivity of Vg, ;41, provided ¢ is sufficiently small.

All in all, we have shown that there exists a unique solution v of (4.30) in the space
Z. O

4.3 Problems in domains

In this section let ¢ R™*! be a domain with compact C?-boundary I" which decomposes
according to I' = I'p UT'y and dist(I'p, ') > 0. Let further 1 < p < oo and J = [0, 7.
We consider the problem

v+ kxA(,x,D)v=f, teJ xeQ,
v=g, teJ xzelp, (4.40)
B(t,x,Dz)v="h, teJ, zely.
Here the differential operators A(t, z, D,) and B(t,z, D,) are of the form
A(t,z,Dy) = —a(t,z) : V2 +ay(t,z) - Vo +ap(t,z), t € J, x € Q, (4.41)
respectively

B(t,x,D;) =b(t,x) -V +by(t,z), t € J, x € T'yn.
Put Y = B3(J; Lp(Tn)) N Lyp(J; Bz (D)) with s1 = a(5 — 55), s2 =1 — 5, as well as
M=,.,C"(J;CTN))NC(J;C™(Ty)). Let further v(z) denote the outer unit

normal of 2 at x € I'. Then our assumptions read as follows.
(H1)
(H2)
Loof
erwis
(H

(H

kernel): k € K1(a,0) with @ < 7 and « € (0, 2)\{})’ 2p21, 221 1+* 1+T3*1};

(

(smoothness of coefficients): a € Cy(Jx, Sym{n+1}), a1 € LOO(JXQ,R”H), ag €
J x ), as well as (b,by) € Y2 in case p > n+ 1+ 2/a, and (b,by) € M™*2, oth-
e; B
3) (uniform ellipticity): 3co > 0 s.t. a(t,x)¢- € > colé|?, t € J, 2 € Q, £ € R*FL
4) (normality): b(t,x) -v(x) #0,t € J, z € I'y.

The aim of this section is to prove the subsequent result.
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Theorem 4.3.1 Let 1 < p < 0o, J = [0,T], and Q C R"! be a domain with compact
C?-boundary T which decomposes according to T = T'p UTx and dist(I'p,Ty) > 0.
Suppose the assumptions (H1)-(H4) are satisfied. Then (4.40) admits a unique solution
in the space

Z = Hy (J; Lp(2) N Ly(J; Hy (2))
if and only if the functions f, g, h are subject to the following conditions.
(i [ e Hy(J; Lp(R));

(1-2)

)

Gi) g€ B P (i Ly(Tp) 0 L(J; By * (T)):
(i) he Bt P (I Ly(Tw)) N Ly(Js By * (Tn)):
() flio € Bay ™ (Q), ifa> L

2(1_é_%) . 1
(’U) 8tf\t:0 S Bpp P (Q), ’lfOt >1+ 5,

(vi)  fli=0o = glt=0 onT'p, ifa > Qp%l;
(vit) B(0,z, D) fli=o = hli=0 on 'y, ifa > 1%;
)

(viii)  Oifli=o = Aigli=o on T'p, ifa > 1+ 527

Before proving Theorem 4.3.1 we recall some general properties of variable transforma-
tions. Let Q C R™! be a domain with compact C?-boundary I' and g € I'. Without
restriction of generality, we may assume that g = 0 and that n(xg) = (0,...,0,—1);
this can always be achieved by a composition of a translation and a rotation in R**1. It
is easy to see that such affine mappings of R"*! onto itself leave invariant all function
spaces under consideration (i.e. Ly, Z, and the regularity classes of the data and of
the coefficients), and they also preserve ellipticity (including the ellipticity constant in
(H3)) as well as normality. Continuing, by definition of a C2-boundary, there exist an
open neighbourhood U = U; x Uy C R* of z¢ with U; € R™ and Us C R as well as a
function ¢ € C?(U;) such that

I'nU={z=@"y el:y=(@)}
QNU ={z=(z,y) €U :y> ()}

Define 9 : U — R"*! by
Ip(z) =ar ifk=1,....,n and V,.1(z) =y — ((2). (4.42)

Clearly, ¥ € C?(U,R™"!) is one-to-one and satisfies QNU = {z € U : ¥,51(x) > 0}
as well as TNU = {z € U : ¥,11(z) = 0}. By extending ¢ to a function { € C?(R™)
with compact support and defining 9 by (4.42) with ¢ being replaced by ¢, we get a
C2-diffeomorphism 9 of R"*! onto itself extending ¢ and satisfying ﬁ(x) = ¢ for large
values of |z|. Also, 9 is a C2-diffeomorphic mapping from Qg := {z € R"*! : y > ((2)}
onto R’ . For the Jacobian DV(z), one obtains

~ I, 0 n
Di(z) = < V() 1 > , xR

which entails det DJ(z) = 1 for all z € R*!. Notice also that DO(0) = I, 1.
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Given a function v € Hg(RfﬁH) we consider the pull-back ©v defined on g by

Ou(z) = v(d(x)). Using now the notation x = (x1,...,&ns1), the function v = v
satisfies
n+1 ~ _
Opu(x) =Y 00 (0(2)) 0,1 (),
k=1
n+1 ~ n+1 ~
0, 0cyu(z) = Oz, 0(0(2)) D, 0, V() + Y 02, 05,0(0())Or, V() Do, Uy ()
k=1 k=1
forx e Qpandi, j=1,...,n+ 1. For a differential expression of the form
(Eu)(z) = —c(x) : Viu(z) + c1(x) - Veu(z) + co(z)u(z), = € Qp, (4.43)

we thus obtain

(Eu)(z) = — (DI(z)c(x) DI (x)) : VEo(d(x))
+ (DV(z)er(z) — D*0(x) : c(z)) - Vau(d(z)) + co(z)v(d(z)), =z € Q,

with (D?9(z) : c(z)), = Z?jllc”( )axif)xj@k(x), kE=1,...,n+ 1. So applying the
push-forward operator © ! to the function u on € gives

0 lsu = (071£0)0 1y = &,
where £7 .= ©-1€0 is the second order differential operator
(Ew)(E) = -7 (2) : VEw(T) + &3 (Z) - Vew(T) + ) (B)w(T), TR (4.44)

with coefficients

(7)) = (DI e DIT) 09~ 1(7), (%)= (Dde; — DI : ¢) 09~ (7),

(@) =@ '@), zeRI, (1.45)

see also [69, Section 5].

Observe that the preceeding formulas are also valid for functions on J x €y resp.
J x R%™ and differential operators (4.43) resp. (4.44) with time-dependent coefficients.
In view of (4.45), it follows in particular that for an operator A(t,x, D,) of the form
(4.41) and satisfying the smoothness and ellipticity conditions in (H2) and (H3) with

Q replaced by Qq, the transformed operator AY(t,Z, Dz) defined on J x R”H enjoys
the same properties, the ellipticity constant ¢y appearing in (H3) remaining unchanged
Further, since DY = 1 and the derivatives of ¥ and 9~ up to order 2 are bounded, the
change of variable formula for the Lebesgue integral shows that © induces isomorphisms
o) . H;”(R’}fl) — H}'(8p) for each p € (1,00) and m = 0,1,2.

Proof of Theorem 4.53.1. We begin this time with the sufficiency part. The overall
plan can roughly described as follows. With the aid of localization w.r.t. space and
the coordinate transformations discussed above, problem (4.40) is reduced to a finite
number of related problems on R**! and Rfﬁl, respectively. For these problems, solution
operators are available thanks to the Theorems 4.1.1, 4.2.3, and 4.2.4. So the local
equations can be solved and, by summing over all "local solutions’, we obtain a fixed
point equation for v of the form v = vy + R(v) =: G(v), where vy is determined by
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the data, and R(v) contains only terms of lower order, see equation (4.52) below. By
means of the contraction principle, this fixed point equation can be solved first on a
small interval [0, 7] (denote the (unique) solution by v!), then on [0, T3], where Ty > T}
and the unknown v equaling v' on [0,7}], and proceeding in this way, finally, after
finitely many steps, it can be solved on the entire interval [0, T]. Here it is essential that
max; [T;41 — T;| is sufficiently small to ensure that, in each step of this procedure, the
mapping G is a strict contraction.

Let us start with the spatial localization. By boundedness of I', there exists rg > 0
such that I' is entirely contained in the open ball B, (0). If Q is unbounded we set
Uy = {z € R*™ : || > rg}, otherwise we may assume that Q C B, (0) and put
Up = (). The other assumptions on 2 allow us to cover B,,(0) by finitely many open sets
Uj, 7=1,..., N, which are subject to the following conditions.

(L1) U;NT =0 and Uj = B, (x;) for all j =1,..., Ny;

(LQ) UjﬂFDyéQ)forN1+1 < 7 < No, UjﬂFN#waI‘NQ—l-l <7 < N, and
for each j in either index set, there exist z; € U; NI'p resp. U; NIy and (; € C?(R™)
with compact support such that - using coordinates corresponding to z; (i.e. z; = 0
and n(z;) = (0,...,0,-1)) -T'NU; = {z = (2/,y) € U; : y = ((a')} as well as
S}ﬁ Uj={z=(2',y) € Uj:y > ()}, and U; = ﬂ;l(Brj (z;)), where 9; is related to
¢j as described above.

(L3) U; NU; =P forall Ny + 1 <i < Ny and Ny +1< j < N.

It is then not difficult to construct local operators A; = A;(t,z,D,), j =0,...,N,
and B;j = Bj(t,z,D,), j = Na+1,...,N, of second resp. first order which enjoy the
subsequent properties.

(LO1) A; is defined on J x R™t1if 0 < j < Ny, and on J x €2; otherwise; here the set
), is given in coordinates corresponding to x; by means of ; = {z = (2/,y) € R :
y > (j(2')}; Bjis defined on J x T'j for all j = No+1,...,N, where I'; = {x = (2/,y) €
R sy = Gk

(LO2) the coefficients of A; coincide with the corresponding coefficients of A(¢, z, D)

on Qﬂ@ forall j =0,..., N, and the coeflicients of B; coincide with those of B(t, x, D)
onI'NUj, forall j = Na+1,...,N;

(LO3) A; satisfies the assumptions of Theorem 4.1.1 for all j = 0,..., Ny; .A?j =
@j_lAj@j defined on J X RT‘I fulfills the assumptions of Theorem 4.2.3 for all j =

N1+ 1,...,N; finally, B;?j = @;181-9]- defined on J x R™ satisfies the assumptions of
Theorem 4.2.4 for all j = No+1,..., N.

Here we use the fact that ellipticity and normality, as well as smoothness of the
coefficients of A(t,z, D) resp. B(t,z, D,) are preserved in QN U; resp. I'NU; under
the coordinate transformations T = 153(1') for all j = Ny +1,...,N. We refer to [29,
Section 8.2], where appropriate extensions of the coefficients are constructed by means
of reflection and cut-off techniques.

We choose next a partition of unity {gaj}é-vzo C C°°(R™*1) such that Z;-V:o pilz) =1
on Q, 0 < p;(z) <1, and supp ¢; C Uj; we fix also a family {1, évzo C C®(R™1) that
satisfies 9; = 1 on an open set V; containing supp ¢;, as well as suppv; C U;. As to

localization w.r.t. time, we subdivide the interval [0,T] according to 0 =: Ty < T1 <
co. < Th—1 < Ty =T and put § := max; |T;41 — T;|. Then, owing to (LO1) and (LO2),
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v is a solution of (4.40) on J;41 := [0, T;+1] if and only if
vtk x Aj(-, @, Dy)pjv = i f+k* [A; (-, 2, Da),g5lv (i1 x Q) ,0<j<N

iU = Qg (Jiy1 xT'p), Ni+1<5< Ny
Bj(t,xz, Dy)pjv = @jh+[Bj(t,z, D), ;v (Jix1 X Tn), No+1<j<N.
(4.46)
In case j = 0,..., Ny, we have to consider full space problems for the functions ¢;v. In

view of (LO3), we can apply Theorem 4.1.1, which ensures existence of corresponding

solution operators CU, thereby obtaining

pjv = LI(0if + k*[Aj, jlv) =: hl;(f,v), 5=0,...,N1. (4.47)
For j = N1+ 1,..., Na, we get problems on crooked half spaces with inhomogeneous
Dirichlet boundary condition. Using affine mappings that transform z; to the origin and

n(x;) to (0,...,0,—1) combined with the variable transformations Z = ¥;(z) (denote
these compositions again by ;) leads to

{@ (p70) + b+ AVO7 (p0) = 05 () + k# O Ay pylv (Jiar x BRI

J
Ch (SOJ v) =67 1(%‘9) (Ji41 X R™),

(4.48)

that is, to half space problems for @_1( iv), for which Theorem 4.2.3 is applicable, in

virtue of (LO3). Employing the corresponding solution operators denoted by [,D thus
yields

0 (1) + k67 1Ay o

_o.rD VER Y] _. 1D o

@]U_GJ‘CZ]< J @ (90]9) - hij(f’gav)’]_N1+17~--7N2-
(4.49)

The situation is similar for j = No+1,..., N. In this case we have to consider problems

on crooked half spaces with inhomogeneous boundary condition of first order. Using
again the variable substitutions z = ¥;(x) gives

_ Oy~ _ _
@j 1(@]’”) +kx 'A];J@j 1(90]‘”) = @j l(ij) + k* ®j 1[Aj7 @j]v (Jiy1 x R?Jl)
Dj _
B 05 (pjv) = 07 (ph) + [Bj, pjlv (Ji+1 x R™),

(4.50)
which are problems on a half space for @j_l(cpjv). Without loss of generality, we may
assume that b(t,z) - v(z) = 1 for all t € J, z € T'y; in fact, we can always divide
the boundary condition in (4.40) by (b(t,z) - v(x)) to achieve this without affecting the
smoothness of the inhomogeneity and that of the coefficients of the boundary operator,
see Section 6.2. As a consequence of this normalization, the operators B?j take the

form (4.28). By (LO3), we can apply Theorem 4.2.4, which asserts existence of solution
operators Ef}[ for the above problems. So we immediately get

N (85 (so]f>+k*@;1[Aj,soj]v _N L
Sojvf(ajﬁij ( @ (@]h) [B],QO]]U ) - hij(f7hvv)7.7 *N2+17-~-7N'

(4.51)
Multiplying now (4.47), (4.49), and (4.51) by %; and summing over all j yields the
formula

vawj Zw] (f,9.v) ij (fihov) =G(v),  (452)

j =N1+1 ] =No+1
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which is necessary for v to be a solution of (4.40) on [0, Tj41].

Let Zit1 = HS([0, Tig1]; Lp(€) N Lyp([0, Ty ]; HX(Q)) for i = 0,..., M — 1, and set
as usual Z1(v°) = {w € Z; : 0Mw|i—0 = O™ f|i=0, 1fa >m—i—1/p7 —0 1}, as well as
Zi1(v) == {w € Z;iyq wl| 0.1;] =V Y for i > 0, where v’ denotes the unique solution of
(4.40) on [0,T;] determined in the ith time step. In similar fashion as in the proofs of
Theorem 4.1.1 and Theorem 4.2.3, one can now show that for each i =0,..., M — 1, the
mapping G leaves Z;,1(v') invariant and is a strict contraction, provided that § is small
enough. In fact, one uses the estimates derived in the above proofs together with the
diffeomorphism property of the coordinate transformations z = 9, j(x). Observe that we
have uniform bounds for |©;| and |©; ; 'Y w.r.t. i and j, as only the spatial variables are
transformed and by compactness of I'. So for sufficiently small §, equation (4.52) admits
a unique solution v =: Q;11(f,g,h) in the space Z; 1(v'). To see that this function
indeed solves (4.40) on [0, 7T;4+1], one can again argue as in the proofs of Theorem 4.1.1
and Theorem 4.2.3. Here one has to consider the linear operators K;y1 defined by

Ki+1(f17f21f3) = (’C'L(Jlr)l(flaf%fi’»)a Ovlcgi)l(flaf%f?)))

Ny N2
= (ARG Qi (1 for ) + D0 AU RE (i, fo, Qi (s o /)
j=0 j_N1+1
b3 AN Qi o ) 0,90, 3 B, BN (f1, f Qia (i, fo. 12)) ),
j=N2+1 Jj=N2+1

for triples (f1, fa, f3) in the product space of the regularity classes of f, g, h whose tempo-
ral traces at ¢ = 0 coincide with those of f, g, h (including the first temporal derivative)
whenever these traces exist. Since ;41 contains only terms of lower order, one can prove
existence of a triple (f1, fo, f3) satisfying (f1, fo, f3)+Ki+1(f1, f2, f3) = (f, g, h), provided
that § is sufficiently small. By simple computations, one shows then that Q;11(f1, fo2, f3)
solves (4.40) on [0, T;+1]. Finally, uniqueness implies v = Q;+1(f, g, h) = Qi+1(f1, f2, f3).
This establishes the sufficiency part.

We turn now to necessity. Suppose that v € Z solves (4.40). Clearly, ;v € Z for
all 7 =0,..., N, which in turn implies @;1(%-1)) € Hy(J; LR N Ly (J; HS(RiH))
for all j = Ny + 1,...,N. Observe further that all those terms on the right-hand
sides of (4.48), (4.50), and the first equation of (4.46) (i = M — 1) which involve the
function v have the regularity desired for the corresponding inhomogeneity (f, g resp.
h) on J x R™"! resp. J x RTFI. In view of the Theorems 4.1.1, 4.2.3, 4.2.4, and the
diffeomorphism property of the variable transformations z = @j(sv), it thus follows that
the functions ¢, f, ¢;g, and ¢;h enjoy the desired regularity on J xQ, JxI'p, and JxI'y,
respectively, for each j. On account of Z o ¢j(z) =1 on Q, we eventually obtain the
desired regularity for the data f, g, h themselves The compatibility conditions can be
seen in the same way. [
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Chapter 5

Linear Viscoelasticity

In this chapter we shall study a linear parabolic problem of second order which arises in
the theory of viscoelasticity. In comparison to the problems investigated in the previous
chapter, it has two new challenging features: (1) it is a vector-valued problem, and (2)
it contains two independent kernels. As before we shall characterize unique existence
of the solution in a certain class of optimal L,-regularity in terms of regularity and
compatibility conditions on the given data.

The chapter is organized as follows. At first we recall the model equations from
linear viscoelasticity, here following the presentation given in Priiss [63, Section 5]. In
the second part we state the problem and discuss the assumptions on the kernels. The
third and main part of this chapter is devoted to the thorough investigation of a half
space case of the problem.

For a derivation of the fundamental equations of continuum mechanics and of linear
viscoelasticity, we further refer to the books by Christensen [12], Gurtin [41], Pipkin
[62], and Gripenberg, Londen, Staffans [39].

5.1 Model equations

Let © C R3 be an open set with boundary 99 of class C?. The set €2 shall represent
a body, i.e. a solid or fluid material. Acting forces lead to a deformation of the body,
displacing every material point = €  at time ¢ to the point x + u(¢, z). The vector field
u: R x Q — R3 is called the displacement field, or briefly displacement. The velocity
v(t,x) of the material point x € Q at time ¢ is then given by v(¢,z) = u(t, z), the dot
indicating partial derivative w.r.t. t.

The deformation of the body induces a strain E(t,x), which will depend linearly on
the gradient Vu(t, x), provided that the deformation is small enough. We will put

E(t,z) = %(Vu(t,:v) F(Vut,2)T), teR, zeQ, (5.1)

i.e. £ is the symmetric part of the displacement gradient Vu.

The strain in turn causes stress in a way which has to be specified, expressing the
properties of the material the body is made of. The stress is described by the symmetric
tensor S(t,z). If p denotes the mass density and assuming that it is time independent,
ie. p(t,x) = po(x), the balance of momentum law implies

po(x)i(t, ) = divS(t,x) + po(x) f(t,x), teR, x €, (5.2)
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where f represents external forces acting on the body, like gravity or electromagnetic
forces. In components (5.2) reads

3
po(@)iii(t,x) = Oa,Sij(t,x) + po() filt,x), i=1,2,3.
j=1

We have to supplement (5.2) by boundary conditions. Possible boundary conditions are
either 'prescribed displacement’ or 'prescribed normal stress’. Let 02 = I'y U 'y with

Iy=T4, I's=T, and 'y N I'y= 0. The boundary conditions then read as follows.

u(t,z) = wug(t,z), teR, zely, (5.3)
S(t,x)n(z) = gs(t,z), teR, zell, (5.4)

where n(x) denotes the outer normal of Q at z € Q.
A material is called incompressible, if there are no changes of volume in the body 2
during a deformation, i.e. if

det (I +Vu(t,z))=1, teR, z€Q, (5.5)

is fulfilled; otherwise the material is called compressible. For the linear theory, the
nonlinear constraint (5.5) can be simplified to the linear condition

divu(t,z) =0, teR,ze. (5.6)

In the sequel, we shall consider compressible materials.

We still have to describe how the stress S(t, z) depends on the strain £. This is done
by a constitutive law or a stress-strain relation. Such an equation completes the system
inasmuch as it relates the stress S(¢,z) to the unknown u and its derivatives. If the
material is purely elastic, then the stress S(t, z) will depend (linearly) only on the strain
E(t,x). However, the stress may also depend on the history of the strain and its time
derivative; in this case the material is called wviscoelastic. The general constitutive law
for compressible materials is given by

S(t,z) = / dA(T,)E(t—7.0)dr, tER, zEQ, (5.7)
0

where A : Ry xQ — B(Sym{3}) is locally of bounded variation w.r.t. ¢ > 0. The symbol
Sym{n} denotes the space of n-dimensional real symmetric matrices. As a consequence
of this, the symmetry relations

Az‘jkl(t, x) = Ajikl(t,x) = Aijlk(t,x), teRy, xz e, (5.8)

have to be satisfied for all 7,7, k,l € {1,2,3}. The function A is called the relazation
function of the material. Its component functions A;jz;, the so-called stress relazation
moduli, have to be determined in experiments.

In the following we want to consider the case where the material is isotropic, which
by definition means that the constitutive law is invariant under the group of rotations.
It can be shown that the general isotropic stress relaxation tensor takes the form

1
Aijkl(t, :L') = §(3b(t, .7:) — 2a(t, a;))éz-jdkl + a(t, x)(éikéﬂ + 5il5jk)7 (5.9)
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where J;; denotes Kronecker’s symbol. The function a describes how the material re-
sponds to shear, while b determines its behaviour under compression. Therefore, a is
called shear modulus and b compression modulus. The constitutive law (5.7) becomes

S(t,z) = 2/000 da(r,z)E(t — 7, ) + ;I/OOO(?)db(T, x) — 2da(t, )t E(t — 7, ).

Besides, we want to assume that the material is homogeneous, i.e. py as well as a and
b do not depend on the material points 2 € Q. For simplicity, let us put po(z) = 1, = € Q.

To summarize, we obtain the following integro-differential equation for homogeneous
and isotropic materials:

ii(t, z) = /0 " da()Ai(t— 7 2) + /0 oo(db(T)+%da(f))vv-u(t—ﬂ:c)+f(t,x), (5.10)

for all t € R and z € . This equation has to be supplemented by the boundary
conditions (5.3),(5.4).

Let us consider a material which is at rest up to time ¢t = 0, but is then suddenly
moved with the velocity vo(z), x € Q. More precisely, we want to assume that v(t,z) =
u(t,x) =0,t <0, z € Q,and v(0,z) = vo(z), z € . Then the problem (5.10),(5.3),(5.4)
amounts to

v —dax Av— (db+ 3da) «x VV -v=f, t >0,z € Q
v=uvg, t>0,zely
(2da * € + 3 Z(3db — 2da) x trE)n =g, t >0,z € Ty
V|t=0 = vo, = € Q,

(5.11)

where we use the notation (dk * ¢)(t) = f(f dk(T)p(t — ), t > 0.

5.2 Assumptions on the kernels and formulation of the goal

Given f,vq, gs, Vo, our goal is to solve (5.11) for v. For this to be possible it is necessary
that the convolution terms in (5.11) do not produce terms involving the displacement w,
which would be the case, if for example a(t) = t, t > 0. That means the problem must
not be hyperbolic. Further we need certain regularity assumptions on a and b so that
we can apply the results from Section 3.5. It turns out that the following class of kernels
is appropriate for our problem.

Definition 5.2.1 A function k : [0,00) — R is said to be of type (E) if

(E1) k(0) = 0, and k is of the form k(t) = ko + fOt ki(t)dr, t > 0, where ko > 0 and
k1 € L1,10c(R+);

(E2) k1 is completely monotonic, i.e. ki € C*(0,00) and (—l)lkgl)(t) > 0 for all
t>0,1 € Ny;

(E3) if ky # 0, then k1 € K*(«, 0, ), for some a € [0,1) and Oy, < 3.

Observe that (E1) and (E2) imply that the function %k in Definition 5.2.1, restricted to
the interval (0,00), is a Bernstein function, which by definition means that k is R,-
valued, infinitely differentiable on (0,00), and that k' is completely monotonic. We
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further remark that property (E2) already entails r-regularity of k; for all r € N as well
as Re l;:l(/\) >0 for all ReA >0, A # 0, i.e. ky is of positive type. For a proof of this fact
see Priiss [63, Proposition 3.3]. In comparison to the last inequality, (E3) requires that
larg k1 (A)| < g, < 7/2 for all Re A > 0.

We recall that the Laplace transform of any function which is locally integrable on
R, and completely monotonic has an analytic extension to the region C\R_, see e.g. [39,
Thm. 2.6, p. 144]. Thusif k is of type (E), both &k and dk, given by k(\) = (ko+k1(\))/A
resp. 3%()\) = ko + k1()\), may be assumed to be analytic in C \ R.

In the sequel we will assume that both kernels a and b are of type (E) and that
a # 0. Define the parameters «, 6,, and 3,6, by a1 € K®(a,0,,) and by € K>°(53, 64,),
if a1 # 0 respectively by # 0.

We will study (5.11) in L,(J; L,(Q2,R3)), where 1 < p < oo, and J = [0,7] is a
compact time-interval. We are looking for a unique solution v of (5.11) in the regularity
class

Z = (H*(J; Ly(Q)) N Ly(J; HY (2)))?,

where the exponent d, is defined by 6, := 1, if ag # 0, and J, := 1 4+ «, otherwise. In
other words, J, gives the regularization order of a in the sense of Corollary 2.8.1. Here,
the regularity properties of b are not taken into account, since, in some sense, b only
plays a subordinate role in solving problem (5.11) as we shall see below. Nevertheless,
if b # 0, we have to distinguish two principal cases. Letting &, be the regularization
order of b # 0, defined in the same way as for a, we have to distinguish the cases d, < &
and 0, > d,. The second case is more difficult, for here the terms involving b have
less regularity than those involving a. In order to cope with this defect, supplementary
regularity conditions have to be introduced.

It is convenient to define J; also in the case b = 0. So we put §, = oo in that case.

The strategy in solving (5.11) is the same as in Chapter 4. (5.11) is studied first
in the cases @ = R? and Q = Ri, where in the latter situation one has to consider
both boundary conditions separately. Having solved those cases, a solution of (5.11) can
be constructed by the aid of localization and perturbation arguments. We will restrict
our investigation to the half space case with prescribed normal stress. It will become
apparent that the techniques used here also apply to the much simpler full space case
and the half space case with prescribed velocity.

5.3 A homogeneous and isotropic material in a half space

In this section we consider a homogeneous and isotropic material in a half space with
prescribed normal stress. We do not only look at the three-dimensional situation but
study the general (n + 1)-dimensional case, n € N.

Let RTFI ={(x,y) € R""!: 2 € R? y > 0} and denote the velocity vector by (v, w),
where v is R"-valued and w is a scalar function. From (5.11) we are then led to the
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problem

O — da * (Agv + 02v) — (db + da) x (VoVe - v+ 8,Vow) = fu  (
Oyw — da  Agw — (db + 3da) * 02w — (db + da) x O,V -v = fu (
—da xy0yv —da*YVaw =g, (
—(db— 2da) x ¥V - v — (db+ 3da) * YOyw = g, (J x R")
V|g=o =vo (
\ wlt=o = wo  (

(5.12)
where v denotes the trace operator at y = 0. We seek a unique solution (v, w) of (5.12)
in the regularity class

Z = (Hp(J; Ly(RY™) N Ly (3 Hy (RH)))™ L

5.3.1 The case §, < §,: necessary conditions

In this and the following subsection, we assume that §, < d;. On the basis of the results
in Section 3.5, we first derive necessary conditions for the existence of a solution (v,w)
of (5.12) in the space Z.

Suppose that we are given such a solution. By Corollary 2.8.1, it then follows imme-
diately that

(for fu) € (Hpe (T3 Ly(REF) )" (5.13)

Taking the temporal trace of (v, w) and (Jyv, dyw), respectively, at t = 0 gives according
to Theorem 3.5.2 (see also the results from Chapter 4)

_ 1
(v, wo) € (Bay 7 (RTH))HL, (5.14)
and
201~ 5= 352) b1yt 1
(For fulizo € (Boy (R+)) (5.15)

in case §, > 1+ 1/p. Putting

(1-1) \ -
(J5 LP(R ))mLp(JQ By P (R™))

Y = B:g

Theorem 3.5.2 further yields (y0yv, yVaw, y0,w, YV, - v) € Y?27+2 So if we set
¢ = —v0yv —yVyw,

then it follows from the first boundary condition in (5.12) that g, is of the form

gy =dax* ¢, with ¢ € Y™ (5.16)
g (11
As, in case p > 1+ 2/d,, we have the embedding Bpf,( P(J; Ly(R™)) — C(J; Lp(R™)),
we see that ¢ satisfies in addition the compatibility condition

Pli=o = —79yv0 — YVawo, ifp > 1+ £. (5.17)
Turning to the second boundary condition in (5.12), we put

Y1 =239V v — 390yw,  he = =4V v — YOy
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Then it follows that g,, is of the form
gw =dax 11 +dbx1y, with 1,19 €Y. (5.18)
In case that p > 1+ 2/d,, we discover the additional compatibility conditions
P1li=0 = 37V - vo — 370ywo,  Yali=0 = —yVz - v0 — YOywo, ifp > 1+ £ (5.19)
All in all we have established necessity of

(N1) (5.13),(5.14), (5.15), (5.16), (5.17), (5.18), (5.19).

5.3.2 The case 0, < J,: sufficiency of (N1)

We now want to prove the converse. So assume that the data satisfy all conditions in
(N1). At first glance, it seems to be a hard task to solve (5.12) for it is a coupled system
in the unknown functions v, w and since, in contrast to the previous problems, we have
to cope with two kernels. To overcome these difficulties, the basic idea is to introduce an
appropriate auxiliary function p by the aid of which (5.12) can be decoupled and made
amenable to the results from Chapter 3.

To start with, we set £k = b + %a and introduce the inverse convolution operators
A = (ax)7! and K = (k+x)~! in L,(J;X), where X is L,(R"™) or L,(R™). This
makes sense since a and b are of type (E) and in view of Lemma 2.6.2(ii). Further let

=(A+ Dn)% and G = (K + Dn)% with natural domains, D,, denoting the negative
Laplacian on R™. We proceed now in three steps.

Step 1. Assume for the moment that (v, w) is a solution of (5.12) and define the pressure
p by means of
p= -V v—0yw. (5.20)

Then it follows from (5.12) that

O — dax (Agv + 02v) + (db+ 2da) « Vap = f,  (J x RTT)

(
Ow — da * (Ayw + 8310) + (db + %da) % Oyp = fu  (J X R”H)
—da * y0yv —da xyVyw =g, (J x RZ) (5.21)
—vO0yw — YV -v=vp (JxR"?)
U‘t:O = v (Rn—i-l)
w|t:0 = wp (RnJrl)
and

—da * yOyw + $(db — %da) £YD = 5w (5.22)

Applying —V,- to the first, —0, to the second equation of (5.21) and adding them yields
further

{ Op — (db+ 3da) * (Aep+ 02p) = =V - fu— Oyfu  (J x RYT)

k 5.23
Plio = —Va v — ywy (R, (5.23)

where here V- and 9, are meant in the distributional sense. This shows one direction
of
(5.12),(5.20) & (5.21),(5.22),(5.23). (5.24)
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To see the converse direction, suppose the triple (v, w,p) satisfies (5.21), (5.22), and
(5.23). Let ¢ = —V,-v—0,w and deduce from (5.21), by performing the same calculation
as above, that

0hq — da x (Agq + 02q) — (db+ 2da) * (Aep + 02p) = =V - fo — Oyfuw (J x REH)
Vg =Vp (J x R™)
Q‘t=0 ==V v — 3yw0 (R¢+1)'
(5.25)
Then we replace the right-hand side of the first and third equation of (5.25) by the
corresponding terms in (5.23), to discover

(g —p) —dax (Dp +05)(g—p) =0 (J xR}
1g—p)=0 (JxR") (5.26)
(¢—pli=o=0 (RT").
So by uniqueness of the solution of (5.26), we find ¢ = p, that is, (5.20) is established.
System (5.12) now follows immediately.
Observe that if we once know the boundary value yp, then the pressure p is uniquely

determined by (5.23). With p being known, (v, w) can then be obtained via (5.21). So
we have to find a formula for vp involving only the given data.

Step 2. To approach our goal, we continue by extending the functions vy := =V, - f, —
Oy fuw and 9y := =V, - vg — dywp to all of R w.r.t. y so that the new functions (again
denoted by 1)y and 1)) lie in the corresponding regularity classes on J x R™*1 that is

o Uy € Hy o (J HyH(RM);
1—-2__2
o Yrlimo € Byp ¢ P (R"T), if 5, > 1+ %;
1— -2
o Yo € By, " (R™H).

We then consider the problem

{&gq—dk*(Awq—i-af,q):wf,tGJ,xE]R{”,yeR, (5.27)

q|t:0 = wOa MRS an Yy € Rv

on the space X_; := H, '(R"!). By integration we see that (5.27) is equivalent to the
Volterra equation

q(t) + (k* Aq)(t) = (L= ) (t) + 4o, tEJ, (5.28)

where A = D, 41 with domain D(A) = H, (R™*1). One readily verifies that

o lx1pp+1)g € Hg“(J;X_l);
® Yo € (X_1,D(A))1-1/p50, p}
* 7(0) € (X—1, D(A))1-1/5,~1/pb0.pr 1f G0 > 1+ 5.

So according to Theorem 3.1.4, (5.27) admits a unique solution ¢, in the space
Hye (J; Hy ' (R') 0 Ly (J5 Hy (R™).
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Note that ¢, only depends upon the data and the selected extension operator.
We now set

Po =P — YPp. (5.29)

Then clearly, yp can be determined immediately as soon as pg is known, and vice versa.
Putting py := ¢plgni1 € Z-1 = He(J; Hy YR NLy (J; HY(RT)), it further follows

from the construction of ¢, that (5.23) is equivalent to the identity
p=e “po+p1. (5.30)

By the mixed derivative theorem, we have

Sa
Z_y — Hy (J; Ly(RY) N Ly(J: Hy (RY)).
Notice also that

Lry
e~ %po € oHy* (J; Ly(R)) N Lp(J; Hy (RYT))
d 1
> (1-3)

9q (11 1—1
= po€oY :=0By P (J;Ly(RM) N Ly(J; Byp ? (RM)).

Consequently

da
po € oY = p € Hy? (J; Ly(RT)) N Ly (J; Hy (RT)).

According to Theorem 3.5.2, this regularity of p suffices to obtain (v, w) € Z when (5.21)
is solved for this pair of functions. In fact, let

| | o B fv—(db—l—lda)*vxp
u_[w]’ uo_[wo]’ f_[fw—(db+3§da)*8yp]’

h:[m;jg@)y D= [ _gx' —va} '

Then system (5.21) is equivalent to the following problem for w.

Ou—dax Agu—daxu=f, teJ reR" y>0
—yOyu+~yDu=h, te J, zeR" (5.31)
Ulp—p = ug, = €R", y>0.

Setting
f :[fv—(db—f—éda)*vxpl] L :[A(l*gv)]
! fuw — (db+ %da) * dypy |’ ! 1 ’
as well as
£ = —A(b+ %a) * Ve~ %pg ho— 0
Pl A+ ga)xGeCYpo [T P [ po |7
the solution u can be written as
U= Uy + Up, (5.32)

where u; is defined by means of

atul—da*Azul—da*agulzfl, teJ,zeR y>0
—vOyu1 +yDuy = hy, te J, zeR"? (5.33)
ul‘t:O =up, ¥ € Rn? y > 07
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and u, solves

2, _
{ Aup — Dgup — Oyup = fp, t€J, 2 €R", y>0 (5.34)

—yOyup + yDu, = hy, t € J, xR

Observe that u; is determined by the data and does not depend on pg. Note further
that the compatibility condition is satisfied in either case. Theorem 3.5.2 yields u; € Z.
To summarize we see that step 2 shows the equivalence

(5.21),(5.23) & (5.30), (5.32),(5.34), (5.35)
as well as the implication

po € oY = (v,w) € Z. (5.36)

Step 3. We will now employ condition (5.22), together with (5.32),(5.34), to derive a
formula for pg.
To begin with, the function u, can be written in the form

1 o0
()= P + D)y 5P [ e 0l (F = D)(F + D) e Py s) ds
0
(cp. Priiss [65, p. 6]), which implies
Yp = (F +D) My (F D) [ e Fofy ) ds.
0

A short computation using the Fourier transform shows that

F+ ((VeVy)+Dp)F 1 V,

(F+D)™' = { v.. Jh

] F[2 F = (A+2D,)?,
so we obtain

o0
Yp = VfoQPO — FF12/ e FSA(b + %a) % Vye Cpo ds+
0

+VIF1_2/ e FSA(b+ La) x Ge™%py ds,
0
and furthermore

VWVa vy = AgF%po— AFET2A(b+ 2a) « (F + G) " Lpo+
+ALFTEA(b + 1a)« G(F + G)"pg
= A FPpo — AGFTPA(b+ fa) + (F — G)(F +G)"lpp.  (5.37)

On the one hand, we now have
—YOyw = —yOyw, — YOyw1 = YVy - vy + Po — YOy w1. (5.38)

On the other hand, it follows from (5.22) that

A(

A(
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a) * ypp — %A(b — %a) * Po. (5.39)

—yow = %A(l*gw)

—laApp—
= JA(1l*gw) — b—

N[—= N[
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Combining (5.38) with (5.39), setting
q = $A(1 % gy) — 3A(b — 2a) * yp1 + YO,wr (5.40)
and using (5.37) leads to

g = po+3A(b—32a)*po+Va-vp
Aaxpo+3A(b — 2a) * po+ A Fy *po— A Fy 2A(b + La) x (F-G)(F+G) ™!
= LA(b+ 2a) xpo— A F 2 (—Aax (F+G) + A(b+ La) « (F-G)) (F+G) 'po
= SA(D+2a)xpo— AFT? (A(D — 2a) x F — A(b+ 2a) + G) (F + G) " 'po

Further,

2Kaxqy = (I+2D,F? (b—f)*F—G](F—FG)‘l)pO

(A+2D,, + 2D, K(b— 3a)x)F + AG) (F+G)*1Ff2p0

A+ 2D, + 2D, K(b—f)] (F+G)™) F{%po

A+ 2Dy (K(b+ %a)*) + 2D, K (b — 2a)+]F(F + G)~Y) F; %po

= (A+D, K(4b+ a)*F(F—i—G) Y T 2po = Lpo, (5.41)

(
((
(
(

where the operator L is defined by
= (A+ D,K(4b+ 4a) « F(F + G)™') F 2. (5.42)

We claim now that qp € Y. Indeed, in virtue of (5.18),(5.19), there exist 1,12 € Y
such that

Qo = (1 + Abx ) — FA(b — 3a) x yp1 + YOy
(1 4+ A(b — 2a) x a) + 3tho — SA(b — Za) * yp1 + yOyw1

A(b—3a) * (2 — yp1) + (381 + 32 + 70yw1),

NI— NI—= N

and
P1li—0 = 37V - vo — 379w, Yalt=o = =YV - vo — YOywo (5.43)

in case p > 1+ 2/0,. But from (5.43) and the definition of p; and w;, we deduce that

W2 —p1, 31+ U2 + ¥Owr € (Y-

Hence the claim follows, because A(b*) € B(pY).

From qp € oY and K (ax) € B(oY') we conclude further that K(ax*qg) € Y. That is,
to solve (5.41) for pg, we have to show that L has a bounded inverse on ¢Y. To achieve
this, we shall use, aside from extension and restriction, the joint (causal) H**(Xz 1, x X;)
- calculus (0 < n < m/2) of the pair (0, Dy,) in Ly(Ry x R™), cf. Example 2.4.1.

For this purpose we look at the symbol {(z,§) of L (in L,(Ry x R™)). Taking the
Laplace-transform in ¢ and the Fourier-transform in = we obtain for I(z, ) :

e )+ (()) iz )\a? +1 1 -1
< ( +2> . (5.44)
+1

b(z
2 A 2
|5| V7 ‘§|2+1+\/ e a(2)[¢|
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It can be written as

- 41— r)V/CH+ 1T .
129 = (¢+ BRI ) e, (5.49)
where (e 6) = 1 a(z) = a(z)
S ()l - be) + gacz)

We first study the function & defined by
1 A1 = k(2))y /a5 +1

)=+
a(z)T 1 1
(2) Vage T+ \/(l_f)(z)%d(z))f2 +1

Remember that both & and b are analytic functions in C\ R_, since a and b are assumed
to be of type (E).

k(z,7 ; (2,7) € Xz x By

Lemma 5.3.1 There exist ¢ > 0, n > 0 such that

k(=) > ¢ (

v 1) , (27) € By X Ty, (5.46)

Proof. Let v = 1/(a(z)7?). Assume for the moment that z is fixed with arg(z) € [0,7/2)
and 7 € (0,00). Then we have arg(l/@(z)) € [0,6,] and arg(1/db(z)) € [0,6;). Now we
examine two cases. R

Case 1: arg(l/da(z)) > arg(1/db(z)). It follows that

1 1 w 1
oy (dAb(z)> < arg (@(z) + (%(Z)> <arg (35(2)) , Vw >0.

Thus we have

ey 1

da(z) ib(2)

arg(k) =arg| ————>—~— | =arg| ——F—— | <0
() (db(z) + gda(z)> 1 1

as well as arg(1 — k) > 0. Moreover, it is easy to see that arg(l — k) < 6, and |s| < 1.
From arg(l/@(z)) € [0,0,] and arg(z) € [0,7/2) we infer that arg(v) € [0,7/2 + 60,).
Since arg(x) < 0, we have arg(kv) < arg(v). This together with |xv| < |v| and arg(v) > 0
implies arg(rkv + 1) < arg(v + 1). Therefore, arg(1 + +/(kv +1)/(v + 1)) < 0. On the
other hand we have arg(kv) € [0,7/2 + 6,), by definition of x and the inequality

0 <arg (((ﬁ)(z) + %@(z))*l) < arg </\1> .

da(z)

Thus arg(1 + /(kv + 1)/(v + 1)) € (—(7/4 + 0,/2),0]. By writing

1
k(2 7) = v+ A(1 — K(2)) (1 + ’“””U”Ll)
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we see that both summands in the formula for k(z,7) lie in the sector X /9.9, N {2z €
C : Im(z) > 0}. This means in particular k(z,7) # 0.

Case 2: arg(l/@(z)) < arg(1/db(z)). This time we have arg(r) € [0, 6], arg(1—r) <
0 and again |k| < 1. We write k(z,7) as

z La(z
k(z,7) = b( )EI;S (2) ((

4kv +1 )

1
b(2) + La(z))r2 * Vv+14+Ver+1

Clearly, 1/[(b(z) + 1/3a(2))72] € /240, N1 {2z € C: Im(z) > 0}. Now we look at the
second summand. The inequality arg(l — k) < 0 yields

arg(l+rkv) = arg((l1—k)+r(l+v)) < arg(k(l+v))
= arg(k) +arg(l+v). (5.47)

By employing (5.47), we get

or( )

Vv+1+Ver+1

> arg(k) + sarg(l + v)— 5 max {arg(1 + v), arg(1 + rv)}
> farg(k) > 0.
On the other hand it is easy to see that

( VU +1
ar
& Vv+1+Ver +1

3
>§Z+29b-

Therefore both summands in parentheses lie in the sector ¥ /5,9, N{z € C: Im(2) > 0}.
If arg(z) € (—m/2,0] then all signs of the arguments in the above lines change which
means that the summands under consideration lie in the corresponding sectors in the
lower half plane.
By continuity of the argument function, there exists n > 0 such that, in each case, the
summands under consideration lie in a sector of angle § <, for all (z,7) € Xz, x Xy,
Consequently, there is ¢ > 0 such that

e 2 (] + LRVt D

4(
Vv+1++Ver+1

for all (z,7) € Xz, x Xy. From the boundedness of the function ¢ defined by

1+3p
= , SIS
¥(p) 1+1, P >+n

ol

Ll

it follows that |1 — k(z)| is bounded away from zero. We also see that the term
V/ (kv +1)/(v + 1) is bounded, for all (z,7) € Yz iy x . Thus we obtain the desired
estimate (5.46). O

By (5.46), it follows that the function ly defined by

v+2
k(z,7)

, (2,7) €Sz4y X T, (5.48)
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belongs to H>(Xz,, x Xy). Hence the associated operator is bounded in Lp(R4 x R"),

by the joint HOO(Engn x X,) - calculus of the pair (0;, D). By causality, extension

and restriction, it is then clear that L™ € B(L,(J x R")). In view of [F~1, L7 =0

we also have L1 € B(D(F)), where D(F) = oHo"'*(J; Ly(R™)) N Ly(J; H}(R™)). Since

0Y = (Lp(J; Ly(R™)), D(F))1-1/p, p» by real interpolation it follows that L~! € B(Y).
In sum we have proved

Theorem 5.3.1 Let 1 < p < 0o, and suppose that the kernels a # 0 and b are of type
(E). Let 6, and 0y, denote the regularization order of a and b, respectively, and assume

that 0, < 8. Suppose further that 6, ¢ {z%’ 1+ I%} Then (5.12) has a unique solution

(v,w) € Z if and only if the conditions (N1) are satisfied.

5.3.3 The case 0 <J, — &, < 1/p
Let k = §, — 0y (= a— [3). Suppose that (v, w) € Z solves (5.12) and satisfies in addition

p=—Vo-v—0,we Hi(J Hy(R™)). (5.49)
According to Corollary 2.8.1, the latter implies
(db * Vyp,db* dyp) € (oHp* ™ (J; Ly(REH)))" L.

In light of (5.21), we therefore obtain again necessity of (5.13) and (5.15). In the same
way as in the case d, < &y, we further see that conditions (5.14),(5.16), and (5.17) are
necessary. Concerning ¢g,, we deduce from (5.22) that

gw = da*x 11 +db*1py, with 1 €Y, 1 € Yy, (5.50)
where s
% (1—L1y4 1—1
V=B Ly (RY) 0 (T By (RY)
Observe as well that we have the compatibility conditions
P1li=0 = 37Va - vo — 370ywo, ifp>1+ £, (5.51)
Wali=o = =Va - v0 — Y0ywo, ifp> 2% (5.52)

Finally, from (5.49) and (5.23) there emerge the two conditions

2K 2

1+
Vi vo + Oywo € Byp " (R, (5.53)

2

1425 2
(Vo fotOyfu)i=o € By ™ "™ (R, ifa>1, (5.54)

where V- and 0, have to be understood in the distributional sense.
In sum we have shown necessity of

(N2) (5.13), (5.14), (5.15), (5.16), (5.17), (5.50) — (5.54).

Turning to the converse, we suppose that all conditions in (N2) are fulfilled. Let us
look first at gp. In virtue of (5.50),(5.51), and (5.52), we see that

g = 3A(b = Fa) * (g —p1) + (5¢1 + §2 +19yw1),
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with ¢ € Y, 19 € Y, and

Y2 —Yp1 € oYk, 3¥1 + 32 +Y9ywi € oY,

where
B(-L)4n . IO
0 := 0Bpp (5 LP(R ) me (J5 Bpp 7 (R™)).
Thus
% (11 11
q € 0Bpp " (J; Ly(R™)) N Ly(J; Byp * (R™)),

which entails K (a*qo) € oYx. In view of L™ € B(oY,) and 2K (a*qg) = Lpo, it therefore
follows that py € gYx. Observe now that

S
Po € oY & e~ py € oH? (3 Ly(R) 0 HY (3 Hy(REH)).

Concerning p1, we proceed as in the case d, < dp. According to Theorem 3.1.4, it
follows from (5.13),(5.53),(5.54) that (5.27) admits a unique solution ¢, in the space

H)(J; Hy ' (R™TY) 0 H (J; Hy(R™),
which is embedded into
LI
Hy "(J; Ly(REY) 0 HE(T; HA(REHY),

by the mixed derivative theorem. Consequently, due to (5.30),

Sy
p € Hyp "(J; LR n HE(J; HA(RTY),

as well as yp € Y. From

3 da
A= +r>%01-1)

we then deduce
(1-3)

Sa 1—1
Vi By P(JiLp(R™)) N Lp(J; Byp ¥ (R™)).

Hence, p and ~yp lie in the right regularity classes when (5.21) is solved for (v, w). Us-
ing this fact, together with (5.13),(5.14),(5.15),(5.16), and (5.17), Theorem 3.5.2 yields
(v,w) € Z.

Theorem 5.3.2 Let 1 < p < oo, and suppose that the kernels a # 0 and b are of
type (E). Let 6, and 0, denote the regularization order of a and b, respectively, and
assume that 0 < Kk := 04 — 0 < 1/p. Suppose further that 6, ¢ {p%l, 14 %} as well as
p(20q — O) # 2+ 0p. Then (5.12) has a unique solution (v,w) € Z satisfying (5.49) if

and only if the data are subject to the conditions (N2).

5.3.4 The case §, —, > 1/p

Let k > 1/p. Suppose that (v, w) € Z solves (5.12) and satisfies in addition (5.49). Then
the latter implies
p € C(J; Hy(RE)),

in particular
Pli=o = =V - v — dywo € Hy (R, (5.55)
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which allows us to write the first two equations in (5.21) as

{ Ov — da * (Azv + 831}) + db* V(p — pli=o) + %da * Vaep = fo — b(Vapli=0),

dyw — da x (Agw + O2w) + db = 0y (p — pli=o) + 3da x Oyp = fu — b(dypli=0).
(5.56)

Owing to (v,w) € Z and

(Va(p = pli=0), 0y(p — pli=0)) € (0Hy (J; Ly(RT)))"H,

it is clear that all terms on the left-hand side of (5.56) are functions in the space
Ha=1(J; Ly(RTT)). Thus

fv == hv + b(vmp|t:0)a fw - hw + b(ayp‘t:0)7 (557)
with
(P, hy) € (Hpe ™ (J; Ly(RE))™H, (5.58)
and furthermore Goio 1
2(1— L+ - L
(hos bl € (Bpy 70 7% (R, (5.59)

As in the two cases before one can see that (5.14),(5.16),(5.17) are necessary.
We now consider (5.23). Note that in view of (5.57) and (5.58) we have in the
distributional sense

Vg - fv + 8yfw =Vg- hv + 8th + b(Ax + a§)p|t:0'

So it follows from (v, w) € Z and (5.49), cp. Theorem 3.3.1, that

2K 2

1435 =
(Vi by + Oyhy) im0 € Bpp 7 7 (RTT). (5.60)

Turning to g, observe first that (v, w) € Z and (5.49) entail

2K

S K— +i_l
ap € H TN LyRIY) N Ly(J; Hy (R, i 24k —1>0,
and 5
b

% (1—-1y 1
P € Bp%( e

1—-1
(J5 Lp(R™)) N Hy (J; Byp 7 (R™)).
Therefore

% (1—1ypp—1 1428
YOp € sz( P (J; Lp(R™M) N Ly(J; Bpp ™ ™ 7 (R™)), if %(1— 1)+ 5> 1,

as well as
(V0p)limo € Bl,(RY), ifgi=1+2% -2 -2 15

the latter also being a consequence of (5.60). So we conclude from (5.22) that g,, is of
the structure
gw = da sy +dbx s, with ¢ €Y, ¢y € Yy, (5.61)

where Y, is defined as in the previous case, that is

7(1_l)+’i n K 1-5 n
T Lp(RY) N H (T By " (RY)),
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and 11, Y9 are subject to the compatibility conditions

P1l—0 = 29V - vo — 370ywo, (5.62)
Yali—0 = =YV - vo — YOy wo, (5.63)

and
Otnlico = —(Va - ho + Oyhu)l—o,  if 7> 0. (5.64)

All in all we have established necessity of
(N3) (5.14),(5.16),(5.17),(5.55), (5.57) — (5.64).

That these conditions are also sufficient for the existence of a unique pair (v,w) € Z
solving (5.12) and satisfying (5.49), is shown in the following.

Suppose that (N3) is fulfilled. We first investigate the regularity of ¢p. Using as-
sumptions (5.61)-(5.64) we see that

g0 = $A(b — 2a) * (Y2 — yp1) + (391 + 302 + yOywn),
with ¢ € Y, 19 € Y, and

Y2 —p1 € oY%, 3¥1 + 32 + YOy € oY,

where 5
b(1-1)4xk 1-1
oYs:=0Bp 7 (J;Lp(R™)) NoHy (J; Byp " (R")).
Therefore
Sy 1)

9% (11 1-1
g0 € 0Bpp " (J; Lp(R")) N Ly(J; Byp " (R")),

and so, by the same conclusions as in the previous case, we find that

ib"’“ n K n
e “py € oHy ' (J; Ly(RET) N o Hp (J; Hy(RE)).

Next we look at p;. From (5.14),(5.55),(5.57),(5.58), and (5.60) it follows by Theorem
3.3.1 that (5.27) has a unique solution ¢, in the space

da L7 n K( T. n
Hy(J; Hy YR 0 HE(J; Hy (R™).

So we can argue as in the case k € (0,1/p) to see that (5.12) admits a unique solution
(v,w) € Z with (5.49).

Theorem 5.3.3 Let 1 < p < 00, and suppose that the kernels a # 0 and b are of type
(E). Let §, and &, denote the regularization order of a and b, respectively, and assume that
K = 0q,—0p > 1/p. Suppose further that 6, # p%l as well as p(20, — ) # 2+, +2p. Then
(5.12) has a unique solution (v,w) € Z satisfying (5.49) if and only if the data are subject
to the conditions (N3).
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Chapter 6

Nonlinear Problems

6.1 Quasilinear problems of second order with nonlinear
boundary conditions

Let Q be a bounded domain in R” with C? boundary I' which decomposes as ' = I'pUTL'y
with dist(I'p,T'x) > 0. Let further Jy = [0,7p] be a compact time-interval and Uy C R,
U; C R™ be nonempty open convex sets. With the functions a : Jox Qx Uy x Uy — R™ ",
f,9:JoxQxUyxU; - R, bP: JyxTpxUy—R,and bV : Jy x 'y x Uy x U; — R,
we put

A(u)(t,x) = —a(t,z,u(t,z), Vu(t,x)), t € Jy, x € Q,
Fu)(t,z) = f(t,z,u(t,z), Vu(t,x)), t € Jo, x € Q,
G(u)(t,z) = g(t,z,u(t,x), Vu(t,z)), t € Jo, v € Q,
Bp(u)(t,z) = b2 (t, z,u(t,z)), t € Jy, x € I'p,
By (u)(t,z) = b (¢, 2, u(t, z), Vu(t,z)), t € Jo, x € 'y,

where V = V, refers to the spatial variables, and u : Jy x Q@ — R is a C(Jp; C1(Q2))
function subject to u(t,z) € Uy and Vu(t,z) € Uy, for all t € Jy, z € Q.

Let further & € BVj,o(Ry) N K1 + o, ) with k(0) =0, § < 7 and « € [0,1). Then
the problem under consideration reads as

Opu + dk * (A(u) : V2u) = F(u) + dk x G(u), t€ Jy, x €Q

BD(U):O, te Jop,zel'p (6 1)
BN(’LL =0, teJp,zely )
u]t:() = U, x € .

Our goal is to prove unique existence of a local strong solution, more precisely, we are
looking for an interval J = [0, 7] with 0 < T' < Tj and a unique solution u of (6.1) on J
in the space

ZT = H) T (J; Ly(Q)) N Ly(J; HA ().

This will be achieved under appropriate assumptions by means of maximal L,-regularity
of a linear problem related to (6.1) and the contraction mapping principle.

To fix notation, we denote the independent variables by ¢t € Jy, € Q, & € Uy, and
n € U;. For what is to follow we need the spaces

X7 = Ly(J Ly(Q),  XT = HO(J: L(Q), (6.2)
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L+a)
(

7L = 1 J; Lp(2)) N Ly(J; Hy (),

7 pre)-g; 2

Yp = Bpp (/5 Lp(I'p)) N Lyp(J; Bpp * ('), (6.3)
T plta)t-% 1-1

Yy = Bpp (/5 Lp(Tn)) N Lyp(J; Byp * (Tw)), (6.4)

and
2 2 2

2 2— 2 _
Yb — Bpp p(1+a) (Q)’ Y, = Bpp I+a  p(l+a) (Q),
a > 1/p being assumed in the definition of Y;. For A € {ZT,Zg,Yg,YE,XlT), we as
usual denote by oA the subspace of all functions h € A with hl;—9 = 0 and 9;h|—¢ = 0,
in case that these traces exist.
If u € Z7, then this corresponds, as we know from Theorem 4.3.1, to the regularity
classes

Vu € (Z&5)", V2u € (XY™™ ypu € YA, ywVu € (YE)", uli—o € Yo, duli—o € Y7.

Consequently, Yy is the natural space for ug, and if « > 1/p and u € Z7 is a solution of
(6.1), then we have to ensure that u; := dyu|i—¢, which is given by

ul(x) - f(O,a:,uo(:L‘),Vuo(x)), x € Q,
belongs to Yj. Of course, we have to assume that
ug(x) € Uy, Vuo(z) €Uy, z€Q. (6.5)

Observe also that B
zZT — C(J;Yy) — C(J x Q)

as well as
1——2 _
ZE < €5 By 7 () > O(J x D),
provided that 1 —2/p(1 4+ «) > n/p, which is equivalent to
p > p%a +n (6.6)

and which will be assumed throughout this section.
Notice further that we have to take into account the three compatibility conditions

bD(O,,IJ,uO(.T)) = 07 HARS FD;
b (0, 2, uo(x), Vug(z)) = 0, z €Ty,
bP (0, z, up(z)) + b?((),x,uo(ac))ul(x) = 0, zeTlp, ifa> %.

Here and in the subsequent lines we assume that b” and bV are as smooth as needed to
make the formulas meaningful. Precise regularity statements will be given later on.

We now set out to reformulate (6.1) as a fixed point problem in an appropriate subset
of ZT. To this end, we first put

Ao(z) = —a(0, z,up(z), Vug(z)), = € Q.

Further we fix a function ¢ € Z70 which satisfies ¢|;—¢ = ug and 9;d|—o = u1, the latter
being demanded in case that o > 1/p. In view of (6.5) and (6.6), we see that, for T'
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sufficiently small, say T' < T} < Tp, we have ¢(t,x) € Uy and Vo(t,z) € Uy for all t € J

and x € Q. So for such T' we may define operators B9 (¢) and Rf(, K = D, N, by means
of

By (p)u(t,z) = bg(t,x, o(t,x))u(t,z), t € J, x € I'p,
By (d)ult,x) = b (t,x, 6(t, ), Vo(t, z))u(t, )
+ 0 (t,2,0(t,2), Vo(t,x)) - Vu(t,z), t € J, x € Ty,

and
Ri(u) = Brc(u) = Bx(9) ~ Bic(¢)(u — ¢), K =D,N.
Obviously, (6.1) restricted to J is equivalent to

O+ dk * Ay : Viu = F(u) + dk x G(u)

+dk * ((Ag — A(u)) : V2u) (J x Q)
By(@)u= —Bp(9) +By(d)é —Rp(u) (JxTp)  (6.7)
Byy(d)u= —Bx(¢) + B (#)¢ — Ry (u) (J xTy)

ult=0 = wuo (Q).
In other words, u € Z” solves a problem of the form
O +dkx Ay : Vv = h (J x Q)
BOD(d))U = QZ)D (J X FD) (6 8)
By (¢)v= ¢V (] xTy) '
Vim0 = vo ().

with certain functions on the right-hand side. Given data h, ¥, ¥ and v, (6.8) is
a linear problem. For our construction, it is essential to understand this problem, in
particular, one needs a precise characterization of unique solvability of (6.8) in Z7 in
terms of regularity and compatibility conditions for the data.

Let us assume for the moment that we have such a result at our disposal - possibly
on a yet smaller time-interval - and that the right-hand sides of the following both
problems (6.9) and (6.11), which are of the form (6.8), fulfill the conditions needed to
get a unique solution in Z7 in either case. Then it makes sense to define the reference
function w € ZT as solution of the linear problem

Oyw +dk x Ag : V2w = F(¢) +dk+G(p)  (
By(6)w = ~Bp(0) + By(0)é  (J xp) 69)
By (d)w = —Bn(9) + By (9)¢  (
Wl=0 = ug (
Given p > 0, let
Y(p, T, ¢) = {v e ZT : v]imo = ug, Opwli—o = uy (if & > 1/p), |v — w|zr < p},
which is a closed subset of ZT. Since Z1 — C(J;C1(Q2)), we may further put
p(T) = max{|w(t, z) — uo(z)| + |[Vw(t,z) — Vue(z)| : t € J, x € Q}.
Apparently, p,(T) — 0 as T'— 0, due to w|;—p = up.
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Suppose that u € X(p, T, $). Then for t € J and = € 2, we estimate

lu(t,z) — uo(z)| + [Vu(t, z) — Vuo(z)| < |u — w|c(J;cl(§)) + p(T)
< Mu—w| v + p(T) < Mp+ p (7). (6.10)

Here the constant M > 0 does not depend on uw and T' € (0,77], the latter being true
because u — w € ¢Z1. So (6.10) shows that u(t,z) € Uy as well as Vu(t,z) € Uy for all
u€X(p,T,¢), t€Jand x € Q, provided that T and p are sufficiently small, let us say
T <15, <Tj and p < p;. Henceforth we will assume that these smallness conditions
hold.

The last assumption allows us to define the mapping Y : £(p,T,¢) — ZT which
assigns to every u € X(p, T, ¢) the solution v = T (u) of the linear problem

O + dk x Ay : Vv = F(u) + dk x G(u)
+dk * ((Ag — A(u)) : V2u) (
By (g = —Bp(e) + By (0)d — Rp(u)  (J xTp) (6.11)
By (¢)v = —By(9) + B3y (6)d — R (u) EJ x T'y)

U|t=0 = Up

Observe now that, in view of (6.7), every fixed point u of Y is a solution of (6.1) and
vice versa, at least for some small time interval J = [0,T]. So the idea is to apply the
contraction principle to Y.

After these introductory considerations we become now more rigorous. We have not
yet shown that w and YT are really well-defined. Nor is it clear that the contraction
principle is applicable.

In order to succeed we need the subsequent assumptions. Here, for short, we put
¢ =(&n) and U = Uy x U;. For a function b(x) on a boundary segment 'y (K = D or
N), we denote the surface gradient by bg,..

(H1) (kernel): k € BVipe(Ry) N1+, 0), k(0) =0, 0 <7, a € [0,1) \ {% Til}
K= (1—1—@)(1—%)7&1;

(H2) (exponents): n > 2, 1-%04 +n < p < oo;

(H3) (smoothness of nonlinearities):

(a) a € C(Jy x Q x U;R™),

\a(t,:r,C) _a(thag)‘ < CK - C_|a le JOa HAS Qa(aé € U;

(b) g(-,+,¢) is measurable on Jy x Q for all ¢ € U; 3C, € X1, Cy>0, s.t.

lg(t,z,¢) — g(t,z,C)| < Cy(t,x)[¢ = (], t € Jo, € Q, (,{ € U;

(c) fisas g in case a = 0, otherwise: f(-,-,¢) and f¢(-,-,() are measurable on Jy x
for all ( € U; fr € Loo(Jo x 2 % U; R 3Cy € Lp(2), Cy > 0 and 05 > ar s.t.

‘fC(twer) - fC(t_axvg)‘ < Cf($)|t _ﬂaf +C‘< - 5’7 t7£€ JO? T e Qa Caé € U7
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(d) bP € C(Jy x T'p x Up), ICy, € Ly(Tp), Cp, > 0, ICy, € Ly(J), Cp, > 0, and
dog > 1 — 1% such that in case k < 1: o > K s.t.

b2 (t, 2, €) = bh (£, %,£)| < Ch, () |z — 2|72, (6.12)
b8 (£, 2, &) — b (F, 2, €)| < Cy, ()|t — |7,
e (82, €) = b (8,2, €)| < Ciy ()] — 2|7 + C|€ = €], (6.13)
|b£§(t,x,§)—b§£(t O < C(lz — x| + 1€ - €&)),

and in case kK > 1: Jo; > k — 1 s.t. (6.12), (6.13),

|th(t,ZL‘,£) - th(ﬂx7£)| < Cb1($)|t - ﬂala
[bre (.2, €) = big(F, 2, )| < Oy ()t — 8|7 + Cl€ — €],
bge (1 ,€) = b (1,7, )| < O(|t =17 + |z — 2|7 + € = €]),
all these inequalities being true for ¢,f € Jy, 2,7 € I'p, &,& € Up; each of the

derivatives of b” occurring above is Carathéodory and essentially bounded on
JO X FD X U();

e) BN € C(JgxT'yxU), bY € Loo(JoxT'y xU; R** 1) is Carathéodory, 3Cy, € L,(I'y),
¢ 1 P
Cp, >0, 3Ch, € Lp(J), Cpy, >0, Jo1 > (1 —1—05)(% — %), doo > 1 — %, s.t.

Y (t,2,¢) — bN(f Ol < Coy (@)t =17 + Co, (B)] — [,

b8 (t,2,¢) = b (,2,C)| < Oy, ()|t =87 + O, ()] — 2|72 + CI¢ — ¢,

t,t e Jo, z,z €N, (,( €U;
(H4) (initial data): ug € Yo; u1 € Y7, if a > % (ui(z) == f(0,z,up(x), Vug(x)), = € Q);
f('a E uU(')v vuO())7g(a E uO(')v VUO()) € XTO'
(H5) (compatibility): (uo(x), Vug(x)) € Uy x Uy, z € Q;
b2 (0, z,uo(x)) =0, x € I'p;
bN(O,x,uo(x),Vuo( ) =0,z €'y;
b?((),:v,uo(az)) + b?(O,x,uo(x))ul(m) =0,zel'p, ifa> %;

X

T

(H6) (ellipticity): a(0,x,uo(x), Vug(x)) € Sym{n}, x € Q; Iy > 0 s.t.
a(0, z,ug(z), Vug(z))o - 0 > colo|?, © € Q, o € R™;

(H7) (normality):
bg(O,x,uo(a:)) #0,z €'p;

bnN(O,x,uo(x),Vuo(:L‘)) -v(x) #0, z eTy.
We have now the following result.

Theorem 6.1.1 Suppose that the assumptions (H1)-(H7) are satisfied. Let ¢ € ZT0 be
as above, and assume that p < p1. Then there exists Ty € (0,Ts] such that for each
T € (0,T3] the following statements hold:
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(i) (6.9) has a unique solution w in Z7;
(ii) for every u € X(p, T, $), (6.11) has a unique solution v = Y(u) in ZT;

(iii) there exist positive constants M and u(T') both not depending on p, with M being
also independent of T and u(T) — 0 as T — 0, such that for all u,v € X(p, T, p)U
{#|s} and K = D, N, the subsequent inequalities are fulfilled:

(Ao — A(w)) : VZulxr < M(u(T) + p)?, (

(Ao — A(u)) : VPu — (Ao — A(v)) : V20l < M(u(T) + p)lu—vlgr, (6.15
[F(u) = Fv)|xr +[G(u) = G)|xr < u(T)u—vlgr, (
(

R (1) = R (0)lyr < M(u(T) + p)lu — v|gr.

Proof. To prove (i) and (ii), we have to consider the linear problem (6.8). Since ¢|;—o =
ug, it follows from (H7) and the compactness of I" that there exist T3 € (0,7%] and
¢ > 0 such that |B}(¢)(t,x)| > c as well as |B3(¢)(t, z) - v(z)| > ¢ for all ¢t € [0, T3] and
x € I'p resp. x € I'y. Hereafter, we suppose that T' € (0,73]. We may then normalize
the boundary conditions in (6.8) by dividing by B}, (¢)(t, x) resp. B (¢)(t,x)-v(x), and
integrate the first equation in (6.8) w.r.t. time. This way we can rewrite (6.8) as a
problem of the form (4.40). One has now to check that Theorem 4.3.1 is applicable to
the reformulations of (6.9) and (6.11).

As to regularity of the data, clearly the initial data ug and u; belong to the right
regularity classes, by assumption (H4). Let us next look at the term which involves the
function g. Suppose u € X(p, T, ¢) U {¢|;}. By (H3b) and (H4), we have

’g('v U, vu)’XT < |g('7 ',U,VU) - g('? '7u07vu0)‘XT + ’g('v ')u07vu0)|XT
< [Cylxr(Ju — uolos + [Vu = Vugles) + [g(-, - w0, Vuo)| xr-

So G(u) € XT, that is, this term lies in the right regularity class. Furthermore, we have
(Ao — A(u)) : V2u € X7, in view of (6.14), which will be shown below. Concerning the
other terms, we refer to Section 6.2, where we shall prove that the regularity assumptions
on f, bP, and bV, together with (H4), ensure that these terms enjoy the regularity
required for the application of Theorem 4.3.1, i.e. that F(u) € X{ and Bk (¢)— B3 (¢)p-+

R%(u) e YL for all u € X(p, T, ¢) U{d|s}, K = D, N. We shall also demonstrate that
this regularity is also preserved under the above normalization on the boundary.

Observe further that the compatibility conditions are satisfied for (6.9) and (6.11).
This follows from (H5), the definition of ¥(p, T, ¢), and from the fact that ¢|t—g = up
and 0y¢pli—o = u; in case a > 1/p. Normality has already been discussed above. Hence,
(i) and (ii) are established for all T € (0, T5].

Turning to (iii), we here only show (6.14), (6.15), and one half of (6.16). The re-
maining estimates, which take more effort to be proved, are subject of Section 6.2. In
the subsequent inequalities, M and p(7') are constants, which may differ from line to
line, but which are such that both do not depend on p, M is independent of T', too, and
w(T)—0asT — 0.

Let u,v € ¥(p, T, ¢) U{¢|s}. By means of (H3a) we get

(Ao — A(w)) : VZulxr < (JA) — A(w)]oo + [A(w) — A(u)]oo)
x (|V2u — VQw\(XT)nz + ]VZw](XT)nz)
< (W(T) + Mp)(p + u(T)),
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which entails (6.14). Correspondingly,

(Ao — A(u)) : V2u — (Ag — A(v)) : V20| xr

< (Ao — A(u)) = (VPu = V20) | x1 + |(A(u) — A(v)) : (V20 = V)| xr
+1(A(w) — A@) : Pl r
(W(T) + Mp)lu — vl g7+ Mplu — vl gz + Mp(T) s — vl v

<
S M((T) + p)lu —v|gr,

showing (6.15). We finally estimate the term |G(u) — G(v)|xr. By virtue of (H3b), we
obtain similarly as above

’9(7 5 U, VU) - 9(7 U, vU)|XT < |CQ|XTM|U - U|ZT < MIU(T)|U - U|ZT“:|

Existence and uniqueness of a local strong solution of (6.1) can now be obtained by
means of Theorem 6.1.1 and the contraction mapping principle.

Theorem 6.1.2 Let Q2 be a bounded domain in R™ with C? boundary T which decom-
poses as I' = T'p UT'y with dist(T'p,T'n) > 0. Let further Uy C R, Uy C R™ be nonempty
open convex sets. Suppose that the assumptions (H1)-(H7) are satisfied. Then there
exists T € (0,Tp] such that (6.1) restricted to J = [0, T] admits a unique solution in ZT .

Proof. Let p < p; and T € (0,73], so that the reference function w € Z7 as well as
v ="(u) € ZT are well-defined for each u € X(p, T, ¢), cf. Theorem 6.1.1. We want
to show that, for sufficiently small 7" and p, T maps X(p, T, ¢) into itself and is strictly
contractive.

To show the first property we have to estimate v — w in the ZT-norm. By definition
of w and v = T (u), we see that v — w satisfies

O (v —w) +dk* Ay : Vi(v —w) = F(u) — F(¢) + dk x (G(u) — G(¢))
+dk * ((Ap — A(u)) : VZu) (

B (9)(v —w) = —Rp(u) (7 % T'p)
BR(6)(v —w) = R} (u) (
(v —w)lt=0 = 0 (

The maximal regularity estimate for problem (6.8) thus yields

v = wlzr < My (|F(u) = F(6) + dk x (G(u) = G(6)) + dk + (Ao — A(w)) : V2u)| 7

+ R @)y + R ()l )

with a constant M; > 0 not depending on T' (v —w € ¢Z*!). Using the estimates from

Theorem 6.1.1, combined with R%(d)) =0, K = D, N, we obtain an inequality of the
form
v —wlzr < M(p+ u(T))>?, (6.18)

where M > 0 is independent of T and p, and p(7T) > 0 vanishes as T — 0. Here we
employ the simple inequality |u — ¢|zr < p+ |¢p — w| 7, the last term of which behaves
like p(7). From (6.18) it is clear that Y is a self-mapping of 3(p, T, ¢), if T and p are
sufficiently small; choose e.g. p so small that 4M p? < p, and diminish 7" until x(7) < p.
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Strict contractivity of T can be established in similar fashion. Let u, u € X(p, T, ¢)
and put v = Y (u) and © = Y(u). Then v — v satisfies

OB —v) +dk * Ay : V2(5 —v) = F(a) — F(u) )+ dk s (Gln) = G(w) (I % )
+dk * (((Ao ( )): Vi)~ (Ao A(u)): V?u)

B (¢)(v —v) = —(Rp (1) — ( ) (J xTp)

B(¢)(0 —v) = —(Ry(a) — R (u)) (J xTy)

(0 =)|t=0= 0 (€),

whence
[0 —vlzr < M (IG(ﬂ) — G(u) + (((Ao—A(1): V1) — (Ao — A(w)) : VZu) | x

+|F(@) = F(w)lxp + IRH(@) = Rp(w)lyg + RY (@) = Ry (w)lyz)
< M(u(T) + p)|a — ul 7z,

by maximal regularity and the estimates from Theorem 6.1.1. Here the constants M
and p(7T') are like those in (6.18). Hence YT becomes a strict contraction, when p and T'
are selected sufficiently small.

The assertion follows now by the contraction mapping principle and the fact that
fixed points of Y correspond to solutions of (6.1) for small time-intervals J = [0,7]. O

Remarks 6.1.1 (i) The statement of Theorem 6.1.2 is also true, if k is of the form
k = k1 + dl * k1, where ky is like k in (H1) and [ € BV,.(Ry) with [(0) = 1(0+) = 0.

(ii) One can further replace k on the right-hand side of (6.1) by an arbitrary kernel
k1 € BVipe(Ry) N KY(1 + g, 67) with k£(0) = 0, a1 > «, 6; < 7, and the theorem still
holds true.

6.2 Nemytskij operators for various function spaces

This paragraph can be regarded as an appendix to Section 6.1. Its purpose is to com-
plete the proof of Theorem 6.1.1. We still have to show certain mapping properties and
Lipschitz estimates for the substitution operators which involve the nonlinear functions
f, bP and bV, cf. the beginning of Section 6.1. The Nemytskij operators under con-
sideration act on the function spaces which arose as natural regularity classes for the
inhomogeneities in the treatment of the linear problem (6.8), and turned out to be the
spaces X7, Y, and Y, see (6.2), (6.3), (6.4) for their definitions. These are anisotropic
Bessel-potential and Sobolev-Slobodeckij spaces in domains, respectively, compact mani-
folds in the euclidean space, which means that the subject of this section is not altogether
trivial.

We remark that in order to get the desired estimates for Yg and Y]\T, , which are spaces
on J x I'p resp. J x I'yy, one considers first the corresponding spaces in domains (w.r.t.
the spatial variable). The results obtained for the latter can then be transferred to Y7
and Y]%’ by means of the standard method of local coordinates. In what is to follow, we
shall focus on the first step. As to the second step, we merely point out that the fact that
Q (in Section 6.1) has a (compact) C? boundary ensures that the smoothness of b” resp.
bYN w.r.t. the spatial variable z is preserved under the local coordinate transformations
studied in Section 4.3, which flatten the boundary.

The reader is further reminded of the embedding Z7 < C(J; C*(Q)), which is valid
in view of the assumption (H2), and which considerably simplifies the investigation of the
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substitution operators to be studied in this section. Note that thanks to this embedding,
we do not require any growth conditions on the nonlinearities.

It should also be remarked that all nonlinearities appearing in the subsequent esti-
mates are tacitly assumed to be Carathéodory functions so that we do not have to be
concerned with measurability questions, cf. Appell and Zabrejko [4, Section 1.4]. Notice
that this corresponds to the regularity assumptions in (H4).

We fix now the notation used in this section. Let J = [0,T] (0 < T < Tp), and
Q be a bounded domain in R" with C! boundary. For p € (1,00) and m € N we
introduce the symbols X™ := L,(J x Q,R™), X" := H}(J;L,(Q,R™)), and X3 :=
Ly(J; Hy(,R™)). Our interest lies in the spaces X{", := Hj(J; Ly(,R™)), (Ylk’s)m =
BSJS(J; L,(©2,R™)), (szs)m = Ly(J; Bg;s(Q,Rm)), WIEI‘G k € {0,1} and s € (0,1).
But we will also deal with the space (C])™ := C"(J;C(2,R™)), where r € [0,1). For
more brevity, we omit the parameter m in all these notations if m = 1, i.e. we write
X = X', X; = X! and so forth. With |z| := Y7, |z]| for z € R™, the following
seminorms will play a part below:

n

[floosm = flrocxarmy,  [flxp =10cflxm,  [flxp =D 10z, flxm,

i=1

oFf(t, oF f(r,z)P 1
[f](ylk,s)m = / / /| ’tx_ 7—‘1+sp( 2l dx drdt)r,

Ao = / //'f - nfspy)‘pdxdydt)é,

812 (t,x) — Oy, f(t,y)|P 1
[f](C{)m — sup B |f(t’;|vt)__7_f|7('7-’ $)| (’I" e (0’ 1))’
t#£TEJ, TESQ

flxp, = ([, / / (e /. - 7+ h) — £, 2)] dn)* S0 St e,

where V(t,0) ={h € R: |h| < o and t+h € J}. The subsequent expressions are norms
in the corresponding spaces:

’ ’ |(Y10’510Y20732)7n = | ) |Xm + [ ]( 0, #1ym + [-](Yo “2ym>

"‘(YIO’SIOY;’SQ)"L = |-|xm+][- ]( 051)m+[ ]X + [ ]( 152y

|-|(Y11,310Y21,32)m = ||Xm+[]X{n+[ ](Yl gl) +[]Xm+[ ](Yl g2)
| xp, = Ll + L xpys

cf. Triebel [78], [79], as well as Runst and Sickel [72].

Throughout this section, let further K be an open convex subset of R™ and b :
IXQAxK — R, (t,x,&) — b(t,x,£). We shall investigate the Nemytskij operator B which
assigns to a function f on J x  with values in K the function Bf(t,x) = b(t, z, f(t,x))
which is real-valued and defined on J x €. In what follows w will be a fixed K-valued
function defined on J x §2, too, which is as smooth as the functions f under consideration,
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and which serves as a reference function in the following sense. For F = Ykl’s:l N YkZ’S2

and given p € (0, pgl, let X = 3(p,w, F) be the set of all K-valued f in Fm such that
f—w € oF™ and |f — w|pm < p. The aim is to show that Bf € F whenever f € ¥ and
that

where C' > 0 is independent of p and T, and 0 < M(T) — 0 as T tends to zero. We
further need the property that Bf € X, if f € X{", N (C?)™ (so € (s,1)), and we
wish to have a Lipschitz estimate of the form

|Bf — Bglx, , < uw(T)(|f — glxm

1,80

+ ’f_g‘oo,m)7 (620)

for all (K-valued) f,g € ¥’ = ¥'(p,w) := {h € X", N (C?)™: (h — w)|t=o = 0 and |h —
w|XTs, + [h — w|eo,m < p}, where again the constant p(T) > 0 vanishes as T — 0.

In both cases we shall only establish the Lipschitz estimate. The corresponding
mapping property of B follows by means of the same techniques; here the proof is
even simpler than for the Lipschitz estimate. When proving Lipschitz estimates we will
restrict ourselves to the seminorms of highest order, that is, e.g., if we are to estimate
Bf — Bg in the Yll’s1 N Y21’82—norm, we shall consider only the seminorms [Bf — Bg]Yll,s1

and [Bf — Bgl,1,s,. Having proved the desired estimate for these terms, it will then be
2

clear how to obtain it for the seminorm terms of lower order, which are much easier to
treat.
We begin now with the spaces

k1, k2, . .
(V7 0¥ %)™ = Byt (J; Ly(Q,R™)) 1 Ly(J; Byt (2, R™)),

k; € {0,1},s; € (0,1),i = 1,2. Here, the cases (ki,k2) = (0,0), (0,1), (1,1) have to
be studied. We assume that in each of these cases, p is large enough such that we
have the embedding Y"*' N Y,"® — C(J;C(Q)), Y NV, — C(J;CHQ)), and
YV N Y, s 07 (J;C(Q)) N C(J; CH(Q)), respectively, with some number 7 in (s1,1).
More precisely, we make the assumption that p > p,(n, k1, s1, k2, s2), where

$+ ? L (k1 ko) = (0,0)
p*(n7 k17817k2732) = 81 82) sﬂ : (kl‘)kQ) = (07 1)
max{si(l n), 1+n}i§;} o (kp, ko) = (1,1).

Roughly speaking, this condition on the exponent p when translated to the situation of
Section 6.1 corresponds to the assumption (H2) therein.

The first lemma is concerned with the case (ki,k2) = (0,0). Here and in the sub-
sequent estimates we denote by u(T') a positive constant depending on 7' such that
w(T) — 0 as T'— 0. Further, M and C denote constants which may differ from line to
line, but which do not depend on T" and p.

Lemma 6.2.1 Let w € (Ylo’s1 N Yzo’sz)m be a fizred K-valued function and p > 0. Let
further 3 be as described above. Suppose that there exist Cyr > 0, r € (s1,1), and
Cy € Ly(Q2) such that

b (t, 2, &) — be(T, 2, m)| < Cur(Cy()[t —7|" + € —nl),
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forallt,7 € J,&n € K, and a.a. © € Q. Then there exists a constant C > 0 not
depending on T and p such that

[b(7 7f) - b( y 79)] OS1 < C<p+ N( ) + ‘65(7 7w)|oo,m)‘f - g|(Y10’Sle20’52)m’ fvg €.
Proof. Let f and g be arbitrary functions in . Put

h(t,7,z) = b(t,z, f(t,x)) — b(t,z, g(t,x)) — b(7, z, f(T,2)) + b(7, x, g(T, x))

for t,7 € J, and a.a. x € Q). Then

|h(t, T, x) 1
[b(.,.af)—b(,,g 051— / / /Q|t7"1+5pd det)p

Letting d)(tv 7',.1‘,9) = bg(t,:t,g(T, :U) + H(f(T, .7)) - 9(7_¢ :U)))7 L, T € J’ T € Q: AS [Oa 1]7 we
write

1 1
h@ﬁﬂﬁZ[;Mﬁtﬁﬂde%ﬂt@—ﬂ@wﬂ—é<ﬂﬂﬂxﬂﬁw-ﬁﬁﬂ0—MﬂxD
1
:[;wuuxﬁww-qumﬂ—fvn»—g@w>+aaz»+
1
-l-/ (p(t,t,x,0) — o(1,7,2,0))dO - (f(1,2) — g(T,x)).
0
With ¥(f, g) := ess sup{|o(t,t,x,0)|: t € J, x € Q, 0§ € [0,1]}, we therefore have
|h’(t77—7 .’L’)‘ S ¢(fag)|f(t>$) - f(’]',l') - g(ta .’L') —|—g(7’,.%')| +
1
+(Cur [ (1 =0)latt.) = glr.a)]+ 011 (t,2) = (o)) o +

+CuiCol@)lt = 71") - | (7.2) = (. )|

< P 9lf(tx) = f(r2) —g(t, ) + g(1,2)| + Curlf = gloo -
([f(t2) = [, 2)[ + [g(t, 2) — g(7, 2)| + Cop(2)|t — 7[7)

for all t,7 € J, and a.a. x € (). On the whole we thus find that

B ) = by < O = gl gy + Crrelf = gloesm (If] g0y +

dr dt 1
Holpon + Gl | [ i h)
= GU9IF = gl yomsym + Crrlf = gloom ([f] oy +

9] 01y + [Col, (@ CT™ 175,
where Cy = 2V/P[(r — s1)p(1 + (r — s1)p)] /.
By definition of X, the Lipschitz estimate for b¢, and in view of the embedding
Ylo,sl A }/20’52 — C(J;C(Q)), we have the inequalities
[f = gloo,m < M|f — g|(Ylovsle20’32)m’ [f](ylo’sl)m + [g](Ylo’Sl)m <2(p+ [w](Ylo’sl)m)7
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¢(f7g)SMp+‘b§('>'7w)|OO,ma f,gGE,
M being independent of T" because (f — g)|t=o = 0. Hence the assertion follows with
1
w(T) = [w) oy, + 7275 O

By repeating the above considerations with the roles of J and {2 being reversed, one
obtains (under the corresponding assumptions, cf. (H4) in Section 6.1) the estimate

[b(a 7f) - b( ’ 79)] 032 < O(p+ M( ) + ‘b§(7 7w)|oo,m)|f - g|(Y10’sle20’s2)m7 fag €.
We come now to exponents greater than 1.

Lemma 6.2.2 Let w € (Y1 1N Y1 P be q fized K -valued function and p > 0. Let
further ¥ be as described above. Suppose be,bie € Loo(J x Q@ x K,R™), bee € Loo(J X
Q x K,R™ ™) and assume that there exist Cpyr, > 0, 1 € (s1,1), and Cp € L, () such
that

’btg(ta .'E,f) - btf(Ta z, 77)’ < CHL(CI)(:E)“ - 7—|T1 + |§ - n|)7

‘bﬁf(t’ IL‘,&) - b&f(T’ €, 77)’ < CHL(|t - 7—|T1 + |£ - 77|)7

forallt,7 € J,&n € K, and a.a. © € Q. Then there exists a constant C > 0 not
depending on T and p such that

[b(>7f) _b( ; ag)] 1é1 < C(p—i_,u( )+ |b§('7'7w)|oo,m)|f_g|(Y11a51mY21152)m> fag €.

Proof. For brevity we set Y = Y11,51 N Y21’52. Remember that we have the embedding
Y < C"(J;C(Q)) for some r € (s1,1). Let now f,g € ¥ be arbitrary functions. Put

hi(t,7,2) = b(t,x, f(t,x)) — b (t,x,g(t,x)) — be(T,x, f(1,2)) + be(T, 2, (T, T)),
ho(t,7,2) = be(t, @, f(t,x)) - fi(t,x) —be(t,x, g(t, x)) - ge(t, x)
—be(T, 2, f(7,2)) - fe(T,2) + be(T, 2, 9(7, %)) - g¢(T, )

for t,7 € J, and a.a. x € 2. Then

(-, £) = b, )]s = ( / / [ Aen Lm0 oy g

‘t_T|1+51p
|hi(t, 7, @) P Ta;)|p i

Concerning 17, we may use the estimates from the proof of Lemma 6.2.1, thereby ob-
taining

1< C((p+ gy 0) oo, m) [ = gl gy + (04 WTDLF = gloo,m )

=< C((po + 1bigloo,m)(T)f = gliepym + M(p + w(T))If = g\ym)
< Clp+uT)If = glym.

The term I is more sophisticated. We employ the identity
aA—bB—cC+dD = (a—b—c+d)D+(—a+b+c)(A-—B—-C+D)+
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+a—c)(A—B)+ (a—b)(A—-C)
to write

ho(t,7,2) = hoi(t,7,2) - ge(7, ) +
+(=be(t, @, f(t, @) + be(t, 2, g(t, 2)) + be(T, z, f(7,2))) - hao(t, 7, @)
+(be(t, z, f(t, ) = be(T, @, f(1, @) - (fi(t, ) — ge(L, 2)) +
+(be(t, @, f(t,2)) = be(t, m,9(t, @))) - (felt,2) — fi(T,2))
= Is(t,7,2) + Lu(t, 7, x) + Is(t, 7, 2) + Ls(t, 7, ),

where
h21(t7 T,LU) = bﬁ(tvxa f(t,l’)) - bﬁ(ta x,g(t,x)) - b§(7—7xa f(T, :B)) + bg(r,x,g(r,x)),

hoao(t, 7, 2) = fe(t,x) — gt(t, ) — fe(T,2) + ge(T, ), t,7 € J, a.a.x € Q.

The summand [3 can be estimated by mimicking the middle part of the proof of Lemma
6.2.1. Letting

h23(t77—7 .’L‘) = f(t’ x) - g(tvx) - f(7—7$) + g(T7 .iL')

and 79 = min{r, 71} we get

|ho1(t,7,2)] <
< Cllhaa(t, 7, 2) [+ |f = gloo,m(If (%) = f(7,2)| + |g(t, @) — g7, 2)| + [t — 7[™))
< C(t =71"[f = gliepym + 1 = gloo,m ([t = 7" ([flicpym + lglcpym) + 1t = 71"))
< C(t =7"[f = glym (L + p + [wlcpym) + [f = glym |t —7|™)
< Clt=7["[f = glym

for all t,7 € J, and a.a. x € ). Thus,
|I3 (t,7,x |p 1

dt
p
S f g ym / / |gt T, T | /0' ‘t — 7—|1+(81*T0)P)d$d7)
< CT™'glxp|f — glym < Cu(T)|f — glym.

B =

Turning to I, we immediately see that

Iy(t, 7, )P 1
([ [ HCn dear g < 2o+ o))l ~ e

t _ 7-|1+S 1p
As for I5, we estimate

(15 (L, 7, )| < [be(t, @, f(t,2)) = be(T, , f(E, 2))|[fe(t, ) = ge(t, ) |+
+ [be(7, @, f(t, x)) = be (T, f (7, 2)[| /i (t, ) — g (2, )]
< ([bigloo,m[t = 7| + |beeloo, m2 [Flicpym [t = T fe(t, ) — gi(t, @)
< Clt = 7["[fit, x) — gi(t, )]
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for all t,7 € J, and a.a. x € Q). Therefore,
|I5 t T, T |p
dz dr dt
/ / /Q [EGEE
Finally,

|16(t77-7$)| < |b§f|oo,m2|f _g|oo,m|ft(ta x)_ft(77$)| < C[f —g]Ym|ft(t, x)_ft(7-7$)|'

for all t,7 € J, and a.a. x € . So we deduce

/ / Mt m o) o gratys < O|f — glym () y1eryn

t _ 7-|1—&-s P

so<p+[ wlyrny)lf = glym < Clo+ u(D)If — glym.

S =

< CT(f = gl

The assertion follows now from
I; (t, 1,z 1
[b('v'mf)_b(uvg 131<11+Z/ / |t_7-|1+8)|pd det)p. [

Under the corresponding assumptions, cf. (H4) in Section 6.1, we can repeat the above
steps with the roles of J and €2 being reversed to obtain the estimate

B, ) = s 9)lyon < Cp+ p(T) + [, 0) oo, m )| = 9y y iy f29 € 5

It is further not difficult to check that the same line of arguments also yields

[b(7 7f) - b( ) 79)] 1 )52 < C<p+:u( )+ ‘b£(, 7w)|00,m)|f - g|(Y107sle21’32)m7 fvg € Ev

in the case (k1,k2) = (0,1). Here, the reader should recall that in the proof of Lemma
6.2.2, we employed the embedding Y;"*' N Y,"* < C7(J;C(Q)) with some r € (s1,1).
In the case (k1,k2) = (0, 1) the situation is more comfortable since, by assumption, we
even have the embedding Y10,31 N Y;’SQ — C(J;CY(Q)).

To conclude, we see that the estimate (6.19) holds true for F' = Y1k1,31 N Y2k2’82. As
already mentioned at the beginning of this section, this result can be transferred to the
spaces Yg and Yﬁ considered in Section 6.1 by means of the well-known method of local
coordinates. If we apply the corresponding result to the function b defined by

b(t,x,6) = b7 (t, 2,6)=b"(t, 2, 6(t, 2)) e (t o, §(t, ) (€~ (t, 2)), t € J, x € Tp, € € Up,
then we get, owing to be(t, z,&) = (t x,&) — (t x,¢(t,x)), an estimate of the form
R () ~ Ry (W)lyg < M(u(T) + pt B2 w) — B2 (. ) ) — vl
for all u,v € X(p,T,¢) U {¢|;}. Since |b€D(-,-,w) — l)?(-7-,d>)|oo — 0as T — 0, the
inequality (6.17) with K = D follows. In the same way one can also show the validity
of (6.17) with K = N.
We turn now to the spaces X{", = Hy(J; L,y(2)), 0 < s < 1.

108



Lemma 6.2.3 Let 0 < s < 59 < 1, p € (0,p0], and w € X", N C(J;C(Q)) be a fived
K -valued function. Let further ¥ be as described above. Suppose that b is as in Lemma
6.2.1 with r € (s,1) and bg € Loo(J x Q x K,R™). Then there exists a constant C > 0

not depending on T and p such that
(s £) =0, 9lx . < CuD)(If = glxp, +1f = gloom); f,9€ X
Proof. Let f, g be arbitrary functions in ¥/. Put
w(t,h,x) =b(t+ h,x, f(t + h,z))=b(t + h,z,g(t + h,x))=b(t,z, f(t,z))+b(t, z, g(t,x))

for t,t +h e J, and z € ). Then

(-, £)=b(, 9)]x,., = // / 25 t0|/m w(t, h,z)| dh)? 2do )2dtdx)%.

Similarly as in the proof of Lemma 6.2.1 we may establish

w(t, b x)[ < [beloo,m | f(E+h,2) = f(t,2) = g(t + h,x) + g(t, =) +
+CuLlf = gloo,m([f(E+ b, x) = f(t, 2)[ + |g(t + h, x) — g(t, 2)| + Cop(2)[h]")

for all t,t 4+ h € J and a.a. x € Q. With

T 1 1 dO’ P 1
0 = / /025/ h|" dh)2 =)z dt)r
Yo Uy 7 W Jy S

< </T</1f"28<1 omdn? 2 sy = 2
B 0 0 ‘V<t70_)| V(t, o) g V2(r—s)’

we thus obtain

[ ) (7 79)}X15 <

SC(f gy, + 11 = gloo,m((Flxpr, + [alxp, +1Col1,()©))

< O(If = glxp, +1f = gloollf = wlxp, + g — wlxp, + [wlxp, +u(T)))
< cu@)(If = glxpr,, +1f = gloo,m((f = wlxp, + 9= wlxp, +1))

< Cu(T)([f = glxp, +1f = gloo,m). O

1,50

Lemma 6.2.3 and the trivial inequality |Bf—Bg|x < Cu(T)|f —g|oo,m yield the estimate
(6.20), which we were aiming at. This completes the proof of the inequality (6.16), since
we have ZL — HISHO‘)M(J; L,(Q))NC(J x Q) and (1+a)/2 > a.

We conclude this paragraph with a result on pointwise multiplication which have been
used several times in the previous sections. In Section 4.2.2 we have already seen that
the space YIO’S1 N YQO’S2 forms a multiplication algebra if the embedding Ylo’s1 N Y20,52 —
C(J;C(Q)) is valid. We will show under the above assumptions on p that this is true
also for Yl}“’s1 N Y;’SQ with k1 = 0,1. As before, we shall only consider the seminorm
terms of highest order.
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Lemma 6.2.4 Let 0 < s1 < r < 1. Then there exists a constant C > 0 not depending
on T such that

Folyaor < Cllflypanlglo + Flolsly s + T flxlsle; + T [fleglolx,
forall f,g € Yll’Sl NC™(J; C(Q)).

Proof. Clearly Yll’sl — X;. Suppose f,g € Yll’Sl NC"(J; Leo(R2)). We estimate

[falyre =
= / / /‘ftg )t @) + (fge)(t, ) — (ftg)(T,:r)—(fgt)(77x)|pdxdet)%
[t — 7|1tsip
t(t, ) — fiulT, t,x 1
= (/ / / - |t—7(-|1+s)1‘1|)g( " dz drdt)r +

/ / / 2 Tx||lg_t7ﬁ)+slpg(7’x)‘)p dz dr dt)7 +
/ / / rte2) nft_tﬁusjt(“”’)p dz dr dt)7 +
/ / / e |t_:|fi)ﬂit(7’x)’)p da dr dt)»
mﬁﬂmm+mqq /mw@w%ftﬁirmmmm;+

+flos 9]y 151—1— / /|gt7$\p/ |T|1i(sl,,))d$d7')
< Uyl + OT ! fxilgler + [fluclalyion + T e lolx,

IN

=

where Cy = [2/(r — 51)p]"/P. O

A corresponding estimate can be obtained for [f g} Lisg 5 SO together with the inequalities

from Section 4.2.2, we see that Ylkl’s1 NY,"% with k1 € {0, 1} is a multiplication algebra
provided the above assumptions on p are fulfilled.

We conclude this section by justifying the normalization step which we carried
through in Section 6.1 for the coefficients on the boundary. Let f, g € Y]:\f and f(t,x) >
0,t € J,x € I'y. By compactness of 'y, we even have f(t,x) > ¢, t € J, x € 'y, for
some positive constant c. Set K = (¢/2,00) and consider the function b : K — R defined
by b(§) = 1/¢. Clearly f is K-valued, b € C*°(K) and b, b’ are bounded. Therefore
1/f € Yif. Since Y is a multiplication algebra, we deduce that g/f € Y[, too. By an
analogous argument, this property can also be proved for the space YDT .
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Rico Zacher: Quasilinear parabolic problems with nonlinear boundary
conditions (Zusammenfassung)

Die vorliegende Arbeit widmet sich dem Studium der L,-Theorie fiir die nachfolgend
beschriebene Klasse von quasilinearen parabolischen Problemen mit nichtlinearen Rand-
bedingungen. Sei 2 C R” ein beschriinktes Gebiet mit C?-Rand I, welcher sich aus zwei
disjunkten abgeschlossenen Mengen I'p und I'y zusammensetzt. Fiir die unbekannte
skalare Funktion v : Ry x £ — R betrachten wir das Problem

O+ dk x (A(u) : V2u) = F(u) +dk *G(u), t>0,z€Q
BD(U):O, t>0,z€el'p
By (u) =0, t>0,zel'y (NP)
u|t:0 = ug, x €.

Dabei sind (dk * w)(t, z) = fg dk(T)w(t —1,2),t >0, x € Q, Ou die partielle Ableitung
von u nach t, Vu = Vu der Gradient von u beziiglich der raumlichen Variablen und
V?2u die zugehorige Hesse-Matrix, d.h. (V2u);; = 02,0z;u, 1,5 € {1,...,n}. Ferner steht
B:C= Z?:szl B;;C;; fiir das Doppelskalarprodukt von zwei Matrizen B, C' € R"*".
Die Substitutionsoperatoren sind gegeben durch

A(u)(t,z) = —a(t,z,u(t,z), Vu(t,z)), t >0, x € Q,
F(u)(t,z) = f(t,z,u(t,x), Vu(t,z)), t > 0, z € §,
G(u)(t,x) = g(t, z,u(t, z), Vu(t,z)), t >0, v € Q,
Bp(u)(t,z) = b2 (t, x, u(t,z)), t >0, z € T'p,
By (u)(t,z) = b (t,z,u(t, z), Vu(t,z)), t >0, z € Iy,

wo a eine R™™-wertige und f, g, b”, bV skalare Funktionen sind. Der skalare Kern
k € BVj,(Ry) mit £(0) = 0 gehort einer gewissen Klasse von Kernen mit Parame-
ter a € [0,1) an, welche, grob gesprochen, alle "reguléren” Kerne enthélt, die sich wie
t* fiir t(> 0) nahe Null verhalten. Der Spezialfall k(t) = 1, ¢ > 0, wo sich die Inte-
grodifferenzialgleichung zu einer partiellen Differenzialgleichung vereinfacht, ist in dieser
Formulierung mit enthalten.

Gleichungen der Form (NP) treten in einer Vielzahl von angewandten Problemen
auf. Wichtige Beispiele sind die nichtlineare Viskoelastizitdat und Warmeleitung in Ma-
terialien mit Gedéachtnis. Obwohl es in der Literatur eine Fiille von Resultaten zu Pro-
blemen der Form (NP) gibt, scheint nur wenig in Bezug auf eine L,-Theorie im Falle der
Integrodifferenzialgleichung mit nichtlinearen Randbedingungen bekannt zu sein.

Unter geeigneten Voraussetzungen an die Nichtlinearitdten und den Anfangswert
wird in der Arbeit nachgewiesen, dass das Problem (NP) eine eindeutige lokale starke
Losung in folgendem Sinn besitzt: Sei n + 2/(1 + @) < p < co. Dann gibt es ein 7' > 0,
so dass im Raum Z7 = H;JFO‘([O,T];LP(Q)) N Ly([0, T} HE(Q)) genau eine Funktion u
existiert, welche (NP) geniigt. Hierbei bezeichnet H;([0,77]; L,(£2)) (s > 0) den vektor-
wertigen Besselpotenzialraum von Funktionen auf [0,7] mit Werten im Lebesgueraum
L,(€2). Die obige Voraussetzung an p ist wesentlich; sie stellt sicher, dass die Einbettung
7T — C(J;CHQ)) gilt.

Die Grundidee des Beweises besteht darin, fiir ein mit (NP) verwandtes lineares
Problem (LP) mit inhomogenen Randdaten optimale Regularitdtsabschidtzungen vom
L,-Typ herzuleiten, welche es erlauben, (NP) als Fixpunktgleichung im Raum ZT zu
schreiben. Existenz und Eindeutigkeit eines Fixpunktes werden dann fiir hinreichend



kleines T" mit Hilfe des Kontraktionsprinzips erhalten. Entscheidend ist bei diesem Zu-
gang, Bedingungen an die Inhomogenitéten, insbesondere die Randdaten, zu finden,
welche die eindeutige Losbarkeit von (LP) im Raum der maximalen Regularitét charak-
terisieren. Diese Bedingungen werden mit Hilfe der Lokalisierungsmethode und Stérungs-
argumenten aus Resultaten zu Ganz- und Halbraumproblemen mit konstanten Koef-
fizienten gewonnen. Letztere folgen aus Satzen iiber abstrakte Probleme, deren Analyse
einen wesentlichen Bestandteil der vorliegenden Arbeit darstellt.

Zwei Klassen von abstrakten Gleichungen werden dabei untersucht: 1. die abstrakte
Volterra-Gleichung

u(t) + (ax Au)(t) = f(t), t=>0,

und 2. Probleme auf einem Streifengebiet J x Ry (J = [0,77]) von der Form

u—a*@iu%—a*Auzf, teJ, y>0, u—a*@iu%—a*Auzf, ted, y>0,
u(t,0) = ¢(t), t € J, —0yu(t,0) + Du(t,0) = ¢(t), t € J,

wobei A ein sektorieller und D ein pseudosektorieller Operator in einem Banachraum
X sind. Fiir jede dieser abstrakten Gleichungen werden Bedingungen an die gegebenen
Daten hergeleitet, die notwendig und hinreichend fiir die eindeutige Losbarkeit des be-
treffenden Problems in einem bestimmten Raum optimaler Regularitat vom L,-Typ
sind. Wesentliche Hilfsmittel sind dabei die Inversion der Faltung, Dore-Venni-Theorie,
reelle Interpolation, und der Multiplikatorensatz von Michlin in der operatorwertigen
Version. Die Resultate verallgemeinern bekannte Satze iiber maximale L,-Regularitat
von abstrakten Evolutionsgleichungen.

Die vorliegende Arbeit beschéftigt sich ferner mit dem vektorwertigen Halbraumpro-
blem

Oyv — da x (Azv + Opv) — (db+ 2da) * (VoVg v+ 0, Vw) = f,

(
yw — da * Agw — (db + 3da) * 8510 — (db+ tda) x 0,V v = f, (Jx R%H)
—da * y0yv —daxyVyw =g, (JxR")
—(db— 2da) xyVg v — (db+ %da) kyYOyw = gy (J x R™)
vl—o=vo (R}
\ wl—o =wo (RY),

welches in der Theorie der Viskoelastizitat eine Rolle spielt. Die unbekannten Funktio-
nen v und w sind R™- bzw. R-wertig, v bezeichnet den Spuroperator bzgl. y = 0. Im
Gegensatz zu den obigen Problemen tauchen hier zwei unabhdingige Kerne auf. Einmal
mehr charakterisieren wir die eindeutige Losbarkeit des Problems in einem bestimmten
Raum maximaler Regularitat vom L,-Typ in Form von Regularitats- und Kompati-
bilitatsbedingungen an die Daten. Dabei verwenden wir die Resultate zu obigen abstrak-
ten Gleichungen und den gemeinsamen H*°-Kalkiil des Operatorenpaares (0, —A;) im
Raum L,(R4 x R™). Die wesentliche Schwierigkeit besteht dabei in der Abschétzung
fiir das Hauptsymbol des Problems: Man muss zeigen, dass es Konstanten ¢ > 0 und
n € (0,7/2) gibt, so dass die Ungleichung

41;(2)4- a(z)
! +2‘ <o t3a) \/a(zw !
a(z)r? ~ |a / 7—2 + 1+ \/(b( )72

gilt, wobei ¥y = {A € C\ {0} : Jarg \| < 8}. Diese entscheidende Abschétzung wird
mittels einer sorgfaltigen funktionentheoretischen Analyse gezeigt.
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