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Abstract

The aim of this work is the complex research of the behavior of a multilayer

structure which has a chiral geometry on the joint of multiphysics in the field

of coupled tasks. In particular, the multiphysics statement of the present work

consists in the consideration of mechanical action, electric response and two-

way interaction between fluid and structure with the reflection both the field

variables distribution in the fluid and the spectrum of variables distribution in

the body. Of course, this task is reasonably sophisticated, that requires to take

into account few assumptions: the isothermal conditions of considered pro-

cesses, the physical linearity of the model and principles of continuum me-

chanics. After that, the obtained results will be generalized to the arrays of

chiral structures by the moving from micro- to macroscale without losing of

generality. The simulation of the shell behavior under some external condi-

tions is the main result of this work. Since environment type influences the

shell behavior the study of different types of rheological models of the en-

vironment is required and the comparison of the appeared complex effects

according to various rheological models, such as the Weissenberg effect, the

thixotropy, etc., should be performed.

The modeling of the above described open issues can significantly influ-

ence the development of nanotechnology in the area of using shell-like helical

structures and their assemblies. Thus, the set of the problems solved in the

present work, allow to construct a complete model of helical nanostructures

and to open new opportunities for their application in practice with develop-

ment of the modern nanotechnologies.
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Zusammenfassung

Das wesentliche Ergebnis der Dissertation ist die Entwicklung eines Analysev-

erfahrens für spirale piezoelektrische Nanofilme und Massive Filme-Kristalle.

In Ergänzung wurde die Simulation ihres Verhaltens betrachtet, insbesondere

mit Berücksichtigung des Einflusses des Umgebungsmediums. Derartige Un-

tersuchungen erfordern die Verwendung von Programmpaketen für die Lö-

sung von Anfangs-Randwertaufgaben bei komplexen konstitutiven Gleichun-

gen, da analytische Lösungen in geschlossener Form kaum zu finden sind. In

der vorliegenden Arbeit werden die Ergebnisse der Untersuchung der Modelle

für Nanostrukturen mit der chiralen Elementen beschrieben.

Das Verhalten des Kristall-Arrays auf einem Substrat ist ebenfalls unter-

sucht worden. In diesem Fall wurde die Bestimmung der funktionellen Eigen-

schaften der allgemeinen Struktur durchgeführt. Für die Abschätzung der

funktionellen Eigenschaften sind die theoretischen Methoden der klassischen

Mechanik und der zusammengesetzten Fraktaltheorie verwendet worden.

Die fraktale Theorie passt für die Untersuchung der Nano-Array-Strukturen,

weil die Agglomerate der Kristalle Eigenschaften einer fraktalen Struktur be-

sitzen können.

Die Ergebnisse dieser Arbeit können für den Entwurf einer Metamaterial-

struktur mit chiralen Eigenschaften und für die Vorhersage der mechanischen

und elektrischen Antwort verwendet werden.
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CHAPTER

1
Introduction and motivation

1.1 Motivation

Currently, the development of nanotechnologies produces a wide range

of nanomaterials, including well-known materials, such as nanoshells and

nanosprings (fullerenes1, single-walled and multi-walled nanotubes, etc.)

with piezoelectric properties [94, 95, 98, 100], Fig. 1.1. One of the most promis-

ing concept for the creation of nanoscale sensors and actuators is the design

of multilayer helical (chiral) nanostructures or similar nanoobjects, which are

based on the technology of layering of materials with different properties on

a solid substrate. Then a separation of the active layer is the result of the ex-

isting stresses in this layer [98]. These helical-like structures have a number of

attractive properties for various applications. For example, the high flexibility,

piezoelectric characteristics, and other principal particularities make these

structures suitable for creation of the nanosensors, nanoswitches, propul-

sion systems and other nanoelectromechanical systems (NEMS)2, see Fig. 1.2

[64, 65, 125].

In addition, semiconductor nanowires and nanorods are used as compo-

nents for nano-scale electronic and photonic device applications [127]. The

nanoneedle arrays can be used as the field emitters because of experiments

on field emission of onedimensional ZnO nanostructures, such as nanowires,

nanorods, nanopins and nanoneedles (Fig. 1.1). The experimental data have

1Fullerenes are the any molecule composed entirely of carbon, in the form of a hollow

sphere, ellipsoid or tube [15].
2Nanoelectromechanical systems (NEMS) are devices integrating electrical and mechan-

ical functionality on the nanoscale [65].
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c)

a) b)

Figure 1.1: Piezoresistive helical nanobelts: a) Nanoelectromechanical sen-

sors; b) Tensile elongation of large range helical nanobelts [64, 65] c) Nanohe-

lixes composed of ZnO [123]

a) c)

Figure 1.2: Examples of investigated nanostructures: a) Ordered nanocrystals

array (by courtesy of S. Grimm); b) Disordered nanocrystals array (by courtesy

of S. Grimm)

attracted considerable interest [49, 127]. Nanostructures arouse attention for

solid-state gas sensors with a great potential for overcoming fundamental lim-

itations due to their ultrahigh surface-to-volume ratio, see [122, 123, 127].

Conducting nanostructures propose the possibility of connecting

molecular-scale constitution in a molecular computer. Scattering of con-

ducting nanowires in different polymers (or another types of medium) are

being investigated for the use as transparent electrodes for flexible flat-screen

displays. Because of their high Young’s moduli and other particular mechan-

ical properties, their use in mechanically enhancing composites is being

investigated [122]. They may be used as tribological additives to improve

friction characteristics and reliability of electronic transducers and actuators.

Because of their high aspect ratio, nanowires are also uniquely suited to

dielectrophoretic manipulation [75].
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During the investigation of such structures one can have a wide range

of complex issues as the different scales, geometric nonlinearity, size effects,

which should be taken into account by the consideration of various types of

nano-objects [15, 28]. One of the basic ways to study the functional prop-

erties of nanostructured materials and the behavior of single nanostructures

is the experimental investigation. The experimental approach can be based,

for example, on the measurement of natural frequencies with the help of the

scanning probe or atomic force microscopy [42, 105]. In this case one can

have the problem of the redistribution of the natural vibration frequencies of

the system "cantilever - surface" between the intrinsic natural frequencies of

the cantilever3 and the surface. This problem is well known in the microme-

chanics [28, 42, 122, 123, 124]. It can be partially solved by the construction

of mathematical and numerical models of the processes under consideration,

because the numerical simulation simplifies the development of nanotech-

nology on the base of various types of designed nanoelements.

The choice of studied nanostructures as a representative element of mod-

ern nanotechnology can be based on the possibilities of inorganic synthe-

sis, big surface area (this is useful for a more effective transfer of active sub-

stances), possibilities of assembly in agglomerates, and huge potential for the

integration in micro- and nanodevices. Of course, the choice of the active ma-

terials, forming the nanostructure is specified by practical applications. The

most attractive properties are the optoelectric, photoelectric, and piezoelec-

tric characteristics [12]. These properties have particular interest by the con-

sideration of some composite structures as metamaterials4. According to the

stated above, in the present work we investigate the piezoelectric shell-like

structures and their assemblies as a metamaterials. Metamaterials are a spe-

cial type of materials which have very perspective applications. Unlike to clas-

sical materials, the physical and mechanical properties of metamaterials are

determined almost by their structure. A special type of metamaterials is the

helical metamaterial which microstructure is based on helical elements, see

e.g. [122]. Although the electric and magnetic properties of helical metama-

terials are of greatest interest, the mechanical design of helical elements plays

an important role in engineering. The application of such shell-like elements

is limited by their durability and reliability. In recent years significant progress

3Cantilever is used as sensor of force interaction in the atomic force microscopy [28].
4Metamaterials are artificial materials engineered to have properties that may not be

found in nature. They are assemblies of multiple individual elements fashioned from con-

ventional microscopic materials. The components are usually arranged in periodic patterns.

Metamaterials gain their properties not from their composition, but from their exactingly-

designed structures [29].
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in synthesis of metamaterials with perspective and unusual functional prop-

erties is observed. In particular, the helical shell structures have found various

applications, for example, in microelectromechanical and nanoelectrome-

chanical systems (MEMS/NEMS), optics and medicine, see [16, 72, 85] among

others.

The complex materials can be synthesized by an insertion in a matrix of

various periodic structures with different geometric shapes, which modify the

functional properties of the composite material. An example of such struc-

tures is a periodic matrix with shells possessing a helical geometry sealed in a

polymer matrix [97, 102]. By the synthesis of such complex structures a vari-

ation of different parameters of the material is possible (e.g. dimensions of

the structure, shape, frequency, etc.). That makes possible to obtain signifi-

cantly different properties of the resulting material and to find various areas

of applications.

Here one can highlight two conjugate branches of research. The first one is

concerned to the investigation of the single structure. The second one is ded-

icated to the determination of the agglomerates of such structures as some

kind of metamaterial structures. The separation of the general investigation

in the two branches is grounded on the necessity to pass from micro (scale

of the devices components) to macro (area of fabricated devices work) view

in the nanotechnology area. This point helps to understand more deeply the

processes in the macromaterial, because the nanocomposite can be in partic-

ular cases be assembled from microelements, for example, helical nanoshells.

However, not only functional properties of the metamaterials are interesting.

The single nanocomponents of the nanocomposite reveal some area of pos-

sible applications, for example, in medicine (whole blood immunoassay, tar-

geted drug delivery [67]), biotechnology [96], gas-sensors [102], etc. Examples

of Bio-MEMS5 applications in medical and health related technologies are the

Lab-On-Chip and MicroTotalAnalysis (biosensor, chemosensor) or embedded

in medical devices, for instance, stents [96].

According to this point, the overlook on the applied aspects of performed

results can be divided into the tasks for singular objects as a helical shell with

the principal goal to study its behavior under some various types of load and

tasks for an array of crystals/fibers on a substrate. The second branch of re-

search is the generalization of the first part and connected with homogeniza-

tion methods for composite structures.

5Microelectromechanical systems (MEMS) is the technology of very small devices; it

merges at the nano-scale into nanoelectromechanical systems (NEMS) and nanotechnology

[62].
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Table 1.1: Example of the investigated structures

Delclos (2008) Signo (2010) Wang (2004)

Helical ribbon ZnO nanowire Carbon Nanotubes

MEMS, NEMS, optron-

ics, medicine, solar

battery

MEMS, NEMS, op-

tronik, gas-sensor,

ultracapacitors

MEMS, NEMS, optron-

ics, gas-sensor, solar

battery

Inorganic synthe-

sis, sol-gel process,

self-organization

Inorganic synthesis,

self-organization

Inorganic synthesis,

self-organization,

stamp-process

Multilayer, semicon-

ductor, piezoelectric,

large surface area

Semiconductor, piezo-

electric, anisotropic

behavior

Semiconductor, piezo-

electric, anisotropic

behavior

The substances, which stand in a nano-modification, have large differ-

ences in mechanical, thermodynamic, magnetic and electric characteristics in

comparison with bulk materials [59]. The unique characteristics of nanoma-

terials (wide band gap, piezoelectric effect) lend them the great potential for

electromechanical devices and pressure sensing applications [61, 96]. As an

example the MEMS gyroscope, which is a cheap way to the packaged similarly

to other integrated circuits and may provide either analog or digital outputs.

In many cases, a single part includes gyroscopic sensors for multiple axes.

Nanomaterials require precise structural and electrical characterization

which is not easy due to their size. In order to use successfully various nanos-

tructures in macro-scale devices, see Table 1.1, one should develop effective

means to integrate nanostructures into a working device [61, 62]. One of the

actual applications of MEMS and NEMS is the application in the micro-scale

energy harvesting including piezoelectric, electrostatic and electromagentic

microharvesters [53]. Nanostructured materials become of a major signif-

icance and the technology of their production and use rapidly grow into a

powerful industry [13, 118]. By the finite element modeling of various types
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of mechanical problems the size-effect can be taken into account by recal-

culation the material properties by using the scaling law proposed in [28]. It

should be noted that obtaining more accuracy by finite element simulation of

the nano-objects properties is possible with the consideration of some range

of physical effects as diffusion of charge carriers in semiconductor layers by

using the appropriate transport equations [97].

1.2 Nanostructures – synthesis and applications

One of the methods of MEMS/NEMS creation is the using of multilayer shells

made from semiconducting and piezoelectric materials, see for example,

[61, 62, 63, 130]. Helical nanoshells can be used as elements of sensors and

actuators [99]. The principal interest is the analysis of multilayer shells in the

case of presence of a piezoelectric layer made from a material with a high elec-

tromechanical coupling coefficient.

As it is described in [22, 94, 97] this thin tape helixes and also some struc-

tures as nanorings, etc. can be synthesized by the epitaxial deposition on the

substrate [103]. By the internal stresses this layer separates from the substrate

and roll in a helix which result in anisotropic properties and a bending mo-

ment in this layer. It is also possible to laminate shells to each other. A re-

sult of such lamination is a multilayer composite with helical shape Fig. 1.3.

According to Fig. 1.3, R is the radius of the rolling cylinder, t is the step of a

spring winding, α is the helix ascent angle, b, a are the width and thickness

A

A

a
b

b

b

n

A− A

y

x

s1

s2

2
π

R

t

α

a) b)

x = s1 cosα+ s2 sinα

y =−s1 sinα+ s2 cosα

polariz
atio

n axis

Figure 1.3: Geometric description of helixes. Cylindrical shell with screw cuts:

a) Helical spring shell; b) Part of the coil (median shell surface)
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of the belt, respectively, Ox y is the system of principal coordinate axes, s1s2

is the system of orthogonal coordinates. The formation of such nanostruc-

tures is a consequence of minimizing of the total energy contributed by spon-

taneous polarization and elasticity [100]. On this moment one can obtained

such structures with a length to a few centimetres and with various functional

properties. After forming of an array of helixes this array can be sealed in a

polymer matrix. The polymer matrix allows to keep the form, size and loca-

tion of helixes in the structure. The principal task of the matrix is the common

work of inclusions, the homogenization of stress distribution and failure pro-

tection, see [99, 100, 101, 102] among others. Also the synthesis of nanobelts

can be based on thermal evaporation of oxide powders under controlled con-

ditions without the presence of a catalyst [123].

Many nanostructures can be obtained from the individual separate objects

such as atoms and molecules by using the processes of self-formation and

self-organization. In the technology of nano-objects there are two approaches

in solids creation: "top-down" and "bottom-up".

"Top-down" is an approach of a cutting nanostructures from the source

material, using lithography 6, also it means an attrition or milling of struc-

tures, that involves the applications more specially in the nanocomposites

and nano-grained bulk materials.

Approach of the "bottom-up" technique is a method, which uses a chem-

ical synthesis and assembly nanoelements of individual atoms or molecules

on the substrate. With the decrease in facilities and equipment to the size of

the order of hundreds of atoms, the assembly method is more promising.

By the "bottom-up" method one can make the following phase classifica-

tion:

• Gas (Vapor) Phase Fabrication, Pyrolysis7, Inert Gas Condensation, etc.

• Liquid Phase Fabrication: Solvothermal Reaction8, Sol-gel9, etc.

6Methods of mass production of integrated circuits, using lithography equipment source

of extreme ultraviolet radiation with a wavelength of 13.5 nm, and the projection optical sys-

tem based on reflective multilayer MoSi mirrors. In this way is expected to achieve miniatur-

ization of integrated circuits 30 nanometers or less [97].
7Pyrolysis is the thermochemical decomposition of organic material at elevated temper-

atures without the participation of oxygen [71].
8Solvothermal reaction is the chemical reaction involving a solvent either in subcritical

or supercritical conditions. Such a solvent can act as a chemical component or a fluid phase

able through its physico-chemical properties to modify the reaction mechanisms [23, 86].
9Sol-gel is the process, which bases on a wet-chemical technique and can be widely used

in the fields of materials science and ceramic engineering. Such methods are used for the

fabrication of materials starting from a colloidal solution (sol) that acts as the precursor for an

integrated network (or gel) of either discrete particles or network polymers [58].
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Nano-objects, which can be formed by bending and folding-exempt bonds

with the substrate of semiconductor strained shells are of particular interest.

This method allows to create a class of semiconductor nanostructures: tubes,

spirals, rings, etc. [101, 102]. This technological approach allows to scale the

elements to molecular size and to overcome the limitations of lithography

[70].

For the formation of three-dimensional structures strained-layer films

(GaAs/InGaAs, GaAs is the outer layer) can be used [101, 102]. In this case

the structure is locally grown on a substrate of gallium arsenide (GaAs) with

a sacrificial layer of aluminum arsenide (AlAs). The structure rises applying

the molecular beam epitaxy method. A thin film (few monolayers) is strained

because the lattice constant of unstrained ternary compound indium gallium

arsenide (InGaAs) layer is greater than that of GaAs (so the growth is obtained

compressed layer InGaAs) and the separation from the substrate creates twists

and eventually leads to collapse of the film. For separation of the bilayer-shell

can be used a selective liquid reagent, which removes the sacrificial layer of

AlAs without affecting other adhesion. One can minimize the obtained tube,

which may consist of dozens of turns. By using monolayers of GaAs/InAs (mis-

match of the lattice constants reaches 7%) one can obtain the semiconducting

nanotubes with a diameter of 1 to 2 nm, which, in contrast to carbon nan-

otubes, can be formed at specific locations on a substrate with a given diam-

eter by lithography. These free two-layer films consists of two atomic layers of

different materials. This structure has a perfect atomic structure of inherent

limitations of a flat film on the substrate surface [94, 97, 101, 102]. The above

example illustrates the method, which is known as Prinz-technology10. This

method is quite flexible and can be applied to many systems and plays the

main role in the formation of three-dimensional helical nanostructures.

For the method presented in the thesis it is necessary to explain some sim-

ulations. By using molecular beam epitaxy (MBE)11 the planar molecular

monolayers grow with the highest atomic precision. Molecular beam epitaxy

monolayer allows to grow monolayers for complex heterostructures, uniform

from size [107]. However, the layers are fixed in the heterostructure and this

limits their practical applications in nanodevices [75, 126].

10Prinz-technology is the method of a forming three-dimensional micro - and nanostruc-

tures based on separation of strained semiconductor films on a substrate and then rolling

them into a spatial object. This technology is named in honor of the scientist working at the

Institute of Semiconductor Physics Victor Ya. Prinz, who proposed this method in 1995 [97].
11MBE is one of several methods of depositing single crystals. It was invented in the late

1960s at Bell Telephone Laboratories by J. R. Arthur and A. Y. Cho [18].
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substrate

active layer 1

active layer 2

sacrificial layer

Figure 1.4: Formation of nanoobjects: molecular beam epitaxy. Precipitation

of evaporated in the molecular source of matter on the crystal substrate

substrate

active layer 1
active layer 2

sacrificial layer

Figure 1.5: Formation of nanoobjects: the crystal lattice of thin layers adapt

to the substrate lattice in the epitaxial growth (pseudomorphic growth condi-

tion)

substrate

sacrificial layer
active layer 1
active layer 2

Figure 1.6: Formation of nanoobjects: removal of the sacrificial layer and fold-

ing itself into a chiral two-layer film structure

For the formation of the nanoobjects according to the methods described

above should be performed the following items:

• Active layers grown on the substrate, Fig. 1.4;

• Thin film (few monolayers) is strained because the crystal lattice con-

stant of the unstrained active layer 2 is greater than the respective value

of the active layer 1 (the growth is obtained in the compressed layer of

the active layer 2), Fig. 1.5;

• Bending of the two-layer film by its separation from the substrate after

the selective removal of the sacrificial layer, Fig. 1.6.
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Another process of nanostructure creation is based on the so-called thermal

evaporation of the oxide powders under controlled conditions without any

catalyst [123].

For the experimental investigation of the nanohelixes, nanosprings of

piezoelectric nanobelts and other structures are usually used microscopy

tools:

• Atomic force microscopy (AFM);

• Scanning electron microscopy (SEM);

• High-resolution transmission electron microscopy (HRTEM);

• Near-field scanning optical microscopy (NSOM).

At present time the great progress in size reducing of the active regions and the

creation of nanostructures is achieved. However, the transition from MEMS

to NEMS is not enough to reduce only the feature size of devices, it is also

necessary to achieve precision in the manufacturing of components.

By the numerical modeling of the various types of the mechanical prob-

lems the size-effect can be taking into account by the recalculation of the ma-

terial properties by using the proposed in [28] scaling law. It should be noted

that obtaining more accuracy by finite element simulation of the nano-objects

properties is possible with the consideration of some range of physical effects

as a diffusion of charge carriers in semiconductor layers by using the appro-

priate transport equations [97].

The fact that a decrease of the size of devices influences many characteris-

tics takes a crucial part in microelectronics devices work. However, the other

parameters of the structure as the wavelength of the electrons, the phase co-

herence length, the mean free path should be taken into account.

In microelectronics devices for switching from one state to another the

current flow of one million electrons is required, at the same time the switch-

ing in NEMS requires only one electron. A new approach is the creation of

quantum devices by using quantum effects, such as resonant tunneling12, the

interference of electron waves, the quantization of conductance, Coulomb

blockade13, spin phenomena, etc. The methods of nanopiezoelectronics are

used for the creation of new electronic components, which combine piezo-

electric and semiconducting properties of materials [12]. For example, in a

one-dimensional piezoelectric transistor, made from the ZnO oxide nanos-

tructure by a small strain one can change the distribution of electric charges

12Resonant tunneling is the penetration of light particles (electrons, protons) in the area,

inaccessible to them [47, 88].
13Coulomb blockade is the increased resistance at small bias voltages of an electronic de-

vice comprising at least one low-capacitance tunnel junction [47].
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for the reason to control the current flow through the transistor [41]. By

change of the current passing, the nanopiezoelectric transistor can detect a

force of few nano- or piconewtons [11, 12].

Nanopiezoelectric mechanisms use the fundamental properties of

nanowires of piezoelectric materials. For instance, the deformations of a

nanostructure create a spatial redistribution of the charge. Relationship be-

tween the deformation of the structure and the spatial redistribution of the

charge is used to create nanogenerators producing precisely defined electri-

cal currents.

1.3 Thesis overview

The principal goal of this work is the complex research of the behavior of

a multilayer structure which has a chiral geometry on the joint of multi-

physics in the field of coupled tasks. In particular, the multiphysics statement

of the present work consists in the consideration of mechanical action, elec-

tric response and two-way interaction between fluid and structure with the

reflection both the field variables distribution in the fluid and the spectrum of

variables distribution in the body. Of course, this task is reasonably sophisti-

cated, see Fig. 1.714 that requires to take into account few assumptions: the

isothermal conditions of considered processes, the physical linearity of the

model and principles of continuum mechanics. After that, the obtained re-

sults can been generalized to the arrays of chiral structures by the moving from

14Notation: FSI denotes the Fluid-Structure Interaction analysis, EV denotes the Eigen-

value analysis, PE denotes the piezoelectric analysis, DPE denotes the direct piezoelectric ef-

fect, IPE denotes the inverse piezoelectric effect, RH denotes the right-hand twist of helixes,

LH denotes the left-hand twist of helixes, Stoch denotes the stochastic packing of the helixes.

Interaction shell
and environment

environment structure

elasticity electricity

IPE

DPEstrength

EV

buckling

nonlinearity

viscosity type of
motion

PE

FSI

Environment
resistance Electric field

Chiral materials

symmetry type

properties

RH LH Stoch

Crystal/fiber arrays

classical
mechanics

fractal
theory

properties

Figure 1.7: Overview on problems discussed in the thesis
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micro- to macroscale without losing of generality. The simulation of the shell

behavior under some external conditions is the main result of this work. Since

environment type influences the shell behavior the study of different types of

rheological models of the environment is required and the comparison of the

appeared complex effects according to various rheological models, such as the

Weissenberg effect, the thixotropy, etc., should be performed, see Section 4.2.

To achieve the goal the following subtasks of research are successfully com-

pleted:

• Construction of a model of chiral one- and multi-layer shells with the

perfect consistency of the tied layers according to the conditions of

nano-size effect and other additional conditions for the modeling of the

real structure, Section 4.1.

• Solution of the complex multiphysics problem, which consists of the

solution of the following subtasks, see Sections 4.2 and 4.3:

– Fluid-Structure Interaction analysis of the elastic-piezoelectric

shell with a special type of the nonlinear environment, see Sec-

tion 4.2;

– Fluid-Structure Interaction analysis of a moving solid shell in a

pseudoplastic fluid with the consideration of appearing particu-

lar effects as the Weissenberg effect, the thixotropy, etc., see Sec-

tion 4.2;

– Analysis of the direct and inverse piezoelectric effects in the case

of static and dynamic problems. This includes the following items,

see Section 4.3:

* Stability loss problem for the geometrically non-linear helical

shell under electrical load;

* Investigation of the size-effect influence.

• Investigation of the particular properties of the nano-structured mate-

rials as composite materials, see Chapter 5:

– Calculation of the averaged functional properties of the nano-

structured composite with taking into account the inclusions’

packing: twisting of the constituent helixes, size of the shells, etc.;

– Propositions of shape and properties optimization by the synthesis

of the nano-structured composite materials, according to the fu-

ture applications in microelectromechanical systems or nanoelec-

tromechanical systems (MEMS/NEMS).

• Construction of a model of chiral nanoshells and of a crystals’ array on

the substrate. Investigation of the appearing waves in the crystal-layer,

comparison of the results with the classical theories, see Chapter 6.
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The results of the presented thesis can be used in predicting of the material

properties of the multilayer structures with complex geometry, prediction and

exhibition of the shell-like structures behavior in order to avoid the expensive

natural experiments and for the reduction of costs for the further application

of shell-like structures objects in MEMS and NEMS.

According to the formulated goal and subtasks the outline of the thesis

consists the following items. Chapter 1 introduces the motivation and rel-

evance of the current study, this determines the described and formulated

above goal and subtasks of the research. This chapter describes the princi-

pal characteristics of nanostructures, the synthesis variants and possible ap-

plications of the models. These questions should be taken into account by

the consideration of investigated structures, because it makes more obvious

the choice of shell materials or types of environment resulting in the special

nanoobjects behavior, shape and geometry of shells, etc. Here the main ideas

and distinctive features of nanostructures, which play an important role in

nanotechnology and current developments in this field, are summarized. In

Chapter 1 are presented the principal definitions of the descriptive adjectives

of the metamaterials and general structured electromagnetic materials.

Assuming the continuum theory applicability to nano-structures we use

the classical postulates and formulas of continuum mechanics. A brief sum-

mary of principal equations and relations, which are used in the thesis, is

given in Chapter 2. The chapter is divided into the consideration of the gov-

erning equations of the piezoelectricity with the closed problem statement of

electroelastic task, Section 2.1, and into the problem statement for the fluid-

structure interaction task, Section 2.2. This classical theory will find a direct

application in all presented investigation tasks.

Chapter 3 presents the computational tools in order to explain the facil-

ities of the solution of the presented tasks. In addition, Chapter 3 states the

principal problems of the simulation and modeling of the studied structures

in connection with CAD and CAE tools and gives a principal overview of the

computational particularities.

The quintessence of the present studies in sense of solved problems starts

from the Chapter 4. Based on ideas introduced in [68, 69] in Section 4.1 the

identification of the eigenvalues of multilayer helical shells are used for the

determination of the particular functional properties of geometrically similar

objects to real nanoobjects. The important task of the influence of the envi-

ronment is discussed in Section 4.2 devoted to the non-linear fluid interacting

with a piezoelectric shell. Section 4.2 presents several rheological models of

the possible environment. The questions are coupled by Fluid-Structure In-
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teraction tools. At first Section 4.3 describes more accurately some questions

about size effect which should be taking into account in view of microshells.

According to this the large influence of the size-effect is shown. In addition,

this section covers the stability loss problem under applied electrical load in

the process of the inverse piezoelectric effect (IPE). The comparison of the

classical theory of the stability loss problem of tape helixes and the buckling

collapse by the IPE is made. Section 4.3 gives explanations concerning the

choice of used materials and nature of the piezoelectric response in their be-

havior.

The Chapters 5 and 6 are the generalization of the results of previous chap-

ters in context with composite nano-structured materials. In particular Chap-

ter 5 is dedicated to both the elastic and the principal electric properties

of a chiral material. In this chapter the consideration of a composite struc-

ture made of a polymer matrix and anisotropic inclusions with taking into

account the piezoelectric and dielectric properties of the designed material

is given. The principal task is the estimation of the functional properties of

nanostructured materials. In Chapter 6 the application of the classical me-

chanics of fiber composites [55, 117] is considered, taking into account the

morphology and electrical properties of nanotubes. For irregular structures

the fractal analysis is applied [10]. After the determination of effective proper-

ties the finite element analysis is performed using the commercial FE-package

ABAQUS/CAEr [21]. As the result of the FEM-simulation results of the modal

analysis and the modeling of the surface wave propagation in multilayered

plates are obtained.

In Chapter 7 the results of the previous chapters are generalized, general

conclusions are given and, in addition, future work in this research field are

briefly discussed.



CHAPTER

2
Basic equations

2.1 Governing equations of elastopiezoelectricity

Piezoelectric materials can get mechanical deformations as a result of an ap-

plied electrical field and vice-versa. The piezoelectric effect is considered as a

transfer between electrical and mechanical energy [83]. In this chapter we dis-

cuss the basic equations which describe the effect of piezoelectricity in solids.

The starting point is the invariant representation of the coupled electrical and

mechanical equations. The constitutive equations are limited by the assump-

tion of physical linearity.

The main assumption is the hypothesis of continuum for the investigation

of the nanoobjects. The approximate description of nanoobjects in the range

∆V <∆V ⋆, Fig. 2.1, requires some additional conditions [83], which in Chap-

ter 5 will be considered.

2.1.1 Material independent equations

Within the assumptions of the classical continuum theory we introduce the

principal equations for the continuum. The continuum is a medium with the

matter, which is continuously distributed and fills the entire region of space

and can be continually sub-divided into infinitesimal elements with proper-

ties being those of the bulk material [115]. The basic differential equations,

describing the properties of the continuous medium, can be obtained from

the integral balances for physical quantities as mass, momentum, and en-

ergy, which characterize this medium. Hereby the balance equations and con-

stitutive axiomatic relations are valid for arbitrary small volume of the body.
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ρ

∆V∆V ⋆

Zone1 Zone2 Zone3

Figure 2.1: Density dependence of volume for different scales: Zone1 is the

scale of the molecular and atomic sizes; Zone2 is the microcontinuum; Zone3

is the classic continuum [83]

According to this the mass density ρ of a volume ∆V with the mass ∆m is de-

fined as:

ρ = lim
∆V →0

∆m

∆V
(2.1)

Equation (2.1) is the principal starting point for the continuum mechan-

ics with a mathematically well-posed mass measure. Considering the

elastopiezoelectric medium as a continuum the following axioms of contin-

uum mechanics hold true [1, 4, 115]:

1. Space-time axiom. The continuum is a subspace of the Euclidean space

[115]. The time is absolute and does not depend on the events.

2. Continuity axiom. The continuum is a material continuum at any time.

This means that the concepts of mass and internal energy of each vol-

ume of the continuous medium are defined at any time point.

3. Axiom of motion. The function, which describes the motion of the con-

tinuum from the reference to the current configuration (mapping func-

tion ξ(·, t )) is a homeomorphism, thus:

• The material points forming a closed curve at any instant will al-

ways form a closed curve at any subsequent time point.

• The material points forming a closed surface at any instant will al-

ways form a closed surface at any subsequent time point and the

matter within the closed surface will always remain within this sur-

face.

4. Forces and energy in the continuum mechanics [80]:
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a) b)

dm

dm

df

df

Figure 2.2: Arbitrary loaded body by external forces: a) Visualization of the

cutting principle; b) Distribution of the resulting forces df and moments dm

on the surface element by the cutting principle [1]

a) Mass forces are forces originating from sources outside of the body

that act on the volume (or mass) of the body.

b) Surface forces or contact forces can act either on the bounding sur-

face as a result of mechanical contact or on imaginary internal sur-

faces that bound parts of the body as a result of the mechanical

interaction between the parts of the body to either side of the sur-

face (Euler-Cauchy’s stress principle1).

c) Flux across the surface is the rate of energy flow across a unit area

(e.g. heat) with the surface density as the magnitude.

5. Balances. For any representative volume of a continuum medium the

following balances hold true [1]:

a) Balance of mass,

b) Balance of momentum,

c) Balance of angular momentum,

d) Balance of energy, and

e) Balance entropy.

The principal task of the description of the body motion and deformation is

the investigation of the transfer of all material points of a body in the space

[83]. The region corresponding to the current configuration at time t is labeled

with the help of the mapping function ξ(·, t ). For this function it is necessary

to apply the additional contingencies [74]:

• continuity over time (the body cannot be deformed instantly and at

the same time point cannot exist more than one different deformations

1The action of one part of the body on the other is equivalent to the system of distributed

forces and couples on the surface dividing the body, see Fig. 2.2 [1, 111, 115]. The influence of

distributed couples will be ignored in this thesis.
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state of continuum),

• existence of an inverse function (physically: the particle of the contin-

uum cannot intersect itself),

• twice continuously differentiable or smooth of mapping function (phys-

ically: existence of the second continuous derivative for construction of

differential equations describing the motion of continuum with contin-

uous functions of velocity and acceleration of body).

Two approaches of the description of the body motion are well known [115]:

• Eulerian description

The spatial description or Eulerian description of motion in terms of the

spatial coordinates, i.e. the current configuration is taken as the refer-

ence configuration, [80]. Characteristics of the medium are considered

at, fixed points in the space. The motion of a continuum using the Eule-

rian description is expressed as:

X =ξξξ−1(x, t )

• Lagrangian description

According to the Lagrangian description of the position and physical

properties of the particles are described in terms of the material or refer-

ence coordinates and time [80]. In this case the reference configuration

is the configuration at initial point time t0. In the Lagrangian description

the motion of a continuum body is expressed by the mapping function:

x =ξξξ(X, t )

In particular, the axiom of motion allows to identify the particle of a con-

tinuum according to the reference configuration at the moment t0 by

the coordinates of the particle (X1, X2, X3).

Consider some field function F (X1, X2, X3, t ), which characterizes some state

of the continuum in the particle with coordinates X1, X2, X3. Consider the

time derivative of the field function as it follows:

DF

Dt
=

∂F

∂t
+
∂F

∂X
·
∂X

∂t
= Ft +v ·∇∇∇X F (2.2)

The differential operator (2.2) called the total derivative.

For the simplicity of the representation of the classical elasticity theory one

can assume that the origin of coordinate systems for the reference configura-

tion X and for the current x are equal. Then the displacement vector of the

body motion u is defined as:

u = x−X (2.3)



19

This vector joints two points of a particle motion of the continuum in the ref-

erence configuration X and deformed configuration x.

After the definition of the displacement vector the deformation gradient

tensors can be introduced as it follows

F =∇∇∇X x

H =∇∇∇x X

J = detF > 0, ∀t

(2.4)

where∇∇∇X and∇∇∇x are the Hamilton operator in the reference and current con-

figuration. In Eq. (2.4) F and H called the material and spatial deformation

gradient tensor, respectively. Kinematic relations and constitutive equations

are necessary to complete the system of governing equations. Thus consider-

ing the deformation gradient tensors (2.4) the material displacement gradient

tensor follows:

∇∇∇X u = F− I (2.5)

where the I is the second order unit tensor. The strain tensor in the case of

finite deformations with respect to the material displacement gradient tensor

(2.5) can be presented as [80, 79]:

ε=
1

2

(

∇∇∇X u+∇∇∇X uT
+∇∇∇X u ·∇∇∇X uT

)

(2.6)

This strain tensor (2.6) is called Lagrangian finite strain tensor, Green-

Lagrangian strain tensor or Green–St. Venant strain tensor [111, 115].

In many cases it is sufficient to describe the behavior of the continuum as-

suming small deformations. For infinitesimal deformations of the continuum,

in which both the displacements and the displacement gradient are small, i.e.,

‖u‖≪ 1 and ‖∇∇∇X u‖≪ 1, it is possible to perform a geometric linearization of

the Lagrangian finite strain tensor.

ε=
1

2

(

∇∇∇X u+∇∇∇X uT
)

(2.7)

Regarding of continuity of motion by the smoothness of the mapping func-

tion ξ(·, t ) the mass conservation law takes the form:

∫

V

(

dρ

dt
+ρ∇∇∇X ·v

)

dV = 0 (2.8)

Under the arbitrariness of the volume one can rewrite (2.8) as:

dρ

dt
+ρ∇∇∇X ·v = 0 (2.9)
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where v =
∂ξ(X , t )

∂t
is the velocity of the particle, t is the time.

Let us consider a medium under action of distributed forces. The forces

act to the surface of the body and/or to the interior of the medium. This de-

composition into surface and body forces is necessary to put some tensor into

operation, which describes the stresses in the body.

After deformation the material particles occupy the surface element de-

fined by ndA, where dA is the area and n is the normal in the current config-

uration. Suppose that a force df acts on the surface element (in the current

configuration). Then by definition of the Cauchy stress [1]:

df =σσσ ·ndA,

s =
df

dA
, ⇒ s =σσσ ·n

(2.10)

where s is the Cauchy traction vector. The set of the components of the stress

tensor forms the second-order tensor σσσ, which takes the following matrix

form:

σ=







σ11 σ12 σ13

σ21 σ22 σ23

σ31 σ32 σ33







where σ11, σ22, and σ33 are normal stresses and σ12, σ13, σ21, σ23, σ31, σ32

are shear stresses. The main consequence of the conservation of angular

momentum law is the symmetry of the stress tensor: σ = σT. Applying the

symmetry of the stress tensor in the Voigt notation2 the representation of the

Cauchy stress tensor can be given as a six-dimensional vector with the com-

ponents:

[

σ11, σ22, σ33, σ23, σ13, σ12

]T
=

[

σ1, σ2, σ3, σ4, σ5, σ6

]T

Then the strain tensor can take the form [119]:

[

ε11, ε22, ε33, 2ε23, 2ε13, 2ε12

]T
=

[

ε1, ε2, ε3, ε4, ε5, ε6

]T

The definition of the stress tensor completely determines the stress state and

makes it possible to obtain the stress for every part of body.

After brief introduction of the stress and strain tensors and the definition

of the surface and body forces one can consider the equation of body motion

[115]:

∇∇∇x ·σ+ρfm = ρ
d2u

dt 2
(2.11)

2The notation is named after physicist Woldemar Voigt and presented, for example, in

[119].
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Equation (2.11) describes the case of small deformations taking into account

the strain tensor (2.7), where σ is the Cauchy stress tensor, ρ is the density of

the continuum in the current configuration, fm is the vector of the mass den-

sity of the body forces acting on the continuum (the force per unit mass). This

equation describes the momentum transport of any continuum and in par-

ticular cases also determines the motion of ideal fluid (Euler model of fluid)

and viscous fluid (Navier–Stokes equations), which will be considered in Sec-

tion 2.2.

In the case of finite deformations or by the consideration the large strain

theory it is necessary to consider the Piola-Kirchhoff stress tensors, expressing

the stresses relative to the forces in the reference configuration to areas in the

reference configuration. The force in the reference configuration is obtained

via a mapping that preserves the relative relationship between the force direc-

tion and the outer normal in the current configuration.

Than one can consider the following form of equation of motion:

∇∇∇X · [σPI ·F]+ρ0fm = ρ0
d2u

dt 2
(2.12)

It should be noted that in Eq. (2.12) the Hamilton operator ∇∇∇X and density ρ0

are refer to the the reference configuration, and the 1st Piola–Kirchhoff stress

tensor σPI , relates forces in the current configuration with areas in the refer-

ence configuration. The relation between the Cauchy and 1st Piola-Kirchhoff

stress tensors with taking into account the deformation gradient tensor (2.4)

takes the form:

σσσPI = [detF]σσσ ·F−T (2.13)

The 1st Piola-Kirchhoff stress tensor is not symmetric: σσσPI 6=σσσT
PI

.

Using the definition of the 2nd Piola-Kirchhoff stress tensor PII the equa-

tion of continuum motion can be written as [115]:

∇∇∇X · [σPII ·F] = ρ0
d2u

dt 2
−ρ0fm (2.14)

It should be noted that the relation between the Cauchy and 2nd Piola-

Kirchhoff stress tensor with taking into account deformation gradient tensor

(2.4) takes the form:

σσσPII = [detF]F−1 ·σσσ ·F−T (2.15)

The 2nd Piola-Kirchhoff stress tensor tensor is symmetric: σσσPII =σσσT
PII

. It should

be noted that for infinitesimal deformations or rotations, the Cauchy and the
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Piola–Kirchhoff tensors are identical because the Lagrangian and Euler the de-

formation tensors are identical3.

For the system of material independent equations for piezoelectric con-

tinuum one should add the equations, which describe the electric fields and

its relation with the electric charges and currents in the continuum mediums,

thus [83]:

∇∇∇·D = q (2.16)

E =−∇∇∇ϕ (2.17)

where E is the electric field vector, ϕ is the electric potential, D is the electric

displacement vector and q is the electric charge.

It should be noted that the influence of magnetic components is ignored

because this physical response is not significant of the presented in the thesis

problems. In addition, the absence of the magnetic components in the gov-

erning equations allows to simplify the piezoelectric problem statement [66].

2.1.2 Constitutive equations

In order to describe the transport of such quantities as mass, energy, mo-

mentum, electric charges, etc., characterizing the continuum it is necessary

to specify the relations of the material response. In the general case assuming

linear-elastic material properties the stresses and strains are described using

the second-order tensor. The well-known generalized Hooke’s law connects

these tensors and in the case of physical linearity one gets a tensorial linear

equation introducing one elastic tensor of fourth order C:

σ=
(4) C · ·ε

For the piezoelectric body a similar law describing the electric response of

the material is necessary. The piezoelectricity combines effects of the electric

and the elastic behavior of the material. The electric charge density displace-

ment D is defined by the electric field E and the second-order tensor of the

dielectric constants d:

D = d ·E

The mechanical response in a piezoelectric material is not only a result of the

mechanical deformations, but also of the applied electric field. The constitu-

tive equation for the stresses takes the following form:

σσσ=(4) C · ·εεε−(3)eT ·E (2.18)
3From now we use the standardized form of the Hamiltonian operator as a result con-

sideration, in general, the case of the small deformations and identity of the Lagrangian and

Euler deformation tensors, unless the opposite is stated.
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At the same time the electric response in the material is the reason for both the

electric field and the mechanical deformations. This means that the relation

for the electric displacement field should contain also a mechanical part and

a relation for the electric charge density displacement:

D =εεε · ·(3)e−d ·E (2.19)

The introduced third-order tensor of the piezoelectric parameters (3)e de-

scribes the piezoelectric properties of the material.

The general notation of the piezoelectric tensor in the matrix representa-

tion can given as it follows:

[e] =







e11 e12 e13 e14 e15 e16

e21 e22 e23 e24 e25 e26

e31 e32 e33 e34 e35 e36






, [e]T

=





















e11 e12 e13

e21 e22 e23

e31 e32 e33

e41 e42 e43

e51 e52 e53

e61 e62 e63





















(2.20)

For real materials we assume some kind of symmetry with respect to the ma-

terial behavior. Then only a few components in the representation (2.20) are

nonzero [119]. One example is the case of the orthorhombic symmetry mm2.

In this case one can present the piezoelectric tensor considering the [100]-

orientation as it follows (· denotes zero values):

[e] =







e11 e12 e13 · · ·

· · · e24 · ·

· · · · e35 ·






, [e]T

=





















e11 · ·

e21 · ·

e31 · ·

· e42 ·

· · e53

· · ·





















(2.21)

Explaining the physical meaning of the parameters, which is necessary for the

correct description of the metamaterial behavior. The physical meaning of the

piezoelectric constants according to the matrix representation of the tensors

considering the [100]-material orientation is the following one [119]:

• The modulus e11 is the induced polarization of the material in direction

1 per unit stress applied in direction 1 (directions 1-2-3 form a orthog-

onal triad in the space). The inverse piezoelectric effect induces strains

in direction 1 per unit electric field applied in the direction 1.

• The modulus e21 is the induced polarization of the material in direction

1 per unit stress applied in direction 2. The inverse piezoelectric effect
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induces strains in direction 2 per unit electric field applied in the direc-

tion 1.

• The modulus e31 is the induced polarization of the material in direction

1 per unit stress applied in direction 3. The inverse piezoelectric effect

induces strains in direction 3 per unit electric field applied in the direc-

tion 1.

• The modulus e42 is the induced polarization of the material in direction

2 per unit shear stress applied in the 12-plane. The inverse piezoelectric

effect induces shear strain in the 12-plane per unit electric field applied

in the direction 2.

• The modulus e53 is the induced polarization of the material in direction

3 per unit shear stress applied in the 13-plane. The inverse piezoelectric

effect induces shear strain in the 13-plane per unit electric field applied

in the direction 3.

Considering the permittivity one can get the following representation of the

dielectric matrix [119]:

[d] =







d11 d12 d13

d21 d22 d23

d31 d32 d33






(2.22)

For the [100] orientation this tensor in a matrix notation can be simplified:

[d] =







d11 · ·

· d22 ·

· · d33






(2.23)

where d11 is the permittivity for a dielectric displacement in the direction 1

and electric field in the direction 1 under constant stress, d22 is the permit-

tivity for a dielectric displacement in the direction 2 and electric field in the

direction 2 under constant stress, d33 is the permittivity for a dielectric dis-

placement in the direction 3 and electric field in the direction 3 under con-

stant stress, · denotes zero values.

2.1.3 Boundary and initial conditions

The relation for the strain (2.7) and the electric field (2.17), the equation of mo-

tion (2.11), the quasielectrostatic equation (2.16), the constitutive equations

(2.18) and (2.19) form the system, which describes the mathematical model

of the piezoelectric continuum under consideration. For the solution of this

system it is necessary to prescribe boundary conditions and, in addition, in

the case of non-stationary problems initial conditions.
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At first we suppose a decomposition of the boundary Γ into parts:

Γ= Γu ∪Γσ and Γ= Γ
1
ϕ∪Γ

2
ϕ∪Γq (2.24)

On the boundary Γu the displacement vector u is defined:

u|Γu = u1 (2.25)

The condition (2.25) is usually called essential boundary condition or first-

kind boundary conditions and defines the Dirichlet problem for the boundary

value problem [115]. The natural boundary condition, which describes the

action of the mechanical stress vector p on the boundary Γσ with the external

normal vector n to this boundary can be presented as follows:

n ·σ|Γσ = p (2.26)

The condition (2.26) is called second-kind boundary condition and defines

the Neumann boundary value problem [111].

For the formulation of the electric boundary conditions we assume that

Γϕ = Γ
1
ϕ ∪Γ

2
ϕ is covered by infinitesimal electrodes, for example, the anode

and the cathode are placed on Γ
1
ϕ and Γ

2
ϕ, respectively

ϕ|
Γ

1
ϕ
=ϕ1,

ϕ|
Γ

2
ϕ
=ϕ2

(2.27)

Then conditions (2.27) are similar to the first-kind boundary condition. The

gradient of the electric potential between Γ
1
ϕ and Γ

2
ϕ is the reason for the me-

chanical response of interior forces as the result of the inverse piezoelectric

effect [83]. The Neumann boundary value problem contains the condition on

the area Γq:

−n ·D|Γq = q (2.28)

where q is the surface electric charge [83].

Other possible statements for the piezoelectricity tasks are reported in Ta-

ble 2.1 [66, 89]. Here S denotes the compliance matrix, g, ηηη and h are repre-

sentations of the piezoelectric tensors,βββ is the representation of the dielectric

tensor. The relationship between the electric properties of a piezoelectric ma-

terial can be presented in the following form [89]:

e = C · ·g, g =εεε · ·h, h = S · ·ηηη, βββ= d−1

In the case of non-stationary problems initial conditions should be pre-

scribed:

u|t=0 = u0 (2.29)
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Table 2.1: Constitutive equations and boundary conditions for various repre-

sentations of the electro-elastic problem [89]

Problem Constitutive equations Boundary conditions

[u−ϕ] σσσ=(4) C · ·εεε−eT ·E, D =εεε · ·e−d ·E u|Γu = u0, ϕ|Γϕ =ϕ0

[σ−D] ε= S · ·σ+gT ·D, E =−g · ·σ+βT ·D, n ·σ|Γσ = p, −n ·D|Γq = q

[σ−ϕ] ε= S · ·σ+ηT ·E, D =η · ·σ+dT ·E, u|Γu = u0, −n ·D|Γq = q

[u−D] σ= C · ·ε−hT ·D, E =−h · ·ε+β ·D, u|Γu = u0, ϕ|Γϕ =ϕ0

u̇|t=0 = v0 (2.30)

where u0 is the initial displacement of the continuum medium and v0 is the

initial velocity of the points of the continuum. The relations (2.7)–(2.19),

the boundary conditions (2.25)–(2.28) and the initial conditions (2.29)–(2.30)

form the classical initial-boundary problem for the linear elastopiezoelectric-

ity [66].

2.2 Fluid mechanics

Fluid mechanics is a part of continuum mechanics studying the behavior of

liquids and gases [74]. Fluid mechanics is divided into fluid statics, fluid

kinematics, and fluid dynamics. Usually fluid mechanics is mathematically

complex. A lot of applied problems cannot to be solved in analytically [67].

The fluid-structure interaction is a typical example. Here a movable or de-

formable structure with an internal or surrounding fluid flow is considered.

For the solution of this complex problems only numerical methods, for exam-

ple the finite volume method, can be applied. Another topic of research is the

proper specification of the fluid properties, described by rheological models

and material characteristics [51, 114]. Below we discuss some applied prob-

lems, based on some simplified assumptions about the fluid behavior (e.g.

ideal fluid or Newtonian fluid, etc.) [7, 114]. This requires deep and well-

founded analysis of the problems of the fluid mechanics.

2.2.1 Basics and classical models of fluids

As mentioned above the principal equations for the mathematical model of

a fluid can be deduced from the general equations of continuum mechanics.

A fluid is a continuum with special flow properties like viscosity, density, etc.
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Fluids can be divided into two classes: compressible and incompressible flu-

ids. One can consider ideal and real fluids. The model of an ideal fluid is

based on the assumption that the friction between the particles, the viscosity

and the heat conduction can be ignored. As a consequence, it does not oppose

the tangential shear forces. A perfect or ideal fluid is completely incompress-

ible. The closed system of equations for the incompressible ideal fluid takes

the following form [74]:

ρf
∂v

∂t
=−∇∇∇p+ f (2.31)

∂ρf

∂t
= 0 (2.32)

∇∇∇·v = 0 (2.33)

where ρf is the density of the fluid, v is the velocity of the fluid, f is the vector

field of mass forces and p is the fluid pressure. Equation (2.31) is the Euler

equation of the ideal fluid motion and Eq. (2.32) denotes the constancy of

density of the fluid continuum. As a consequence from the general form of

the continuity equation
∂ρf

∂t
+∇∇∇·ρv = 0,

hereafter we consider the fluid incompressibility by Eq. (2.33). The system of

equations (2.31)–(2.33) allows to describe the ideal fluid motion (Euler model

of the fluid motion).

Let us consider a fluid with a linear relationship between the shear stresses

and velocity gradient. Such a continuum is called Newtonian fluid [50]. In

contrast to the Euler model of the fluid motion (2.31)–(2.33) we assume the

Navier–Stokes equation [7] for the description of the Newtonian fluid motion:

ρf

[

∂v

∂t
+ (v ·∇∇∇)v

]

=−∇∇∇p+µ∇∇∇· (∇∇∇v)+ f (2.34)

where µ is the non-zero viscosity. In addition, we assume the incompressibil-

ity condition (2.33).

The next extension of the fluid model is the consideration of the non-linear

dependence between the shear stresses and the velocity gradient. This viscous

fluid called non-linear or non-Newtonian fluid [7, 74]. Thus, the equation of

motion for a non-Newtonian fluids is given as follows [7]:

ρf

[

∂v

∂t
+ (v ·∇∇∇)v

]

=−∇∇∇p+µ∇∇∇· (∇∇∇v)+∇∇∇µ ·∇∇∇v+ f (2.35)

Equation (2.35) is the extended Navier-Stokes equation (2.34). The non-

classical term∇∇∇µ·∇∇∇v in (2.35) is related to the non-linear behavior of the fluid.
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a) b)

c) d)

Figure 2.3: Types of laminar flow displacement: a) Elementary shear; b) Cir-

cular motion; c) Telescopic (translational) motion; d) Torsion [74]

For investigation of the fluid-structure interactions is important the type of

the fluid motion because this defines additional conditions for the study. Ac-

cording to the rheology the fluid can reflect unusual effects, see the problem

in Section 4.2. One can notice the types of fluid motion, which are depicted in

Fig. 2.3 [7].

2.2.2 Rheological models for a viscous incompressible fluid

Various real media behave different under equal external conditions. This

means that the described above equations are not enough for representing

the motion of the continuum. The construction of the closed system, which

describes the mathematical model of motion of some medium, is required. In

particular, the rheological behavior of the continuum should be defined. This

part is related to the rheology.

It is necessary to consider the various types of fluids according to their rhe-

ological behavior. For fluids in a shear flow the dependency of the shear stress

on the shear strain rate is depicted in Fig. 2.4 a), while the viscosity depends

on the shear strain rate as in Fig. 2.4 b). Here τ is the shear stress, γ̇ is the

shear strain rate, µ0 and µ∞ are the infimum and supremum of the viscosity

µ, respectively.

The most commonly used types of generalized non–Newtonian fluids are

[114]:
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a) b)

Figure 2.4: Constitutive behavior of various types of non-linear viscous fluids:

a) Shear stress vs. shear strain rate; b) Viscosity vs. shear strain rate [114]

• Power-law fluid:

µ= k‖J‖
n−1

2 (2.36)

• Carreau fluid:

µ=µ0(1+ (λγ̇)2)
n−1

2 (2.37)

• Cross fluid:

µ=
µ0

1+

(

µ0γ̇

τ̆

)1−n
(2.38)

Hereafter J = 1
2

(∇∇∇v+∇∇∇vT) is the tensor of the velocity gradient of the fluid flow,

‖J‖ =
√

tr(J · JT) is the norm of J, v is the velocity vector of the fluid, k is the con-

sistency index, which describes the saturation degree of the non-linear fluid,

λ is the time constant, τ̌ is the natural time (i.e., the inverse of the shear rate

at which the fluid changes from Newtonian to power-law behavior). The pa-

rameter n characterizes the non-Newtonian behavior of the fluid. The specific

properties of rheological laws are presented by (2.36)-(2.38). According to the

power law (2.36) the constitutive equation of the Newtonian fluid is obtained

as a special case when n = 1. The pseudoplastic fluid behavior corresponds to

n < 1, dilatant behavior to n > 1, see [7, 50]. At low shear rate

γ̇≪
1

λ

or

γ̇≪
1

µ0τ̌

the Carreau fluid and the Cross fluid (2.37) and (2.38), respectively, behave as

a Newtonian fluid. For proving this fact it is enough to tend the terms with

the shear rate to zero and one can have a constant value of the viscosity. This
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corresponds to the definition of the Newtonian fluid. In general, the Carreau

law (2.37) and Cross law (2.38) with the increase of the shear rate can became

to the power law (2.36). In the Eqs. (2.37) and (2.38) µ0 denotes the accessi-

ble value of the viscosity at zero shear rate and can be considered as an entry

parameter for the description of the fluid behavior. This is the principal dif-

ference with the generalized power law, because in the general case the power

law can describe the constitutive fluid behavior with the viscosity as a func-

tion, which asymptotically tends to limit values (infimum and supremum of

the viscosity function as function from shear strain rate), Fig. 2.4. For the

general description and accurate modeling of the particular behavior of vari-

ous suspensions it is necessary to take into account the possible limits of the

viscosity function with possible values of the shear strain rate. According to

this, in the present work will be used the power law for the description of non-

linear behavior of the studied fluid.

For the description of the rheology of the generalized Newtonian fluid in

the three-dimensional case will be used the following model:

σσσf =−pI+2µ(J)J, (2.39)

where the viscosity µ is given by the power law in form of Eq. (2.36), σσσf is

the stress tensor of the fluid, p is the fluid pressure, I is the unit tensor. The

first term in the Eq. (2.39) defines the hydrostatic pressure without taking into

account the motion of the fluid. It should be noted that the part of the stress

tensor 2µ(J)J shows the influence of viscosity function on the resulting stress

state.

Initial conditions for the fluid motion can be determined similar to the

case of continuum motion:

u f |t=0 = uf0 (2.40)

u̇ f |t=0 = vf0 (2.41)

where uf0 is the initial displacement of the fluid particle and v0 is the initial

velocity of the flow.

2.2.3 Fluid-structure interaction model

Many physical problems require the solution of the interaction problem be-

tween fluids and elastic deformable bodies. The problem of a piezoelectric

body - fluid combination is more complicated because this requires the con-

sideration of the influence of the environment. The coupling is reflected by
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Figure 2.5: Constraining aerodynamic force [74]

the boundary conditions on the fluid-body interface. In Section 2.1 the rela-

tions (2.7)–(2.19) and respective boundary conditions (2.25)–(2.28) are consid-

ered. We add to this system of equations the relations (2.33), (2.35) and (2.39),

which describe the fluid behavior.

However, the mathematical model of the fluid-structure interaction,

which is presented by the coupled system of equations, should be supple-

mented by the boundary conditions on the body-fluid interface and condi-

tions at infinity of the fluid domain. First of all we consider the constraining

aerodynamic force FCAF, which influences the motion of the structure in the

fluid. In general, this vector can be decomposed into three independent vec-

tors (2.42), see Fig. 2.5:

FCAF = fn + fτ+ fL (2.42)

where fn = fn(vr ) is the vector of the frontal force, fτ = fτ(vr ) is the vector of the

tangential force, fL = fL(vr ) is the vector of the lift force, vr = v−u̇ is the relative

velocity, v and u̇ are the velocity of the fluid and the body, respectively.

For the fluid it is necessary to accept the following boundary conditions:

vn|Γ∞ = 0 (2.43)

vτττ|Γ∞ = 0, or vτττ|Γ∞ = vwall (2.44)

(v,n)|Γin
= vn (2.45)















∇∇∇(v,n)|Γout = 0, (v,n) ≤ 0

(v,τττ)|Γout = vτττ, (v,n) > 0

p|Γout = 0

(2.46)

The relations (2.43)–(2.46) describe the flow behavior. The boundary con-

ditions (2.43)–(2.44) describe the standard boundary conditions as “wall”-
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condition [110] with a deceleration of the fluid particle near the abstract bor-

der by the definition of the tangential component vτ and zeroing of the normal

component vn of the velocity vector of the flow. The condition (2.45) describes

the inlet of the fluid particles with the vn > 0 (“inlet”) in the abstract fluid area.

Relations (2.46) present the free outlet of the flow from fluid area with zero

fluid pressure.

The interaction of the moving deformable piezoelectric solid and the fluid

flow should be described by the essential and natural boundary conditions on

the body-fluid interface. Then, taking into account the constraining aerody-

namic force in form (2.42), one can consider the following form of the bound-

ary conditions:

n ·σσσ|Γbody/fluid
= n ·σσσf = FCAF (2.47)

v|Γbody/fluid
= u̇ (2.48)

where n is the unit normal vector to the body-fluid interface boundary

Γbody/fluid, u̇ denotes the velocity vector of the solid. The condition (2.48)

presents the effect of transfer of fluid particles on the motion in the flow of

an elastic body.
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3
Computational facilities and

numerical aspects

3.1 Overview of the computational tools

For the investigation of nanoshells/fibers/crystalls-like structures or systems

of arrays of similar elements is necessary the consideration of various types of

initial-boundary problems in multi-physics areas, for example, fluid dynam-

ics, gas dynamics, stress analysis, etc. Both the model formulation and the

simulation of complex processes requires the use of mathematical and nu-

merical tools for solving practical problems.

The widespread applications of experimental methods and tools are pri-

marily associated with the complexity, uniqueness, but also high costs of mod-

ern equipments. Only in this case physical processes can be reproduced in all

their diversity. A possible alternative is the application of computer simula-

tions based on high-end software packages. Below some elements of numeri-

cal analysis are discussed.

Computer-aided engineering (CAE) is one of the best possibilities for de-

tailed modeling. This includes the visualization of the studied effects, the

analysis and the comparison of the numerical and the theoretical results. The

combination of reasonable opportunities of the adequate quantitative de-

scription and visual reproduction allows the study of the structures with the

maximum quality of a representation and conditions, which are the similar

to the laboratory experiment. In addition, the applications of CAE technique

allows to compare the relevant theoretical researches, namely to perform a

verification of the formulated theory.

The following tools of the computer aided engineering are applied:
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• Stress analysis of components and assemblies using Finite Element

Analysis (FEA);

• Thermal and fluid flow analysis using the Computational fluid dynam-

ics (CFD);

• Multibody dynamics (MBD) and Kinematics.

Independently of the tool, the process of modeling requires the following

steps:

• Pre-processing: determination of the model and environment factors

and producing data for external software operators;

• Analysis solver;

• Post-processing of results.

In the thesis both numerical and analytical modelings possibilities of two-

dimensional and three-dimensional problems are developed and investi-

gated, taking into account the influence of specific changes of the properties

at the nanoscale and the impact of the environment on the structural behav-

ior. Numerical investigations help to avoid the expensive performance of ex-

periments. For the numerical simulation of the coupled problem the combi-

nation of the finite element and finite volume methods via two-way exchange

at each time step with the dynamically adapting of the re-meshing is applied.

The standard procedure of mathematical and numerical modeling of

structures has the following steps:

• The geometrical problem is based on the design with the help of exter-

nal programs (the so-called geometrical preprocessing) and by the im-

port of the geometrical data into the finite-volume module. It should

be noted that many of the finite-volume software systems work only

with three-dimensional geometry, so two-dimensional models are spe-

cial cases.

• Physical and mathematical formulation of the problem - the choice of

model for interior points of the computational domain and setting lim-

its of the boundary conditions design. The initial conditions for time-

dependent problems should be determined.

• Input parameters of the grid according to the type of numerical method

for the numerical solution of the problem.

• The derivation, analysis, and verification of the results.

For the Fluid Structure Interaction modeling we used several CFD-packages

such as ANSYS CFXr [6], ABAQUS FSIr [21], FlowVision MpMr [110], etc.

The main advantages of them can be considered as:

• Universal complex for the numerical solution of a large range of appli-

cations in multiphysics problems.
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• All software systems are developed with intuitive interface and can be

integrated into a variety of CAD/CAM/CAE systems.

The most standard way of Computer-aided design (CAD) is the export of

the built geometry of studied structure and in the case of Fluid-Structure In-

teraction (FSI) the calculation domain for the engineering simulation soft-

ware is conducted. Thus, by an implementation of the numerical simulation,

the geometry of the investigated structures is exported in the neutral file for-

mats, as an example ∗.sat or ∗.vrml.

Due to the nature of the investigated structures the size, the chirality, the

contact area, etc. are very important and should be accurate computer-aided

designed. By the way, all geometry objects are constructed with the help of

a CAD package and saved in the standard 3D ACISr Modeler (∗.sat format).

This format is chosen according to the broad area of an export/import date

tools.

The fluid simulation also requires additional efforts in the CAD package in

spite of the simplicity of the geometry. The reason of this is the need for distin-

guishing facets of the computational domain for assigning the different types

of boundary conditions. For this realization is used the universal data format

Virtual Reality Modeling Language (∗.vrml) is used, which allows such possi-

bilities as predefined properties, for example, the color of facets.

3.2 Applications of finite element and finite vol-

ume methods

The basic methods for the computer simulation and numerical calculations

are the Finite Element Method (FEM), the Finite Volume Method (FVM) and

their coupling via an Exchange Modulus. The FEM is a numerical algorithm

for approximate solution of partial differential equations. It is based on the

Ritz method, which is a special case of Bubnov-Galerkin method [108]. The

solution approach is based on elimination of the spatial derivatives in the par-

tial differential equations. This approximates the partial differential equations

by a system of algebraic equations for steady state problems. If we have tran-

sient instead of the a system of the algebraic equations, we have a system of

ordinary differential equations with respect to time.

The FVM is a method for representing and evaluating partial differential

equations in the form of algebraic equations [76, 112]. This is close to the

FEM, but unknown values are computed at discrete places as "finite volumes"

with respect to the tessellated geometry. For the numerical solution of the ba-
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sic equations within the FVM packages a method is used, which belongs to the

so-called conservative schemes for unsteady partial differential equations. In

comparison with the non-conservative schemes this method gives solutions,

which exactly satisfy the conservation laws (in particular, the continuity equa-

tions).

The finite element partition in the domains Ωh j approximating the do-

mains Ω j is performed. The unknown functions u and ϕ on the grid are ap-

proximated as

u ≈ NT
u(x) ·U(t ), ϕ≈ NT

ϕ(x) ·ΦΦΦ(t ) (3.1)

where NT
u(x) is the shape function matrix for the displacement field u and

NT
ϕ(x) is the row vector of the shape functions for the field of the electric poten-

tial ϕ. U(t ) andΦΦΦ(t ) are the global vectors of the corresponding nodal degrees

of freedom. The finite element approximation of piezoelectric problems in the

FEM package, including the boundary conditions, gives a system of ordinary

differential equations.

3.3 Numerical methods for the fluid-structure in-

teraction problems

The coupling of Finite Element and Finite Volume methods for the solution

of the FSI can be implement via off-site exchange modulus by means of di-

rect common interface. In the general case, FSI simulation involves moving

bodies, free surfaces, and conjugate heat exchange. The body rotation and

translation are defined by the user. The computation grid is automatically re-

built after each time step. The grid takes into account structural deformations

calculated by FEM [21]. Grid generation process is fully automatic [110].

The most interesting task is to consider the problem of the coupled analy-

sis as a FSI. Let us consider this task on the example of two effective software

packages (FEM-package Simulia ABAQUSr [21] and Flow Visionr [110]). The

implementation of the Fluid Structure Interaction analysis with help of cou-

pling softwares Simulia ABAQUSr [21] and Flow Vision is based on the SGGR

(Sub-Grid-Geometry-resolution) method used in FlowVisionr [110] for grid

generation. The SGGR method provides a natural link between finite volume

grid and finite element mesh. The MPM (Multi-Physics-Manager) controls

both FlowVisionr and ABAQUSr during the simulation process. The data is

exchanged using direct coupling providing optimal data transfer rates and ac-

curate data exchange.

Let us introduce briefly the main items of simulations [110]:
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Figure 3.1: Scheme of the coupled numerical analysis [110]

• Sub-Grid Geometry Resolution (SGGR) method

FlowVision-HPC adaptive grid generator is fully automatic and operates

directly on 3D CAD data. A CAD model, defined by 3D surfaces is im-

ported to FlowVision-HPC and surrounded by a Cartesian mesh. The

computation domain is defined as result of the Boolean subtraction of

the CAD model exterior boundaries and the Cartesian CFD mesh. On

the boundary the original hexahedral CFD cells are trimmed by the ini-

tial CAD geometry in such a way that the exact geometry shape is main-

tained. The flow equations in the boundary cells are adapted to approx-

imate the boundary conditions and take into account the cell shape.

• Natural link between CFD and FEA systems

When the boundary of the computational domain is represented by

the FE mesh, the link between the CFD grid and FE mesh is automat-

ically established. FE mesh is matched with fluid cells allowing precise

load transfer between fluid and structure, see Fig. 3.1. In this way cou-

pled multi-physic problems as the fluid-structure interaction can be ef-

ficiently and accurately solved.

• Multi-Physics Manager (MPM) for Fluid-Structure Interaction (FSI)

FSI simulation takes into account large structural deformations and

moving bodies caused by the hydrodynamic loads imposed on the

boundaries of the computation domain. The MPM module control and

synchronize the operation of both FlowVision-HPCr and ABAQUSr

(explicit or implicit).

• Moving bodies and free surfaces

The FSI simulation supports of moving bodies (user defined rotation

and translation) and trucking of free surfaces analysis. The grid genera-
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tion process is fully automatically with rebuilding of the computational

grid at each time step. The data are exchanged with ABAQUSr comput-

ing the structural deformations.
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4
Spiral nanofilms with

piezoelectric properties

4.1 Modeling of multi-layer nanofilms

The unique properties of spiral nanofilms make them very attractive in ap-

plications: planar microelectronics, various sensors, magnetic and optical

recording and storage systems, micro- and nanoelectromechanical devices

(MEMS/NEMS), optics, tribological engineering, for anticorrosion and high

temperature protection coatings, and in other fields [13, 38, 39, 45, 51]. In

particular, recent decades can be characterized by a considerable progress in

submicro- and nanofilm technologies. The use of thin films is determined

by their mechanical properties, strength and reliability [24]. In this context,

the most important parameters are the thickness, the hardness, the Young’s

modulus, the internal stress in individual layers and the layer-to-layer adhe-

sion [2, 34]. These characteristics are responsible for mechanical, tribological,

electrical, optical and other functional properties of thin films as well as for

the reliability of devices in which they are used. One way of designing micro-

and nanoelectromechanical devices is to use multilayer films made of semi-

conductor and piezoelectric materials in helical structures (see, e.g., [34, 41]).

Spiral nanoshells serve as elements of sensors and actuators. Their anal-

ysis is of particular interest, especially, in the case of multilayer spirals with a

piezoelectric layer having a high electromechanical coupling factor. In sim-

ulation of nanoobjects by continuum elements, the determination of their

physical and mechanical properties become very important [32, 33, 35]. Cer-

tain of aspects of this problem can be resolved by comparing data of natural

and numerical experiments. The determination of several eigenfrequencies
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of a spiral nanoshell can provide way to determine the bending stiffness of the

film of which the shell is made [31, 32, 41, 68].

4.1.1 Problem statement

Let us consider the eigenvalue problem for the helical multilayer structure

with a typical geometry as depicted in the Figs. 1.3 and 4.1. The geometry

parameters are presented in Table 4.1.

Based on the Eqs. (2.11)–(2.28) presented in Chapter 2 the eigenfrequency

analysis requires the solution of the following problem:

1. Equation of motion:

∇∇∇·σ= ρ
d2u

dt 2
(4.1)

2. Maxwell’s relations for the electric displacement and electric field vec-

tors, respectively:

∇∇∇·D = 0 (4.2)

E =−∇∇∇ϕ (4.3)

Table 4.1: Typical geometry parameters for the helical shell shown in Figs. 1.3

and 4.1

Thickness of lower layer (substrate), h1 11 nm

Thickness of upper layer, h2 16 nm

Thickness, a = h1 +h2 27 nm

Width of helix belt, b 3 µm

Length helix coil, s 5 µm

Number of helix coils, i 9

Length helix, ℓ
2πRi

cosα
Radius, R 2 µm

polarization axis one coil of the helix, sh1h2

b

Γϕ
Γu

Γq

R

Γσσσ

Figure 4.1: Model of two-layer helix
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3. Relation for the strain tensor in the case of small deformations:

ε=
1

2

(

∇∇∇u+∇∇∇uT
)

(4.4)

4. Constitutive equations:

σσσ=(4) C · ·εεε−(3)eT ·E (4.5)

D =εεε · ·(3)e−d ·E (4.6)

5. Boundary conditions as shown in Fig. 4.1:

u|Γu = 0 (4.7)

n ·σ|Γσ = 0 (4.8)

ϕ|Γϕ = 0 (4.9)

n ·D|Γq = 0 (4.10)

The solution of the eigenvalue problem (4.1)–(4.10) can be found with the help

of the two substitutions:
u(x, t ) = U(x)eiωt

ϕ(x, t ) =Φ(x)eiωt (4.11)

where ω is the frequency. As usual only the determination of the first eigen-

frequencies is of practical interest.

Below is presented the modal analysis of an In0.14Ga0.86As/PZT-5H two-

layer film structure with the properties indicated in Tables 4.2–4.5.

Piezoceramic materials compositions based on lead titanatezirconate

(PZT) have the following properties: intrinsically strong piezoelectric effect,

Table 4.2: Properties of the substrate In0.14Ga0.86As [128]

E [MPa] ν ρs

[

kg

m3

]

8.06 ·104 0.32 5500

Table 4.3: Mechanical properties of the upper layer PZT-5H [37]

E1 [MPa] E2 [MPa] E3 [MPa] ν12 ν13 ν23

6.06 ·104 4.83 ·104 6.06 ·104 0.512 0.289 0.512
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Table 4.4: Piezoelectric properties of upper layer PZT-5H [37]

e41

[

m
V

]

e21

[

m
V

]

e22

[

m
V

]

e23

[

m
V

]

e35

[

m
V

]

741·10−12 -274·10−12 -593·10−12 -274·10−12 741·10−12

Table 4.5: Permittivity properties of the upper layer PZT-5H [37]

d11 d22 d33

17.1 ·102 14.7 ·102 17.1 ·102

high Curie point, and higher coupling coefficient [37]. The considered pa-

rameters of the stiffness matrix in Table 4.3 can be recalculated by [2, 19]:

Ci j = Ei (ν j i +νkiν j k )γ (4.12)

where

γ=
1

1−ν12ν21 −ν23ν32 −ν31ν13 −2ν21ν32ν13
,
νi j

Ei
=

ν j i

E j
, 6
∑

: i 6= j 6= k = 1,2,3

4.1.2 Results: Eigenmodes of a two-layer shell

All objects are modeled as three-dimensional objects taking into account the

piezoelectric properties of the material. The orientation of the piezoelectric

layer is such that the polarization axis is tangential to the spiral turn, Figs. 1.3

and 4.1. These conditions correspond to the case where the shell is polarized

before it takes on the form of a helical object. Thus, the curvilinear anisotropy

of the shell can be considered [36]. For this purpose, a coordinate system for

each finite element of the obtained triangulation is introduced to specify the

orientation of the piezoelectric material such that the polarization axis would

pass along the spiral turn. In other words, the local coordinate introduced at

the nth-step rotated together with a turn of helix that the z axis is outer normal

to the surface.

In the finite element simulations are used eight-node prismatic finite ele-

ments in the hybrid approximation are used1. The finite element grid consists

of 13 104 elements corresponding to 34 858 nodes and 94 418 unknowns. In

1The 8-node linear piezoelectric brick element is in ABAQUSr denoted by C3D8E [21].
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Figure 4.2: Eigenfrequencies vs. number of eigenmode

Table 4.6: Eigenfrequencies of a two-layered nanoshell with earthed left, right

and both spiral faces

Mode number Right end Right + left ends Left end

1. 9.12261·105 9.12259·105 9.12298·105

2. 9.56037·105 9.56028·105 9.56043·105

3. 6.03050·106 6.03048·106 6.03056·106

4. 3.18345·107 3.18336·107 3.18345·107

5. 3.32418·107 3.32417·107 3.32420·107

6. 5.42619·107 5.42619·107 5.42627·107

7. 1.42982·108 1.42982·108 1.42983·108

8. 1.99708·108 1.99695·108 1.99709·108

9. 2.09541·108 2.09537·108 2.09545·108

10. 2.73498·108 2.73498·108 2.73500·108

11. 4.22775·108 4.22775·108 4.22777·108

12. 4.60602·108 – 4.60751·108

13. 5.87122·108 5.86844·108 5.87126·108

14. 6.26694·108 6.26688·108 6.26696·108

15. 6.32586·108 6.32118·108 6.32589·108

the numerical experiment the comparative analysis of the eigenfrequencies

and appropriate eigenmodes of the spiral nanoshell with one and two earthen

spiral faces is performed. The eigenfrequencies of the nanoshell are compared

in Fig. 4.2 and in Table 4.6.

The analysis of the data shows that, if both spiral ends are earthen (see
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Table 4.6, second column), the eigenmode corresponding to the 12th eigen-

mode number is not excited, see Fig. 4.2. This can be explained by the piezo-

electric properties of upper helical layer with special type of polarization, ap-

plied electrical boundary conditions and or appearance of aliquot eigenval-

ues. Based on the spectrum infinity of the eigenvalues one can make propo-

sition that such losing of some eigenmodes can be occur in the case of higher

order eigenvalues. Hereby one can consider the discharged (sparse) spectrum

of the eigenfrequencies in devices with helical piezoelectric structures, which

can find applications in high-Q resonators2 with a sparse spectrum of natural

vibrations [53]. At current moment such high-Q resonators find a broad area

of applications:

• in microwave electronics as resonant and stabilizing systems of genera-

tors;

• in the measurement technique as the wave meter filters, measuring the

spectrum of the signal, frequency discriminators;

• in electron paramagnetic resonance spectroscopy, etc.

These data calculated by the direct simulation are sufficiently consistent with

the results obtained using the methodology presented in [31, 34].

4.1.3 Results: External medium, preliminary discussion

In the previous section we considered the eigenmodes and their appropriate

eigenfrequencies of the In0.14Ga0.86As/PZT-5H two-layer spiral shell. Of spe-

cial interest is to analyze the frequencies with regard to an external medium,

in particular, to external acoustic action, to determine its effect on the eigen-

frequencies. The interest in this analysis is associated with the fact that the

presence of an external medium can cause damping of oscillations by electro-

magnetic wave scattering at infinity. Moreover, the interaction between turns

of the piezoelectric shell is possible due to the electromagnetic interaction.

For this analysis, we simulate the following system: a two-layer structure is

inscribed inside an external medium.

For the system to be as close to real conditions as possible, a section in

the form of the spiral surface was made inside the external medium. This is

necessary for consideration of the interaction of the medium and correct use

of certain options of the Simulia ABAQUSr element package (e.g., consider-

ation of the interaction between the surface of the external medium and the

2High Q microwave resonators are used to create high-quality source signals and radar

navigation systems for the spectral and frequency measurements to measure the parameters

of the materials for the particular physical researches.
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Table 4.7: Comparison of eigenfrequencies of a bispiral shell with and without

environment

Mode number Bispiral/air Hz Bispiral, Hz

1. 2.19384·105 9.12259·105

2. 2.74099·105 9.56028·105

3. 4.64475·106 6.03048·106

4. 6.07333·106 3.18336·107

5. 1.05502·107 3.32417·107

surfaces of spiral layers, triangulation with consistent geometry, etc.) [21]. The

external medium approximates the air of normal atmospheric pressure at the

temperature of 25◦C.

Thus, in the numerical experiment we estimate eigenfrequencies of the

spiral with one end rigidly fixed and embedded into the external medium. The

obtained eigenfrequencies of the system are compared with those found ear-

lier for a bilayer spiral shell consists of two layers made of different materials.

The layers are adhesive butt-jointed [44].

Eight-node prismatic finite elements in the hybrid formulation are used in

the finite element simulation. For the piezoelectric film, the finite elements

are chosen with regard to the presence of electric degrees of freedom3. The

external medium is modeled using acoustic finite elements4. The orientation

of the piezoelectric layer is specified in the same way as in the previous case,

see Fig. 4.1. The conditions correspond to the shell polarized before taking

on a helical shape. The model analysis of the "air – bispiral" structure is per-

formed in the Table 4.7. It is seen from the table that in the case of external

medium action the eigenfrequencies decrease. This problem is directly re-

lated among other things to the simulation of nanosensors using variations in

eigenfrequencies when other matters are acting on shells.

The simulation veracity can be confirmed by correctness of the properly

posed eigenvalue problem, a numerical implementation in the approved soft-

ware package with numerical stability by the increasing of the quantity of the

finite elements and qualitative coincidence with the result in [68, 69]. How-

ever, the influence of the environment on the nanoshells can be particular

considerable and requires deeper investigation as an independent problem.

This issue will be considered in the following Section 4.2.

3The 8-node linear piezoelectric brick element is in ABAQUSr denoted by C3D8E [21].
4The 8-node linear acoustic brick element is in ABAQUSr denoted by AC3D8 [21].
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4.2 Interaction of a helical shell with a non-linear

viscous fluid

The need of mathematical and numerical simulations of coupled problems

on fluid-structure interaction between the metamaterial and their individual

component is obvious, see [41]. In addition, the problem of optimization of

the design of helical shell-structures arises. The choice of material in design

of shells may be defined with the chemical inertness, the possibility of decay

and the presence of electric characteristics.

In design of such structures one should take into account the properties

of the environment, in which the device is operating. An important aspect

is to select the type of the environment with the required generalization of

mathematical models that are more accurately describe its behavior. Accord-

ing to the possibilities of applications it is necessary to consider non-classical

fluid models [106] because some real liquids have a significant non-linear be-

havior. Examples are blood, petroleum and various suspensions [7, 67, 114].

The present numerical investigation of the fluid-structure interaction (FSI) is

focused on the analysis of the interaction of an elastic helical shell with a non-

Newtonian fluid and of the motion of such structures in the laminar flow.

4.2.1 Problem statement

Let us consider the interaction of a helical elastic shell with a non-Newtonian

fluid, Fig. 4.3. We restrict ourselves by the model of a non-linear viscous fluid

(generalized Newtonian fluid), see Fig. 2.4. Figure 4.3 a) shows how the lami-

nar flow of the non-linear viscous fluid is directed to the elastic shell clamped

on the bottom end. The free shell motion in a laminar flow is shown in Fig.

4.3 b). In Subsection 2.2.3 is described the general statement for the investiga-

tion of the interaction between a fluid and an elastic body taking into account

the equation of motion for non-Newtonian fluids (2.35), relations specifying

the fluid behavior (2.33) and (2.39), boundary condition for the fluid domain

(2.43)–(2.46) and boundary conditions on the body/fluid interface describ-

ing the interaction between the elastic body and the non-linear fluid (2.47)

– (2.48).

Based on these relations the fluid-structure interaction problem requires

the coupled solution of the following closed system of equations [66, 83]:

1. Equation of body motion:

∇∇∇·σ+ρfm = ρ
d2u

dt 2
(4.13)



47

v
a)

Γin ΓoutΓ∞

Γ∞

Γbody/fluid

Γu

v

u̇

Γin ΓoutΓ∞

Γ∞

ωωω

Γbody/fluid

b)

Figure 4.3: Models used in simulations: a) Coupled analysis of the fluid-

structure interaction between an elastic piezoelectric shell and a laminar flow

of a pseudoplastic fluid; b) Rigid shell motion in a laminar flow of a pseudo-

plastic fluid

2. Maxwell’s relations for the electric displacement vector and electric field

vector, respectively:

∇∇∇·D = q (4.14)

E =−∇∇∇ϕ (4.15)

3. Small strain tensor:

ε=
1

2

(

∇∇∇u+∇∇∇uT
)

(4.16)

4. Constitutive equations:

σσσ=(4) C · ·εεε−(3)eT ·E (4.17)

D =εεε · ·(3)e−d ·E (4.18)

5. Equation of motion of the non-Newtonian fluid:

ρf

[

∂v

∂t
+ (v ·∇∇∇)v

]

=−∇∇∇p+µ∇∇∇· (∇∇∇v)+∇∇∇µ ·∇∇∇v+ fm (4.19)

6. Incompressibility condition:

∇∇∇·v = 0 (4.20)

7. Rheological model for the fluid behaviour:

µ= k‖J‖
n−1

2 (4.21)

σσσf =−pI+2µ(J)J (4.22)

J =
1

2
(∇∇∇v+∇∇∇vT) (4.23)
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Table 4.8: Properties of the elastic solid, GaAs [128]

C11 [MPa] C12 [MPa] C44 [MPa] ρs

[

kg

m3

]

e
[

m
V

]

d

11.9 ·104 5.34 ·104 5.96 ·104 5317 -2.69·10−12 12.9

8. Boundary conditions for the solid, Fig. 4.3:

u|Γu = 0 (4.24)

n ·σσσ|Γbody/fluid
= n ·σσσf = FCAF (4.25)

v|Γbody/fluid
= u̇ (4.26)

9. Boundary conditions for the fluid domain, Fig. 4.3:

vn|Γ∞ = 0 (4.27)

vτττ|Γ∞ = 0, or vτττ|Γ∞ = vwall (4.28)

(v,n)|Γin
= vn (4.29)















∇∇∇(v,n)|Γout = 0, (v,n) ≤ 0

(v,τττ)|Γout = vτττ, (v,n) > 0

p|Γout = 0

(4.30)

10. Initial conditions:
u|t=0 = u0

u̇|t=0 = v0
(4.31)

Let us investigate on one-layer shell made from GaAs, Table 4.85. The geome-

try of structure is defined by following values: layer thickness 29.6 nm, width

of helix belt 6 µm, radius 5.5 µm, length of helix coils 5 µm, number of coils

4. Following [94, 98], GaAs is chosen as the basic piezoelectric material of the

helical shell. The fluid properties are presented in Table 4.9. The properties

of the fluid are close to the real human blood properties for the reason to find

real applications of the present research [67]. This problem cannot be solved

analytically in general, especially under consideration of anisotropy of the he-

lical shell material and non-linear behavior of the fluid. The problem requires

the numerical modeling of this initial boundary-value problem by FEM and

FVM taking into account the fluid-solid interaction.

5Parameter d denotes the relative permittivity relatively the vacuum permittivity d0 =

8.854 ·10−12
[

F
m

]

(dimensionless property).
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Table 4.9: Properties of the fluid [67]

µ0

[

kg

m·s

]

µ∞

[

kg

m·s

]

ρf

[

kg

m3

]

k
[

kg

m

]

n |v|
[

m
c

]

3 ·10−3 5 ·10−3 1060 1 ·10−3 0.5 1.0

4.2.2 Results: Complex effects of non-linear environment

For investigations of the influence of the non-Newtonian fluid on the elas-

tic shell we use the finite-element package Simulia ABAQUSr together with

the finite-volume package FlowVisionr in a two-way exchange between the

fluid and the structure, that allows to analyze with sufficient accuracy the ef-

fect of the laminar flow of the pseudoplastic fluid on the clamped elastic shell,

see Fig. 4.3 a). For description of free motion of the helical shell and of the

analysis of distribution of the velocity and the pressure we use only the finite-

volume package FlowVisionr, Fig. 4.3 b). The details of the numerical model-

ing are discussed in Chapter 3.

With the help of software package Simulia ABAQUSr we create the model

of the solid structure taking into account elastic and electric characteristics

of the material as well as the curvilinear anisotropy. In particular, we spec-

ify the stiffness matrix for the orthotropic behavior, the matrix of piezoelec-

tric parameters, the dielectric parameters and the general orientation of the

material with respect to the local coordinate system rotating with the helix.

We use three-dimensional prismatic 8-node finite elements, which possesses

piezoelectric degrees of freedom. In the package Simulia ABAQUSr for these

purposes is applied the element C3D8E allowing to derive the electric field

and the distribution of the electric charge in the hydroelastic analysis. The

implicit scheme of the exchange between the fluid and the solid shell for the

numerical stability of the solution is used, see Fig. 3.1.

With the software package FlowVisionr the computational domain of the

laminar non-linear viscous flow is modeled. The computational area is cho-

sen in such way that the behavior of the fluid near the external boundaries

does not affect the behavior of the flow around the elastic shell. For the

coupled hydroelastic analysis we used double coupling steps for FEM and

FVM analysis, Fig. 3.1, which is provided by the multi-physics manager of

FlowVisionr and the possibility of a co-simulation within Simulia ABAQUSr.

The results of the coupled dynamic FEM-FVM analysis (duration of 1 s) with

time increments of 0.05 s in Figs. 4.4–4.10 are presented.
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Figure 4.4 shows the distribution of the designated normalized scalar fields

in the shell. The maximum and minimum values of the denoted variables are

shown by the red and blue color, respectively. For the consideration of the

variables distribution is chosen the middle time point. One can see that in

the shell the minimal mechanical stresses are on the free face, Figs. 4.4 a),

b). As the result one can consider the same behavior according to the electric

response of the investigated material, Figs. 4.4 d), e). In Fig. 4.4 c) the distri-

bution of the hydrodynamic pressure is shown, which is an indicator for the

most liable areas influenced by the flow. Fixing one time point one can con-

sider the distribution of the velocity vector magnitude presented in Fig. 4.4

f).

The changes of the flow velocity field as the result of the interaction with

the shell is shown in Fig. 4.5. From Figs. 4.4 f) and 4.5 one can obtain the

general representation of the helical shell motion. According to this field dis-

tribution one can imagine the elastic shell vibration under the influence of the

flow. The helix motion in the fluid as the result of the described above bound-

a) b) c)

d) e) f)

min max

Figure 4.4: Coupled FEM-FVM analysis: a) von Mises stresses, b) Deformed

state, c) Hydrodynamic pressure, d) Magnitude of the electric flux vector, e)

Magnitude of the electric field vector, f) Magnitude of the shell velocity
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a) b) c)

min max

Figure 4.5: Velocity field at time steps: a) 0.20 s; b) 0.70 s; c) 0.90 s
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Figure 4.6: Comparison of the influence of non-Newtonian and Newtonian

fluid models on the von Mises stress

ary conditions looks like the motion of seaweeds. The velocity of the flow par-

ticles changes corresponding to the deformations of the shell in every time

point. As one can see in Fig. 4.5 the velocity of the fluid between the turns of

the helix increases as well as the turns spacing decreases. The minimal veloc-

ity value of the fluid corresponds to the surfaces with the outer normal vector

opposite to the direction of the velocity vector of the flow. These two facts can

be observed with the help of the streamlines of the flow without separation of

the elastic shell in investigated fluid.

Corresponding to the described above Figs. 4.4 and 4.5 the graphs in Figs.

4.6–4.10 show the changes of the above mentioned variables along the helical

path (nodes of the finite elements) with respect to the considered fluid model
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Figure 4.7: Comparison of influences of non-Newtonian and Newtonian fluid

on the pressure variable
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Figure 4.8: Comparison of the influence of non-Newtonian and Newtonian

fluid models on the magnitude of the electric potential gradient

(non-Newtonian and Newtonian fluid). The consideration of non-linear vis-

cosity of the fluid results in significant changes of the stresses and the electric

fields in the shell, which can be explained by the direct piezoelectric effect.

The influence is greater in the middle of the helix. In any case the Newtonian

fluid has more smooth influence on the distributions of the considered vari-

ables. From the simulation follow the necessity of the taking into account the

constitutive equation of non-Newtonian fluid (4.19). Let us note that the de-

tection of the appeared electric fields in such analysis can be explained by the

onset of the direct piezoelectric effect. This means that the deformations in
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Figure 4.9: Comparison of influences of non-Newtonian and Newtonian fluid

on the magnitude of the electrical flux vector
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Figure 4.10: Comparison of influences of non-Newtonian and Newtonian

fluid on the magnitude of the electrical charge current

the shell appeared under action of hydrodynamic pressure cause the polar-

ization of the material, see Figs. 4.8–4.10. The inverting of this process gives

us the possibility of calculation the required electric potential for the motion

of the shell in the flow. This is of great interest since it gives the ability to pre-

dict and control the motion of such structures in the flow, see [41].

In the case of pseudoplastic behavior of the fluid the viscosity decreases in

the neighborhood of the moving helix as a monotonic function of the velocity,

which is predicted by the rheological equation (4.21) with n =
1
2

, Fig. 4.11. In

Figs. 4.11 a) and b) is presented the distribution of the viscosity by the coupled
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a)
min max

b)

min max

Figure 4.11: Viscosity field of non-linear viscous fluid: a) elastic piezoelectric

shell, b) rigid shell

analysis of the fluid-structure interaction between an elastic piezoelectric or

rigid shell and a laminar flow of a pseudoplastic fluid, respectively. Thus, it is

possible to observe the so-called thixotropy effect6, see [52]. The results in Fig.

4.11 show the apparent effect of "fluidification", which cannot be regarded as

the pure thixotropy effect, but it is close to it. The observed effect of decreasing

viscosity is a result of the power law (4.21) and the rheological equation (4.23)

for the viscosity due to the increased shear stress. The pure thixotropic fluid

viscosity decreases with time at constant shear stress. In the presented case

the change of the viscosity according to the rheological model (4.21)–(4.23) is

caused by an increase in the velocity gradient of the fluid as a result of the shell

at a rate greater than the velocity of the liquid. Because of chiral geometry of

the structure and the pseudoplasticity of the environment one can have the

possibility to observe the Weissenberg effect7, Fig. 4.11. For the fluid behavior

it is a complex combination of two standard types of laminar flows (telescopic

and torsional), see Figs. 2.3 c), d). The translational and rotational movable

shell winds and roots some fluid chains by its path. It should be noted that the

natural helix twist is reason for the motion of the shell in a fluid. The "fluidifi-

cation" of pseudoplastic liquids can be applied in biomedicine and pharma-

ceutics, in particular, in the treatment of cancer. Blood vessels of helical shape

supplying the tumor are more porous than usual vessels and such nanostruc-

tures can easily penetrate into the area affected by cancer. The helical shape

of the shell and the natural helical trajectory of the motion in the flow reduce

the hydrodynamic resistance on the part of fluid surrounding the shell taking

6Thixotropy effect is the effect for viscous fluids, which consist in the time-decreasing of

the viscosity by the constant shear stress [7].
7Weissenberg effect is a phenomenon that occurs when a spinning rod is inserted into

a solution of liquid polymer, and instead of being thrown outward, the solution is drawn to-

wards the rod and rises up around it [7].
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into account the sufficiently large surface [43].

The computational algorithm is complicated since the finite volume and

the finite element analysis are coupled. The presented calculations allow to

design structures and predict their behavior with sufficient accuracy. The de-

scribed above simulations are confirmed by the correctness of the properly

posed and coupled fluid-structure interaction problem and the numerical im-

plementation in approved software packages with numerical stability of the

simulation.

4.3 Instability of a piezoelectric helical shell under

electrical field action

In general, the thin helical shell is a geometrical non-linear structure. The ge-

ometrical non-linearity is the source of the buckling collapse by various types

of loads [8, 84, 90, 93, 111, 113, 132]. The consideration of the geometrical

non-linearity of the thin helical structure is an essential part in simulations of

processes as the motion and interaction of the shell with the environment.

4.3.1 Problem statement

Let us consider the tape helix with a geometry as depicted in Fig. 1.3. The

geometry of structure is defined by following values: layer thickness 20 nm,

width of helix belt 3 µm, radius 6 µm, length of helix coils 10 µm, number

of coils 5. Both material properties (Table 4.8) and the shape of the studied

structure (Fig. 4.12) are the principal information allowing to investigate the

resulting buckling behavior. Based on the presented in Chapter 2 relations

the basic Lagrangian equations of electro-elastic bodies in the case of quasi-

electrostatics and absence of external loads take the form:

1. Equation of motion:

∇∇∇· [σPI ·F] = 0 (4.32)

2. Maxwell’s relations for the electric displacement vector and electric field

vector, respectively:

∇∇∇·D = 0 (4.33)

E =−∇∇∇ϕ (4.34)

3. Finite deformation tensor:

ε=
1

2

(

∇∇∇u+∇∇∇uT
+∇∇∇u ·∇∇∇uT

)

(4.35)
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b)

undeformed shape
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Figure 4.12: Helical shell buckling: a) Shape and boundary conditions; b) Ini-

tial and buckled shapes of the shell

Table 4.10: Electric properties of ZnO [128]

e11

[

m
V

]

e12

[

m
V

]

e13

[

m
V

]

e24

[

m
V

]

e35

[

m
V

]

d

-543·10−12 -543·10−12 16.7·10−12 -113.4·10−12 113.4·10−12 10.8

4. Constitutive equations:

σσσ=(4) C · ·εεε−(3)eT ·E (4.36)

D =εεε · ·(3)e−d ·E (4.37)

5. Boundary conditions, Fig. 4.12:

u|Γu = 0, (4.38)

n ·σ|Γσ = 0 (4.39)

ϕ|Γϕ1
=ϕ0

ϕ|Γϕ2
= 0

(4.40)

−n ·D|Γq = 0 (4.41)

6. Initial conditions:

u|t=0 = u0

u̇|t=0 = v0
(4.42)

We will investigate the one-layer tape helical shell depicted in Fig. 4.12 and

with material properties presented in Tables 4.8, 4.10 and 4.11.
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Table 4.11: Elastic properties of ZnO [128]

C11 = C22 [MPa] C33 [MPa] C12 = C21 [MPa] C13 = C31 [MPa]

1.90 ·104 1.96 ·104 1.10 ·104 0.90 ·104

C23 = C32 [MPa] C44 = C55 [MPa] C66 [MPa]

1.10 ·104 0.39 ·104 0.45 ·104

4.3.2 Stability of helical springs

Let us consider the stability problem for an elastic beam replacing the tape he-

lix [48], see Fig. 1.3. Based on some considerations concerning the mechanical

equivalence one can substitute the helix as an equivalent beam, Fig. 4.13, see

also [17, 90]. The compression spring with the sufficiently great ratio length

ℓ0 to helix diameter 2R can lose the stability under the action of the load F.

For the determination of the critical load Fcr let us consider the analytical

model of a beam, which is equivalent to the helix with a small angle of ascent,

bending stiffness E I (where E is the Young’s modulus and I is the second order

area moment) and shear stiffness G A (where G is the shear modulus and A is

the sectional area). By the static loading of the helix up to the buckling load

Fcr the helix compresses to the length λcr, see Fig. 4.13.

Assuming small bending of the beam axis we take into account the follow-

ing equation of equilibrium in the deformed configuration with respect to the

pure beam bending:

ω
′′

(z) =−
Fω(z)

E I
=−

M

E I
= κ (4.43)

where M is the bending moment, κ is the curvature by the pure beam bend-

ing, which is opposite to the bending ω(z) [48]. In general, the beam bending

ω(z) can be expressed only by the pure bending ωb(z). In the case of the heli-

cal spring with low-helix drills the transverse force Q reflects the coil bending

respective to the binormal of coils cross-section, see Fig. 4.13, that requires

the adding an additional term to the bending function ωs(z):

ω(z) =ωb(z)+ωs(z) (4.44)

The second derivative of ω(z) with respect to coordinate z can be expressed as

follows:

ω
′′

(z) =ω
′′

b(z)+ω
′′

s (z)
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The second term of ω(z) in (4.44) reflects the turn of the z axis as the result

of the shear deformations. Then ω
′′

s (z) is the first derivative with respect to

the angle of rotation of the z axis ω
′

s(z) =
Q

G A
. The following relation is valid

assuming G A = const:

ω
′′

s (z) =
dQ

dz

1

G A

where Q = Fγ is the transverse force and γ is the angle of rotation of the equiv-

alent beam section, see Fig. 4.13.

Since the shear deformations of the beam cross-sections are almost par-

allel shifted, the angle γ is connected only with the deflections resulting from

the bending. This means γ=ω
′

b
(z), therefore Q = Fω

′

b
(z) and

ω
′′

s (z) =
dQ

dz

1

G A
=

F

G A
ω

′′

b(z)

With help of the Eqs. (4.43) and (4.44) the equation of beam deflection takes

the following form:

ω
′′

(z)+
F

E I

(

1+
F

G A

)

ω(z) = 0

ℓ
0

ℓ

2R

λ
c

r

Fcr

Fcr
FcrFcr

Fτ

ω ωb

ωs

Q

∠γ

z

zz

Figure 4.13: Mechanical model of the stability loss problem by equivalent

beam (R is the radius of the helix, ℓ0 and ℓ are the initial and actual lengths of

the helix, respectively, Fτ is the tangential force component, λcr = ℓ0 −ℓ is the

critical length change [90, 93]
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with the standard solution [48]

ω(z) = a sinkz +b coskz

where

k2 =
F

E I

(

1+
F

G A

)

(4.45)

Parameters a, b can be determined from the boundary conditions [48]. The

most probable form of the curved axis shape with respect to the simply sup-

ported boundary conditions is the sinusoidal form. In this case by taking into

account the

k =
π

ℓ

the relation (4.45) takes the form:

F2 + AGF−E I AG
π2

ℓ2
= 0 (4.46)

By the loading up to Fcr the helix is compressed up to critical length change

λcr. The most important feature comparing beam and helix is the fact that

for the beam one can neglect the relation between the change of the initial

beam length and the axial force. For the helix the possible change of the initial

length l0 should be considered. Then the bending and shear stiffness of the

spring are

E I =
2Bnℓ

2πRi

(

1+
Bn

C

) , G A =
8Bbℓ

π(2R)3i

They are functions of the current length8 ℓ = ℓ0 −λ. Consider the Reuleaux9

formula:

F = Zλ

where

Z =
4C

π(2R)3i

is the spring stiffness. Substituting the relations for the stiffnesses in Eq.

(4.46) and expressing the force in terms of λ one can consider the following

8According to the geometry as depicted in Figs. 1.3 and 4.1 the coil stiffness by the bend-

ing are the Bb =
ba3E

12
,Bn =

ab3E

12
and according to the rectangular shape of the profile (see

Fig. 1.3) the torsional stiffness is C = 0.33ba3G [48].
9Franz Reuleaux (September 30, 1829 – August 20, 1905) was a German mechanical engi-

neer and a lecturer of the Berlin Royal Technical Academy, later appointed as the President of

the Academy. He was often called the father of kinematics [87].
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quadratic equation, representing the relation of the critical length change λcr

to the initial helix length ℓ0:

(

2−
C

Bb

)(

λcr

ℓ0

)2

−2

(

λcr

ℓ0

)

+
π2

1+C /Bn

(

2R

ℓ0

)2

= 0 (4.47)

The roots of Eq. (4.47) are

[

λcr

ℓ0

]

1

=
1

2−C /Bb

(

1−

√

1−π2
2−C /Bb

1+C /Bn

(

2R

ℓ0

)2
)

[

λcr

ℓ0

]

2

=
1

2−C /Bb

(

1+

√

1−π2
2−C /Bb

1+C /Bn

(

2R

ℓ0

)2
)

The second root obviously does not satisfy the conditions λcr < ℓ0. Consider-

ing the first root

[

λcr

ℓ0

]

1

one can note, that the expression 1−π2 2−C /Bb

1+C /Bn

(

2R

ℓ0

)2

tends to a negative value if
ℓ0

2R
=

√

π2
2−C /Bb

1+C /Bn
. Then the critical value of the

length change parameter λcr takes a complex value. This means that the real

solution of Eq. (4.46) does not exist. Thus, the respective equilibrium state of

the helix does not exist too. From the mechanical point of view this behav-

ior corresponds to the loss of stability. The consequence of Eq. (4.3.2) is the

relationship between stability of the helical structures and their mechanical

parameters. Note that not all helical structures show buckling behavior, see

[46, 93]. It depends on both geometry and material. Applying the simply sup-

ported boundary conditions on both ends of the tape helix one can present

the limit value:
(

ℓ0

2R

)

∞

=

√

π2
2−C /Bb

1+C /Bn
(4.48)

According to the limit value (4.48) only by conditions (4.49) the helix can lose

stability:
ℓ0

2R
≥

(

ℓ0

2R

)

∞

(4.49)

ℓ0

2R
<

(

ℓ0

2R

)

∞

(4.50)

Equation (4.50) gives us the condition for a accident-free case in the case of the

spring geometry. As an example, helical structure has small angle of ascent or

some specificity of the cross-section. Considering typical geometry of helical

nanostructures one can see that the stability loss problem should be proved.

Indeed, let us introduce the functional parameters of a typical nano-helix, see
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Fig. 4.1 and Table 4.1. The principal property of the investigated structure is

the large ratio of the initial length of the helix to the cross-section dimensions.

This ratio can reach more then 103. Let us perform the following calculations:
(

ℓ0

2R

)

= 11.25

and
(

ℓ0

2R

)

∞

=

√

√

√

√

√

√

π2
2−12 ·0.33 · (5.34/11.9)

1+12 ·0.33 · (5.34/11.9) ·

(

27 ·10−3

3

)2
≈ 1.5

(

ℓ0

2R

)

∞

<

(

ℓ0

2R

)

and according to (4.49) the nanohelix can lose a stability.

In the case of mechanical loads the critical loads for the global loss of sta-

bility can be obtained [14]. But shell material under consideration is a piezo-

electric one. Under electrical load the structure becomes deformed according

to their polarization [44]. It means that one can obtain some critical electri-

cal load, which is the reason of the stability loss of the piezoelectric helical

nanoshell by the inverse piezoelectric effect. The principal question is: can we

replace the electrical load by mechanical boundary conditions and use some

simplified methods for their investigation. However, the problem of stability

loss of the nanohelix under the action of an electric field, in general, can not

be solved in terms of mechanical boundary conditions, Fig. 4.14. The defor-

mations of the spiral body under electrical load according to the polarization

are usually not similar to the deformations under mechanical forces. The crit-

ical loads can give different deformations, see Fig. 4.14. This complicates the

a)

Fcr

b)

ϕcr
0

ϕcr
1

Figure 4.14: Simplified view of apparent effect of difference in buckling mode:

a) Model of buckling mode for critical mechanical load Fcr ; b) Model of buck-

ling mode for critical electrical field E =−∇ϕ
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possibility of analytical solutions, and requires the use of numerical and ex-

perimental methods for studying these processes.

By the investigation of some nanostructures the questions of the func-

tional properties changes are very important [45, 88]. Macroproperties of the

material usually cannot accurately describe the microbehavior of the mate-

rial [28, 122, 123, 124, 131]. It is obviously to understand that properties of

nano-structured materials are affected by the energy competition between

the surface and the bulk properties [3, 5, 25, 27, 28, 30, 124]. The surface in

this sense is related to the microlevel of the material behavior, while the bulk

behavior is related to the macrolevel of material behavior [77, 78]. Hereby,

one can confirm that in the majority of cases the expansion (4.51) can give us

the scaling law, which describe the relations between the nano- and the bulk

properties [20, 25]. On this moment a lot of papers are devoted to this problem

[11, 20, 41, 116, 122, 129]. Most of them they are dedicated to experiments.

By using experimental data, which are obtained in tests with nanostruc-

tures, one can obtain some intrinsic length scale. The intrinsic length scale

can be used for the recalculations of the unknown material properties on the

nanoscale by bulk properties with the help of the scaling law (4.51), see Fig.

4.15. It should be noted that in the general case the intrinsic length scale and

the scaling law are proper for various functional properties. But in case of the

current study the assumption on pure elastic material properties is consid-

ered. The linear dependence between elastic and electric material parame-

ters according to the constitutive equations (2.18) and (2.19) in Section 2.1.2 is

assumed. These two assumptions make possible to accept the simplification

and to use for the recalculation all material parameters, of cause, with taking

into account the material anisotropy, the scaling law (4.51) and the intrinsic

length scale (4.52):

F (L)

F (∞)
= 1+α

ℓin

L
+O

(

ℓin

L

)2

(4.51)

ℓin =
τ

E
(4.52)

where ℓin is the intrinsic length scale related to the surface properties, τ is the

surface stress parameter, E is the Young’s modulus of the bulk material, F (L) is

the function, which describes the material behavior on the micro-/nano-scale

with the size-representative value L, F (∞) is the function, which describe the

bulk material behavior, α is some non-dimensional factor. In the finite ele-

ment simulation will be used the ∗[u−ϕ] form of piezoelectric problem, see

Table 2.1.
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a)

L
ℓin

α

F (L)

F (∞)

b)

L

ℓin
α

F (L)

F (∞)

Figure 4.15: Schematic representation of scaling law: a) Relation
F (L)

F (∞)
vs. ℓin

and L with variation of the non-dimensional coefficient α; b) Relation
F (L)

F (∞)
vs. ℓin and α with variation of the size-representative value L

4.3.3 Results: Buckling problem in the case of IPE

The simulation of the problem is based on the FEM package ABAQUSr, see

Chapter 3. Abaqus/Standard allows the elastic buckling analysis by eigenvalue

extraction [21]. Let us consider some special scheme for the solution of the

buckling under electrical load problem shown in Fig. 4.12.

It is necessary to draw the attention that such numerical simulation with

the Neumann boundary condition cannot be solved directly, that requires

some modification of the analysis. Hereby, without loss of the physical mean-

ing, one consider the problem statement in terms of the first type of boundary

conditions and apply the electric potential instead of electric charge. The elec-

trical charge is assumed to be close zero. Hereby, one can determine the value

of critical electric potential, which causes buckling as the result of the inverse

piezoelectric effect.

The morphology and the shell-structures growth should be taken into ac-

count in modeling, since we have anisotropic material properties. The axis

along the turn of the helix is the polarization axis of the piezoelectric layer.

According to this assumption, in the FEM-simulation the axes of the local co-

ordinate system, which define the material orientation in the finite elements,

is turned. 20-node quadratic finite elements carrying electrical degrees of

freedom in the formulation of ABAQUS/CAEr (C3D20RE) are used. Thus, fi-

nite element allows the analysis of geometrical non-linear models. The total

number of elements used in the simulation is 3031 with the total numbers of

degrees of freedom 93680 (degrees of freedom plus maximal number of any

Lagrange multiplier variables).

Let us describe more precise the simulation scheme:

• Material orientation:
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The orientation of the material and the determination of the polariza-

tion axis are chosen (discrete assignment, normal axis direction - 2, pri-

mary axis direction - 1). The orientation of the material is given by the

rotated local coordinate system, which determines the orientation of

the material in each finite element.

• Analysis steps and boundary conditions, Table 4.12:

The analysis consists in three steps: the initial static step as standard

predefined step in ABAQUSr, the static analysis and the step of stability

loss problem. In between, the statistical step artificially introduced to

the possibility of modifying the boundary conditions in the calculation,

Table 4.12.

The both ends of the spiral are fixed. The boundary conditions at each

step of the analysis are stored. The surface charge is assumed to zero.

The potential at both ends of the spiral shell at initial step be zero. After

that at the followed step one of the helix ends is modified to a non-zero

value and stored for the last step of the numerical simulation. Thus on

the buckling step the electrical potential difference is created. This elec-

trical field vector is the reason for the critical deformations of the shell

by the inverse piezoelectric effect, see Table 4.12.

The following results are obtained. At first, one can see in Fig. 4.16 non-

standard buckling mode for the mechanical type of load, see Fig. 4.14 b). The

intrinsic length scale ℓi n = 0.42 is assumed for ZnO, after that all required ma-

terial parameters are recalculated. The same geometry in the numerical ex-

periment is performed.

In Fig. 4.17 is shown the distribution of the stress variable along the helical

Table 4.12: Sequence and characteristics of simulation steps

Load:

Loads - Surface charge∼ 0

BCs

BCs Initial - St0 Static - St1 Buckling - St2

Pinned X X X

ϕ1 0 Modified X

ϕ2 0 X X

Mesh:

C3D20RE: A 20-node quadratic piezoelectric brick, reduced integra-

tion, Number of elements - 3031, X denotes the conservation of boundary

condition from previous step.
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path for the ZnO material is shown. The path along helixes according to the

shell polarization is shown in Fig. 1.3. One can see the similar results with

taking into account the linear and proportional response on the properties

change. It should be noted that the material orientation is saved.

In Fig. 4.18 the conservation of the proportionality of the results in the case

of elastic strain energy distribution is depicted. In spite of the conservation of

the material orientation and polarization of the shell one can see the similar

distribution of the von Mises stress by the resulting buckling modes with tak-

ing into account the nano-size effect, see Fig. 4.16. One can see the similar

results of von Mises stress distribution in the case of taking into account the

nano-size effect. One can notice that one can see no regular distribution of

the stress in the shell cross-section.

In the Fig. 4.19 the result for the second material GaAs is presented by the

bulk properties

nano properties

maxmin

Figure 4.16: Buckling mode, von Mises stress distribution
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Figure 4.17: Von Mises stress distribution
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Figure 4.18: Elastic strain energy (ELSE)
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Figure 4.19: Buckling mode, von Mises stress distribution

preservation of all geometric characteristics, modeling scheme, etc. One can

see the difference of the resulting buckling modes by influence of the nano-

size effect, the intrinsic length scale is calculated as ℓi n = 0.47. The distribu-

tion of the stress variable along the helical path is shown in Fig. 4.20.

In Fig. 4.21 depicted the same situation in the case of the elastic strain en-

ergy distribution. In Fig. 4.22 one can see the striking change of the buckling

mode with the reversal of the electrical potential gradient sign after recalcu-

lation the material parameters in the case of GaAs material of the shell. It

does not appear in the case of ZnO consideration. It should be noted that the

presented negative eigenvalue in Fig. 4.22 indicates that the structure would

buckle if the load is applied in the opposite direction [21].
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Figure 4.20: Von Mises stress distribution along helical path
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4.3.4 Piezoelectric response of investigated materials

The reasons, which can give such huge influence on the critical modes, are

the different piezoelectric moduli distribution of ZnO and GaAs according to

the difference in the wurtzite type of the crystal lattice of both materials, Figs.

4.23 – 4.25 and chirality of the geometry [91], which belongs to the specific of

the crystalline structure.

The piezoelectric material produces electrical charges when subjected to

pressure, and stretches or contracts when an electrical field is applied. The

piezoelectric crystals have no center of symmetry, which induces sponta-

neous polarization. They belong to the 21 non-centrosymmetric classes of
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Figure 4.24: Structure of ZnO compound
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Figure 4.25: Piezoelectric modulus distribution

the 32 crystal classes. As an example in the Hermann-Mauguin notation one

has mm2, 42m, etc. [83, 119].

Let us discuss more accurately of piezoelectric deformation of the gallium

arsenide. The gallium arsenide (GaAs) is a III/V semiconductor10. GaAs is

an instance of a non-centrosymmetric classes according to piezoelectric con-

stants distribution, see Fig. 4.23. It is the 4̄3m and 23 classes by the Hermann

- Mauguin notation [119]. This type of symmetry is close to the orthorhombic

class 222, but in the case of a cubic symmetry all of the piezoelectric mod-

uli are equal [119], and it is used in the manufacture of devices such as mi-

crowave frequency integrated circuits, monolithic microwave integrated cir-

cuits, infrared light-emitting diodes, laser diodes, solar cells and optical win-

dows [40, 60].

The nature of the piezoelectric response of GaAs can be explained by the

consideration of the atomic arrangement in the GaAs structure, see Fig. 4.23,

see also [120, 121]. Every anion As− is surrounded by the four cations of Ga+ .

For this atomic arrangement the coordination polyhedron is the regular tetra-

hedron. Under applied electrical field, the anions move to the centrum of the

polyhedron, at the same time move apart the cations of Ga+. The lower tetra-

hedron edge is stretching and the upper edge is shrinking, respectively. All

tetrahedrons in the GaAs structure are equal and equally oriented. This is the

reason for the general deformations of the crystal as the shrinking deforma-

tions without longitudinal strains in the defined direction [56, 73].

The same deformation process is apparent in the crystal ZnO according to

the atomic arrangement in the wirzite type of the crystalline lattice, see Fig.

4.24. Zinc oxide (ZnO) is an important semiconducting and piezoelectric ma-

10III/V semiconductor is a direct-gap semiconductor, according to the periodic table of

elements it belongs to the complex: two-element type AIIIBV [99].
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Figure 4.26: The numerical result of some eigenvalue ZnO, first critical mode,

bulk properties

terial, it has versatile applications in the field of optoelectronics, piezoelec-

tric sensors, transducers and resonators [130]. In general, ZnO is a material

that exhibits semiconducting, piezoelectric, and pyroelectric properties. Fig-

ure 4.25 shows the distribution of the piezoelectric modulus according to the

[100] polarization.

According to the non-standard way of the modeling buckling collapse

problems by the inverse piezoelectric effect the question of the numerical sta-

bility is very important. However, one can see that the numerical result of

some eigenvalue in the case of ZnO material and first critical mode and the

bulk properties, approaches the same value asymptotically by the increasing

number of finite elements, see Fig. 4.26. It is not necessary to check the so-

lution stability for the other simulations because of using the same modeling

scheme.

Let us conclude the principal results and scientific novelty of analysis of

piezoelectric helical shell stability with geometrical non-linearity. The critical

value of the electric potential is determined, which causes loss of stability of

the helicoidal shell. The result can be used in the investigation of the imper-

fection sensitivity of a nano-structure in MEMS/NEMS.



CHAPTER

5
Investigation of metamaterials

with chiral elements

Metamaterials are composite materials with properties, which are depen-

dent on both the physical properties of individual components and the

macrostructure [54]. As it is mentioned in Chapter 1, usually the individual

components are the reason for the special effective macroscopic behavior of

the structure [4, 16, 29, 57]. The investigation of artificial complex materials

requires interdisciplinary knowledge and involves various fields of application

areas such as development of MEMS/NEMS, solid state physics, optoelec-

tronics, material science, theory of composite structures, nanoscience, etc.

[16, 122, 130]. In this case the question of the micro-macro behavior of meta-

materials is connected with the prediction of functional properties of such

structures [81, 85, 109].

5.1 Problem statement

Below we investigate both the elastic and the electric properties of a chiral

material and consider the composite structure made of a polymer matrix and

anisotropic inclusions of GaAs taking into account the piezoelectric and di-

electric properties of the composite. We estimate the functional properties of

the composite. For the determination of functional properties of the artificial

composite material we will consider the characteristic unit cell of the compos-

ite, see Fig. 5.1. Let us consider the tape helix with a geometry as depicted in

Fig. 1.3. The geometry of helixes is defined by following values: layer thickness

7 nm, width of helix belt 0.35 µm, radius 1.1 µm, length of helix coils 1.2 µm,

number of coils 5. Unit cell from polymer is the cuboid with the width 3 µm
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Figure 5.1: Problem statement: a) Boundary conditions for the direct piezo-

electric effect; b) Boundary conditions for the inverse piezoelectric effect; c)

Assembly of units in the composite material

and length 13 µm. Both material properties (Table 4.8) and the shape of the

studied structure (Fig. 4.12) are the principal information allowing to investi-

gate the resulting buckling behavior.

Within the frame of electroelasticity one can consider the problem state-

ment which requires the solution of the system of equations for the piezoelec-

tric body (see Chapter 2):

1. Equation of motion:

∇∇∇·σ= ρ
d2u

dt 2
(5.1)

2. Maxwell’s relations for the electric displacement vector and electric field

vector, respectively:

∇∇∇·D = 0 (5.2)

E =−∇∇∇ϕ (5.3)

3. Relation for strain tensor in the case of small deformations:

ε=
1

2

(

∇∇∇u+∇∇∇uT
)

(5.4)

4. Constitutive equations:

σσσ=(4) C · ·εεε−(3)eT ·E (5.5)

D =εεε · ·(3)e−d ·E (5.6)

5. Boundary conditions, Fig. 5.1:

u|Γu = u (5.7)

n ·σ|Γσ = p (5.8)
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ϕ|Γϕ =ϕ (5.9)

−n ·D|Γq = 0 (5.10)

In addition, we take into account that the normal component of the electric

flux vector D is continuous on the matrix-inclusion interface.

We will consider a composite, which consists of a polyimide matrix (PI,

see Table 5.1) with a periodic located array of helical shell-like structures with

GaAs properties, see Table 5.2. The question of the choice of the alternative

matrix material in the metamaterial is connected with the applications and

the relative simple and cheap possibilities of synthesis of such structures, see

Section 1.2. According to this, for the more precise understanding of the ma-

trix influence on the composite behavior, we will conduct the simulation with

an alternative matrix material Al2O3, Table 5.3. The components of the meta-

material have the following properties. The polyimide structure is used be-

cause polyimide has particular thermal and mechanical properties [81]. The

dielectric properties of such polymer material can be improved by reduction

of the values of dielectric parameters [72, 85, 129]. The use of fluorinated poly-

imides can reduce the relative dielectric parameter value from 3.4 to 2.8. The

inclusions in the polymer matrix are piezoelectric helical one-layer structures.

The piezoelectric deformations of the inclusion material one can see in Sec-

tion 4.3. It is obvious that the effect of inclusion deformation under applied

electrical field is the reason of the deformation of the composite structure.

Hereby, one can see the presence of the direct and inverse piezoelectric ef-

fects. This means that one can understand the resulting artificial composite

material as a piezoelectric one. The deformation behavior of the composite

structure, which is formed from described above materials, differ from the or-

Table 5.1: Properties of the fluorinated polyimide [81]

E [MPa] ν ρs

[

kg

m3

]

d

2.30 ·104 0.27 1150 2.8

Table 5.2: Properties of GaAs-inclusions [128]

C11 [MPa] C12 [MPa] C44 [MPa] ρs

[

kg

m3

]

eε
[

m
V

]

d

11.9 ·104 5.34 ·104 5.96 ·104 5317 -2.69·10−12 12.9
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Table 5.3: Properties of the matrix Al2O3 [128]

E [MPa] ν ρs

[

kg

m3

]

d

3.00 ·104 0.20 3950 9.10

dinary electro-elastic systems because the source of stresses is the deforma-

tion of the piezoelectric shells.

The problem of the determination of the effective values of the metama-

terial requires the application of the homogenization methods [19]. Let us

consider this problem with particular features of the symmetry type of the

composite material and the influence of the size-effect on the piezoelectric

response of the composite.

5.2 Results: Behavior of the chiral material

The composite material can be considered as a local orthotropic composite

with a symmetry axis directed tangential to the surfaces of the helixes, see

Fig. 5.2 a). It is necessary to suppress the unique mirror reflection accord-

ing to the consideration of the geometry type and arrangement variation of

the inclusions 5.2 b). The orthorhombic class of symmetry for the piezoelec-

h

m

m

m

m

m

a) b)

n
mirror-reflection plane

Figure 5.2: Representation of shells in a composite arrangement, m is orthogo-

nal to the plane of symmetry: a) Lattice arrangement; b) Right/left-hand twist

of the helixes (n is the normal vector according to the plane of the mirror re-

flection)
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tric response of the investigated material (class mm2, [100]) will be assumed.

Hereby it is necessary to define 7 independent constants, which form the stiff-

ness matrix of the resulting chiral material. For the description of the electric

properties one should obtain 5 independent constants of a piezoelectric ten-

sor in the matrix form (2.21) and 3 independent constants of the dielectric

matrix (2.23).

Considering Eqs. (5.1)–(5.10) the determination of the functional elastic

and electric parameters can be performed as in Table 5.4. Here we accept as

nonzero components of the strain tensor and vector of the electrical field only

thus which are indicated in Table 5.4. The subtasks with nonzero components

of the strain reflect the DPE-analysis and the other tasks are connected with

the IPE-problem. It should be noted that the determination of the engineer-

ing constants is possible too. The coefficients of the stiffness matrix can be

expressed in terms of Young’s moduli and Poisson’s ratios. Hereby one can

retrieve the stiffness matrix by the determination Young’s moduli Ei and Pois-

son’s ratios νi j , i , j = 1÷ 3. Then the missing in Table 5.4 coefficients of the

stiffness matrix can be calculated by (4.12).

Based on the unit cell analysis with the finite element package Simulia

ABAQUSr, we define the material of the matrix as a piezoelectric material.

The material is composed of inclusions and matrix material with zero piezo-

Table 5.4: Determination of the effective properties based on the [u−ϕ] type

relations for the piezoelectric problem. 〈·〉 denotes the averaged values for

each finite element

ε11 6= 0 Ceff
11 =

〈σ11〉

〈ε11〉
eeff

11 =
〈D1〉

〈ε11〉

ε22 6= 0 Ceff
22 =

〈σ22〉

〈ε22〉
eeff

21 =
〈D2〉

〈ε22〉

ε33 6= 0 Ceff
33 =

〈σ33〉

〈ε33〉
eeff

31 =
〈D3〉

〈ε33〉

ε12 6= 0 Ceff
44 =

〈σ12〉

〈ε12〉
eeff

42 =
〈D2〉

〈ε12〉

ε13 6= 0 Ceff
55 =

〈σ13〉

〈ε13〉
eeff

53 =
〈D3〉

〈ε13〉

E1 6= 0 deff
13 =

〈D3〉

〈E1〉

E2 6= 0 deff
22 =

〈D2〉

〈E2〉

E3 6= 0 deff
33 =

〈D1〉

〈E3〉
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a) b) c)

Figure 5.3: Direct piezoelectric effect: a) Determination of eeff
11 and Ceff

11 by non

zero ε11 component; b) Determination of eeff
12 and Ceff

22 by non zero ε22 compo-

nent; c) Determination of eeff
13 and Ceff

33 by non zero ε33 component

electric properties. Only in this case we can use finite elements having electric

degrees of freedom. Introducing both displacement and electrical potential as

nodal variables it possible to discuss all required types of boundary conditions

for the matrix and on the interface region of different materials, see Fig. 5.1 b).

It should be noted that matrix and inclusions are meshed with the same type

of finite elements as a 4-node linear piezoelectric tetrahedron, see Fig. 5.3.

For the definition of all functional moduli, which describe the material

behavior of a chiral material, it is necessary to implement 6 tests with me-

chanical boundary conditions and 3 tasks for the inverse piezoelectric effect,

see Fig. 5.3. By the implementations of the described above tests for the di-

rect and inverse piezoelectric effect are estimated the material properties of

the composite material. The coefficients of the stiffness matrix in the case of

transversal anisotropy:

C11 = 2.318 ·104MPa, C12 = 0.937 ·104MPa, C13 = 1.169 ·104MPa,

C22 = 2.286 ·104MPa, C23 = 1.172 ·104MPa, C33 = 2.284 ·104MPa,

C44 = 0.901 ·104MPa, C55 = 0.900 ·104MPa, C66 = 0.900 ·104MPa

The obtained piezoelectric coefficients and dielectric constants are following:

e11 = 2.54 ·10−10 m

V
, e12 =−7.82 ·10−9 m

V
, e13 =−1.84 ·10−10 m

V
,

e24 =−3.06 ·10−9 m

V
, e35 =−7.22 ·10−12 m

V
,

d11 = 2.8,d22 = 2.8,d33 = 2.79

All other coefficients are equal to zero. It should be noted that the considera-

tion of engineering constants is more usable for the description of the elastic
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behavior of the material. However, the engineering constants for the structure

polyimide/GaAs one can see in the Table 5.5. For understanding the material

choice influence we perform the same simulation with a more harder matrix

and the same material of the inclusions. The averaged functional properties

for a matrix of Al2O3 and GaAs-inclusions one can see in Table 5.6. They are

basedon the initial properties for the matrix Al2O3 indicated in Table 5.3. In

both cases of the polymeric matrix and the matrix of Al2O3, which is more stiff

than the polymer one, the same anisotropy type is observed. Table 5.6 shows

the similar behavior of the material to the results in the case with polyimide.

However, the elastic properties of the source matrix give an influence on the

resulting elastic response. This influence is significant in the plane of symme-

try direction of the inclusions, see Fig. 5.2 a).

Let us consider the model of the chiral material with the left-hand twist

of the inclusions. It should be noted that the inclusion volume fraction is not

changed and the model is completely the same as it is described above for the

polyamide/GaAs components. By the consideration of the result elastic prop-

erties, piezoelectric coefficients and relative dielectric parameters, presented

below, one can make conclusions about the differences of the behavior of the

chiral material with the right/left-hand twists of the helixes. The matrix com-

ponents are now:

C11 = 2.30 ·104MPa, C12 = 1.18 ·104MPa, C13 = 0.971 ·104MPa,

C22 = 2.29 ·104MPa, C23 = 0.965 ·104MPa, C33 = 2.30 ·104MPa,

C44 = 0.907 ·104MPa, C55 = 0.907 ·104MPa, C66 = 0.906 ·104MPa

e11 =−6.26 ·10−10 m

V
, e12 =−6.82 ·10−11 m

V
, e13 =−4.04 ·10−10 m

V
,

e24 ==−2.67 ·10−11 m

V
, e35 =−1.59 ·10−10 m

V
,

Table 5.5: Engineering constants for polyimide/GaAs composite

E1 2.318 ·104MPa ν12 0.264 ν21 0.268

E2 2.286 ·104MPa ν23 0.265 ν32 0.265

E3 2.284 ·104MPa ν13 0.259 ν31 0.262

Table 5.6: Engineering constants for tAl2O3/GaAs composite

E1 2.395 ·104MPa ν12 0.126 ν21 0.127

E2 2.388 ·104MPa ν23 0.285 ν32 0.456

E3 1.491 ·104MPa ν13 0.283 ν31 0.454
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a) b)[001] [001]

[010]
[010]

[100] [100]

[100] [100]
[010] [010]

Figure 5.4: Schematic representation of the twist influence of the inclusions

on the polarization vector according to the piezoelectric modulus distribu-

tion: a) Right-hand twist of the chiral elements; b) Left-hand twist of the chiral

elements

d11 = 2.80,d22 = 2.80,d33 = 2.82

One can see that the elastic behavior of the material is not strongly changed as

well as the dielectric properties. The dielectric properties as first case present

the isotropic behavior. One can see that the twisting changing of the inclu-

sions does not reflects a considerable change of the symmetry of the compos-

ite according to the elastic properties. All isotropic properties are preserved.

But the twist type of the piezoelectric helixes can reflect the difference in the

polarization of the resulting material, particularly one can have a scaling of

the polarization vector P. Figure 5.4 schematically presents the polarization

change of the piezoelectric material according to the piezoelectric moduli dis-

tribution for the orthotropic class of material symmetry. One can see by con-

sideration of the piezoelectric constants matrix that the following equation for

the polarization vector is valid:

P =σσσ ·e

The question about the size effect influence, stated in Section 4.3, requires

to take into account some size-dependence for the nano-structured compos-

ites. Let us consider the influence of the size effect by the transition from the

macrolevel to the microlevel of the material description. The surface charac-

teristics represent the microlevel and bulk properties describe the macrore-

sponse [77, 78]. We confirm again that the scaling law (4.51) gives us the re-

lations between the nano and bulk material properties [20, 25]. We use the
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a) b)

Figure 5.5: Distribution of the electrical flux vector magnitude with the defor-

mation of the shell-inclusion under applied electrical potential

same intrinsic length scale (4.52) calculated for the GaAs-material according

to the experimental data from the literature [40, 73, 121]. This intrinsic length

scale can be used for the recalculations of all material properties by the initial

bulk properties with the help of the scaling law (4.51). Note that in the gen-

eral case the intrinsic length scale and the scaling law are not proper in the

same manner to describe all functional properties. But in our case we assume

the linear dependence between elastic and electric material parameters. Ac-

cording to the constitutive equations (6.5)–(6.6) the recalculation scheme can

be simplified. So we can apply for both the elastic and electric properties the

same intrinsic length scale (4.52) and scaling law in form (4.51). In the de-

scribed above nano-structured composite only inclusions have a size beyond

the macrolevel (thickness of the shell layer). This requires the recalculation

only of the material parameters for the inclusions [77, 78]. For the polymer

matrix is not necessary to take into account the size-effect.

Let us consider some averaging results of the functional properties in the

case of the left-hand twist of the helical inclusions embedded in the polymer

matrix with taking into account the size effect for the inclusions basic mate-

rial. Figure 5.5 shows the deformations of the interior inclusions under the

influence of the electric potential. This test belongs to the inverse piezoelec-

tric effect and denotes the similar deformations of the shell with the propor-

tional change of all resulting variables. In the Fig. 5.5 the distribution of the

electrical flux vector magnitude is presented. By finite element triangulation

(general quantity of elements in the model is 137738) the finite element mesh

of matrix with the element type C3D4E is used, the same type of element is

applied for meshing the inclusions [21]. The parameters of the stiffness ma-

trix, the piezoelectric coefficients and the dielectric constants are computed
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10e+4 [MPa]

c11 c66 c23
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1e- [m/V]8

e35c22 c33 c44 c55 c12 c13 e11 e12 e13 e24

right twist, bulk

left twist, bulk

left twist, nano

a) b)

Figure 5.6: Comparison of the obtained results by change of the input charac-

teristics: a) Coefficients of the stiffness matrix; b) Coefficients of the matrix of

the piezoelectric moduli

considering the influence of the size effect:

C11 = 2.30 ·104MPa, C12 = 1.178 ·104MPa, C13 = 1.204 ·104MPa,

C22 = 2.29 ·104MPa, C23 = 1.20 ·104MPa, C33 = 2.30 ·104MPa,

C44 = 0.895 ·104MPa, C55 = 0.896 ·104MPa, C66 = 0.897 ·104MPa

e11 =−6.51 ·10−10 m

V
, e12 = 5.49 ·10−11 m

V
, e13 =−1.35 ·10−10 m

V
,

e24 == 2.15 ·10−11 m

V
, e35 =−5.28 ·10−11 m

V
,

d11 = 2.80,d22 = 2.80,d33 = 2.80

As in the case of the twisting change, the size effect has not given the particular

changes according to the permittivity matrix, the isotropic behavior and the

values of the dielectric properties are the same. As stated above, the influence

of the application of the size law to the recalculation of the elastic properties

is significant only by the consideration of the tangential stresses, Fig. 5.6 a).

The reason is the packing arrangement of the thin-walled shell in the isotropic

matrix according to the concentration of the inclusions material. Figures 5.7

and 5.8 denote some particular results of the analysis of the inverse and direct

piezoelectric effect, according to Table 5.4. It should be noted that the val-

ues are considered along the full loft of the upper surface of the chiral shell.

This is the more characteristic helical path and more accurately describes the

influence of the chiral geometry on the distribution of the desired quantities.

Based on the supposition about the orthorhombic class of properties sym-

metry in the case of the piezoelectric modulus one can see that the polar-

ization of the composite is changed by the the nano-size effect influence,
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tory (inverse piezoelectric effect)
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Figure 5.8: Distribution of the electrical potential gradient vector along typical

helical trajectory by the direct piezoelectric effect

Fig. 5.6 b). Figure 5.9 schematic demonstrates the polarization change of the

piezoelectric material. Particularly, the polarization vector is scaled in two

directions, in the third direction the reflection and scaling of the third com-

ponent is obvious. Hereby, the pyramid, described the piezoelectric modu-

lus distribution, is rotated around one axis about angle of 180 degrees and

stretched in all directions as the result of the size-effect influence. This is the

principal result because it makes possible to construct the polarization of the

artificial chiral materials and govern of the piezoelectric response of the com-

posite.

Let us conclude the results of described above simulation. The finite el-

ement simulation of the chiral composite unit cell is implemented and the

difference of the chiral material behavior results by variation of the functional

properties of the basic components and the twisting of the helical inclusions is

noted. The presence of the anisotropy according to mechanical and electrical

behavior in the composite is established. The twisting of the helixes reflects

the considerable changes only in case of piezoelectric properties of the ma-
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a) b)[001] [001]
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Figure 5.9: Schematic representation of the size-effect influence on the

polarization vector according to the piezoelectric moduli distribution, see

Figs. 5.6 a, b: a) By the consideration of the bulk properties of the inclusion

material; b) By the taking into account size-effect for the inclusion material

terial. The size-effect by the investigation of the material properties makes

the important amendment in the result behavior of the nano-structured com-

posite, especially by the consideration of the electrical response of the mate-

rial. By consideration of packing variations of the helical inclusions one can

have the supposition that the geometry of the helical inclusions as the shell

width, packing density, quantity of the spiral turns, etc. have a significant

influence on electrical properties averaging. As an example, by the increas-

ing helix length or quantity of the spiral turns (in the case of polarization de-

scribed above) one can receive more evident piezoelectric effect in a chiral

material, but the increasing only shell width not improves the piezoelectric

characteristics of the composite structure. It is obviously that the questions of

the shape optimization for this structures are more complicated and should

be considered according to the optimization problem [85]. The results of this

work can be used for the designing of a metamaterial structure with the chiral

properties and for the prediction of its mechanical and electrical response.



CHAPTER

6
Crystal/fiber arrays on

multilayer substrates

Arrays of micro- and nanofibers or tubes made of semiconductors or

piezoelectric materials belong to the perspective structures microelectron-

ics. They are studied intensively, see e.g. [49, 98]. The investigation of

nanofiber/nanorod arrays on substrates should be based on the considera-

tion of the synthesis processes of nanostructures [49, 59, 98, 129]. The num-

ber of nanocrystals on substrates is usually high, see Fig. 6.1. Hereby, one can

consider these structures as an anisotropic continuum with effective (homog-

enized) properties [1]. The estimation of the effective properties is obviously

interesting, because it makes possible a prediction of the particular behavior

of the nano-crystals arrays working in microelectronics and nanophotonics

devices at various conditions.

a) b)

Figure 6.1: Example of the quasi-periodic array of crystalls/fibers: a) Self-

grown system of ZnO crystals [124]; b) Nanocrystals created by the stamp pro-

cess [92]
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6.1 Problem statement

Let us consider an array of nanocrystals on a multilayer substrate with a ge-

ometry and material components as depicted in Fig. 6.2. Within the frame

of electroelasticity one can formulate the problem statement which requires

the solution of the system of equations for a piezoelectric body. However, let

us consider the basic equations for electro-elastic bodies with the tesselated

boundary to subregions for the application of boundary conditions (Fig. 6.2).

1. Equation of motion:

∇∇∇·σ= ρ
d2u

dt 2
(6.1)

2. Maxwell’s relations for the electric displacement vector and electric field

vector, respectively:

∇∇∇·D = 0 (6.2)

E =−∇∇∇ϕ (6.3)

3. Relation for strain tensor in case of small deformations:

ε=
1

2

(

∇∇∇u+∇∇∇uT
)

(6.4)

4. Constitutive equations:

σσσ=(4) C · ·εεε−(3)eT ·E (6.5)

a) b)

c)
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Figure 6.2: Example of the standard model of crystalls/fibers: a) Distribution

of material properties of the structures with the approximate size of layers; b)

Approximate size of nanocrystals/nanorods; c) Macroview of crystal/rod/fiber

arrays on substrates
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Table 6.1: Properties of the layer made of In0.14Ga0.86As [128]

E [MPa] ν ρs

[

kg

m3

]

8.06 ·104 0.32 5500

D =εεε · ·(3)e−d ·E (6.6)

5. Boundary conditions (Fig. 6.2):

u|Γu = u0 (6.7)

n ·σ|Γσ = p (6.8)

ϕ|Γϕ =ϕ0 (6.9)

−n ·D|Γq = 0 (6.10)

We will investigate ZnO nanocrystals on the substrate ZnO/InGaAs/Al203 with

the properties of each component indicated in Tables 4.11, 5.3 and 6.1. It

should be noted that usually Al203 is used as an absorbent and catalyst for the

processes of nanocrystal growing [98]. As is mentioned above for nanocrys-

tal/fiber arrays the density of elements on the substrate can be large in the

case of identical dimensions and constant mechanical and electrical proper-

ties [129]. This allows us to consider a model based on the continuous distri-

bution of nanoobjects [26, 98]. However, the simulation of the real structure,

where the number of crystals on the substrate can reach 1015, is connected

with large computational costs. Thus by the creation such model it is rational

to simulate the nanocrystal array by a continuous layer with averaged mate-

rial parameters. Let us discuss the possibilities of analytical averaging of the

functional properties taking into account the specificity of the crystal arrange-

ment.

6.1.1 Case of quasi-periodic array of nanocrystals

Let us consider a periodic array of nanocrystals (Fig. 6.1). We introduce in-

stead of the model of the real structure a simplified model: a unidirectional

fibre composite, which consists of some matrix and a regular array of piezo-

electric crystal inclusions. The interior between the fibers is modeled as in-

clusions consist of air. For averaging of the nanocrystal array we will use the

methods of the classical theory of fibre-reinforced composites [19, 55]. Ac-

cording to these methods on the border of a partition between crystal/fiber
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and the interior of the fiber we accept the conditions of ideal contact. This

means that the continuity for the displacements, stresses, potentials and cur-

rents is fulfilled.

Let us select the representative element of a nanoarray structure with the

volume V and the N number of the inclusions. This representative volume

is the element of structure, in which all averaged components of stress and

strain tensors are equal according to the respective values in the whole array.

In the case of the applied uniform stress field or strain field one can present

the averaged stress and strain by the volume element:

<σi j >=
1

V

∫

V

σi j (xi )dv, < εi j >=
1

V

∫

V

εi j (xi )dv (6.11)

σ=
1

V

∫

V −
N
∑

n=1
VN

σi j dv +
1

V

N
∑

n=1

∫

VN

σi j (xi )dv (6.12)

<σi j >= Ci j kl < εkl > (6.13)

Here the analytical expressions for the stress and strains are not presented,

because their representation is possible only in the cases of a special geome-

try with absolute periodicity of the components in the investigated structure

(Fig. 6.1). The main part of the determination of the functional properties

is the estimation of material characteristics by obtaining of the "upper" and

"lower" limits of the possible variation of the functional properties. Such an

estimation of the effective moduli first was suggested by Hashin and Rosen

[55].

The averaged layer of the ZnO crystals can be considered as a transversely

isotropic material. For the description of mechanical properties one should

determine 5 independent parameters. Let us introduce the axis z as the axis

of isotropy. This axis is perpendicular to symmetry plane, see Fig. 6.2. One

can consider the following relations between the engineering constants and

the components of the stiffness matrix C [19]:

C11 = C22 = E1(1−ν13ν32)K23

C12 = E1(ν13ν32 +ν12)K23

C13 = C23 = E1(ν12ν32 +ν32)K23

C33 = E3(1−ν2
12)K23

C44 = C55 =µ23, C66 =µ12

(6.14)

where Ei is the modulus of elasticity along the axis i , νi j is the Poisson’s ratio

corresponding to the contraction in the direction j if the stress is applied in
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Figure 6.3: Suggested models: a) and b) Polydisperse model with cylindrical

inclusions; c) Three-phase model with cylindrical inclusions

direction i , K23 is the bulk modulus by plane strain state in the plane 23, µi j is

the shear modulus related to the material response in the i j -plane.

For the determination of the unknown constants we consider the polydis-

perse model with cylindrical inclusions [55], Figs. 6.3 a) and b). According to

this model we can obtain 4 unknown engineering parameters. The last one,

the shear modulus in the isotropy plane, can be obtained by the three-phase

model with cylindrical inclusions, see Fig. 6.3 c) [19].

If we solve the boundary value problem (6.1)–(6.10) with the stress bound-

ary condition (6.8) and applying the theorem of minimum of potential energy

one can obtain the stress state in the volume element. Thereby, the calcu-

lated energy for this stress state is an upper bound of the unknown stress state.

Then the modulus E l is the lower bound of the unknown modulus. By anal-

ogy we can estimate E u , which is the upper bound. Similarly, if we will observe

the displacement field for one compound cylinder, the boundary condition in

displacements is (6.7), and one can obtain that the result of integration is the

upper value E u . Using the estimate E l ≤ E ≤ E u we obtain the approximate

values [19]:

E3 = cEF + (1− c)E3M +
4c(1− c)(νF −ν32M )2µ32M

(1− c)µ32M

KM +1/3µ32M
+

cµ32M

kF +1/3µ32M
+1

(6.15)

ν32 = (1− c)ν32M + cνF +

c(1− c)(νF −ν32M )

[

µ32M

kM +1/3µF
−

µ32M

kF +1/3µF

]

(1− c)
µF

kF +1/3µF
+

µ32M

kM +1/3µ32M
+1

(6.16)

K23 = kM +1/3µ32M + c

[

kF −kM +1/3(µF −µ32M )+
1− c

kM +4/3µ32M

]

(6.17)



88

µ32 =µ32M

[

µF (1+ c)+µ32M (1− c)

µF (1− c)+µ32M (1+ c)

]

(6.18)

µ12 = 1+
c

µ12M

µF −µ12M
+

kF +7/3µ12M

2kF +8/3µ12M

(6.19)

where the index M denotes the matrix, the index F denotes the inclusion,

c =

(

ai

bi

)2

= const, ∀i ∈ N

is the volume concentration of inclusions, ai and bi are the radius of an inclu-

sion and an inclusion hull, respectively.

The expressions (6.15)–(6.19) are sufficient to describe the transversely

isotropic material. For the remaining parameters one should estimate by stan-

dard relations according to the basis vector e3, which is perpendicular to the

symmetry plane:
ν31

E3
=

ν32

E3
=

ν13

E1
=

ν23

E2

ν23 can be determined by analogy to ν32, see Eq. (6.16). In addition, we have

ν12 =
E1

2µ12
−1

Thereby, one can recalculate the elastic properties of the averaged layer of the

tubes/fibers on the substrate [19, 55].

6.1.2 Stochastic array of nanocrystals

The assumption about the regularity of the crystal array does not reflect the

specificities of the various crystal/fiber structures. One possible way to over-

come the estimation scatter is to apply the principles of fractal analysis and

the multifractal formalism, because the theory of elastic/fractal properties is

an example of the macroscopic description of a scale invariant irregular struc-

ture [82]. In the considered structures of stochastic crystal/fiber arrays on the

substrate the array components and the internal environment have enough

topology and fractal properties to consider them as fractal objects, Fig. 6.4.

The analysis of an array structure shows us the following items:

• the structure formation is the result of a self-organized growth;

• the structures are self-similar and hierarchic, which means that the large

crystal agglomerates are formed from the individual components as the

fractal aggregates should be formed from the small fractal elements.
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Figure 6.4: Example of SEM images of silver nanoclusters [59, 104]

Thereby, one can consider a model of a crystal/fiber array as a solid-state frac-

tal structure. For the problem description of the material properties estima-

tion in the case of solid-fractal structure taking into account the piezoelectric

characteristics of nanocrystals we use the expansion of the Euclidean space

E3 topology with the dimension d to the Hausdorff space X with the unknown

dimension D . Because the agglomerate characterization the Euclidean geom-

etry cannot be used to describe the complex shapes of many ambient crystals.

The fractal dimension is the principal characteristics of the fractal struc-

tures. This value can be defined by the following expression:

n =

(

R

a

)D

(6.20)

where n is the number of fractal elements in the fractal aggregate, R is the

rate of the aggregate, a is the rate of the fractal element in the aggregate. It

is necessary to consider the definition of the fractal Hausdorff-Besikovitch di-

mensionality1:

Let us accept the fractal set consisted of the enumerable aggregates
⋃

Ai , i = 1÷k, Fig. 6.6, then

∀Ai : diam(Ai ) < δ,∀δ> 0,∀i ∈ N ⇒∃mp = supδ infi
∑

i diam(Ai )p

⇒ D := supmp>0 p
(6.21)

1The Hausdorff–Besicovitch dimension is an extended non-negative real number associ-

ated with any metric space. The Hausdorff dimension generalizes the notion of the dimension

of a real vector space [10].
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Figure 6.5: Fractal Dimension Solver

Ai

affected fractal units

not affected fractal units

Figure 6.6: Determination of the fractal dimension by the method of nested

squares with decomposition of the fractal system on the fractal aggregates (Ai )

and determination of the fractal dimension of the one fractal aggregate with

the ki squares and k
′

i
squares with the fractal element

D = supmp>0 p is called the fractal Hausdorff-Besicovitch dimensionality. For

the determination of the fractal dimension one can use the Fractal Dimension

Solver (FDS), which is prepared for this thesis by the application of the open

source object-oriented programming, see Fig. 6.5. This application is based

on the method of the embedded squares, see Fig. 6.6 [10].

According to this method one can observe and check the fractal geome-

try of various nanocrystal structures. For the above mentioned algorithm the

fractal dimension for the ZnO array is shown in Figs. 6.6 and 6.7.
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lnk
′

i

lnki

if
lnk

′

i

lnki
= const,⇒ ∃ D =

lnk
′

i

lnki

Figure 6.7: Example of the determination of the fractal dimension by the con-

sideration of the dependence between the square numbers ki and the total

numbers of the units affected fractal structure k
′

i

The dimension is equal to D = 2.024. Balankin [9, 10] obtained the the re-

lation between elastic properties and fractal dimension in the case of isotropic

material.

6.2 Results: Analysis of applied methods

Let us compare the difference between the obtained results of the applied

methods by the material parameters estimation. The fractal method, which

allows to estimate the functional properties, is resembled to the way of tak-

ing into account the size-effect in the process of the comparison of the micro-

and macrolevel. For example one can consider a relationship between the

intrinsic length scale and the fractal dimension of the fractal aggregate. The

parameters of the stiffness matrix, which are not presented in Table 6.2, are

equal to zero. In the rows ZnO FA and ZnO PM the averaged elastic properties

of the transversal isotropic material are shown. In the row ZnO FA the results,

which were obtained with the fractal analysis, are shown and the row ZnO PM

presents the results based on methods of classical theory of fiber-reinforced

composites (polydisperse model with cylindrical inclusions and three-phase

model with cylindrical inclusions).

After averaging of the material parameters of the homogeneous layer of

the crystals on the substrate indicated in the Table 6.2 the numerical exper-

iments of the eigenvalue problem and the case of a shear loading are of in-

terest, because these experiments can show us more accurately the difference

between the elastic response in the layer by using of two methods of the ma-
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Figure 6.8: Comparison of the displacement change between averaged layer

and not averaged layer by eigenvalue analysis (case of 3rd mode)

terial parameters estimation. In the Fig. 6.8 the plots with change of displace-

ment along a middle-section of the layer in case of eigenvalue 2.05e+ 7 Hz

and respective eigenmode are depicted. In Figs. 6.8, 6.10 -6.11 one can see

the qualitative coincidence of the displacements and stresses in the case of

identical eigenmodes and equal loads, respectively. The principal differences

consists in the value of the local variations according to the remainder of the

maximal and minimal values of considered functions, which describe the pre-

sented processes in the indicated intervals. Figure 6.9 shows the difference

between material behavior in the case of the averaged layer and in the case of

the original material parameters as the result of the shear traction. Even in this

case the qualitative coincidence of the results by the various modifications of

the layer material can be observed.

All presented pictures have a horizontal and vertical symmetry of the stress

Table 6.2: Mechanical properties of elastic layer

C [MPa] C11 = C22 C12 = C21 C13 = C31

ZnO bulk 1.90 ·104 1.10 ·104 0.90 ·104

ZnO FA 5.10 ·103 0.60 ·103 1.70 ·103

ZnO PM 4.30 ·103 2.00 ·103 1.60 ·103

C [MPa] C23 = C32 C33 C44 = C55 C66

ZnO bulk 1.10 ·104 1.10 ·104 0.39 ·104 0.45 ·104

ZnO FA 1.17 ·103 7.8 ·103 3.9 ·103 4.5 ·103

ZnO PM 1.16 ·103 1.13 ·103 3.1 ·103 1.02 ·103
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a) b) c)

Figure 6.9: Von Mises stress distribution: a) ZnO properties; b) Averaged prop-

erties with the fractal analysis; c) Averaged properties with the methods of

classical mechanic of fiber composites

Averaged layer with

general ZnO properties

Recalculated properties

(polydisperse model)

Recalculated properties

(fractal analysis)

Figure 6.10: First two eigenmodes of crystal layer with different material prop-

erties

distributions in the case of the shear load, Fig. 6.9. The figures have the mini-

mum stress in their center and equal quantity of the pronounced area of stress

variations with the comparable stress amplitude. Such material behavior can

be explained by the preservation of a transversely isotropic type of symmetry
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Averaged layer with

general ZnO properties

Recalculated properties

(polydisperse model)

Recalculated properties

(fractal analysis)

Figure 6.11: Second two eigenmodes of crystal layer with different material

properties

of the averaged material according to the recalculated stiffness matrix. The

use of the polydisperse and three-phase models with cylindrical inclusions

is connected with a more complicated implementation. With help of these

methods one can obtain exact results only in the case of the special geome-

try. In other cases the experimental verification of the stiffness matrix is re-

quired. The realization of the second method of the mechanical properties

estimation is easier in the case of a geometry with fractal topology. Neverthe-

less, the possibility of the recalculation of the functional properties of an array

of nanocrystals with both methods of fiber-reinforced composite mechanics

and fractal analysis is given. This makes it possible to use simplified FEM sim-

ulation in investigation of crystal/fiber array structures and implementation

of the simulation results in the production of MEMS/NEMS based on crys-

tal/fiber piezoelectric arrays.



CHAPTER

7
Conclusions

7.1 Summary

The main result of the presented thesis is the development of methods of anal-

ysis of spiral piezoelectric multilayer shells and shells/crystal arrays. In addi-

tion, simulations of their behavior are presented, especially under the consid-

eration of the particular influence of the environment. Obviously, this inves-

tigation requires the implementation of software packages for the solution of

the governing equations. In particular, the following results for the models of

nanostructures with chiral elements are obtained:

• A model of one- and multi-layer shell with a helical geometry and par-

ticular properties of the active layers is constructed. The mathematical

model is based on the principles of continuum mechanics. With help of

numerical methods several physical problems concerning the features

of the nanoshell behavior are investigated.

• The simulation of both the direct and the inverse piezoelectric effects

with consideration of various types of piezoelectric properties is pro-

vided. As a result the structure behavior under mechanical and electri-

cal loads, the influence of the polarization type and the complex geom-

etry of the belt by the electro-elastic task is considered.

• The basic unknown parameters of the system are obtained by numer-

ical calculations. The eigenvalue analysis with the determination of

the eigenvalues and respective eigenmodes of a nanoshell is performed.

The obtained results can find practical applications in the determina-

tion of functional properties of multi-layer shells and some structures
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which contain agglomerates of helical shells. It should be noted that the

results of the above described eigenvalue problem gave a good agree-

ment with results, that were published before cf. [31, 32, 36].

• The problem of the interaction of a piezoelectric shell with a non-linear

environment is completely solved. It should be noted that this com-

plicated problem is solved numerically by using the two-way exchange

between finite element and finite volume method.

• The different influence of a Newtonian and non-Newtonian fluid in the

context of the obtained fields of unknown variables is investigated. At

once two models for the parametric analysis of an interaction of a helical

membrane with external environment are proposed. As an additional

feature of the considered processes the particular effects in a non-linear

fluid are mentioned, for example, the Weissenberg effect, thixotropy,

etc. As a consequences of the results, that are obtained by the coupled

hydroelastic analysis the possibility of a contactless control of the shell

motion is offered.

• The most interesting question is the stability loss problem under the in-

fluence of the electric field in the process of inverse piezoelectric effect.

Taking into account the physical linearity of the material behavior the

reason of the stability loss is based on the finite strain theory. As a con-

sequence of the buckling problem modeling in the case of the inverse

piezoelectric effect the values of the critical potentials, buckling modes,

distributions of the principal variables are obtained. Moreover, one of

the principal results of the present work is the detection of the possible

influence on the results of the stability loss problem. The difference of

the results of two different materials with different piezoelectric modu-

lus distributions by considering the size-effect is revealed. Also the ad-

vanced supposition that buckling under the electrical fields cannot be

modeled by effective mechanical loads in general, is supported by nu-

merical experiments. This principal conclusion exposes the necessity of

a further development of a numerical or natural analysis for the design

of the precise-working systems made from singular chiral structure or

assembles.

• The model of a composite with chiral-shell inclusions and the model

of an array of crystals on a substrate are constructed. By the consider-

ation of a characteristic unit cell of a composite with chiral inclusions

the principal material characteristics are numerically obtained. How-

ever, the principal differences of the functional properties of a general

composite by changing the twisting of the interior helixes, initial prop-
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erties of the matrix and inclusions, etc. are detected. The most attractive

feature is the increase of changes of relative to a general material sym-

metry according to the elastic and electric properties. The detection of

this opens a new possibility to produce effective devices with chiral ele-

ments.

• The behavior of crystal arrays on a substrate is investigated. In this case

the determination of the functional properties of the general structure

is performed. However, for the estimation of the functional properties

the theoretical methods of the classical composite mechanics and the

fractal theory are used. The fractal theory is the suitable for investi-

gated structures, because such agglomerates of crystals conserve the at-

tributes of a fractal structure.

• Due to the fact, that the system of crystals/fibers array on the substrate

is modeled as a homogeneous multi-layer structure, the question of

the wave distribution as transport of energy without transport of mat-

ter is investigated. The unusual wave front distribution on the active

wave surface (homogeneous layer of crystals) by consideration of vari-

ous types of boundary conditions is mentioned. The results of this part

of the work can be used for the design of a metamaterial structure with

chiral properties and for prediction of their mechanical and electrical

response.

7.2 Outlook

In the field of the present research a lot of other questions are still open (see

Fig. 7.1, green boxes). For example, such questions can be the dynamic sim-

ulations of the twisting of nanofilms made from nanobelts under the residual

stress, taking into account the analysis of the influence of different types of

anisotropy and polarization of the shell. Another problem is the separation of

laminated films, forming multilayer structures. The processes of a multilayer

shell creation involve the considerable internal stresses as the reason of the

distortion of the shell crystalline lattice [97, 103]. Obviously, it is important

to identify the conditions for such exfoliation and to try to optimize the cases

of possible structure disintegration. However, the consideration of nanofilm

adhesion to the layers and to the substrate is required.

In Section 4.2 there is mentioned, but not completely studied the ques-

tion of the specifics of complex behavior of non-linear fluid interacting with a

piezoelectric shell. Obviously, there are more problems of the proper mod-
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Figure 7.1: Overview and outlook of the problems discussed in the thesis

eling and they require special investigations, especially with respect to the

real properties of the shell environment. The control of the kinematics of the

piezoelectric shell under consideration of the environment effects is impor-

tant for the production of nanostructures as elements of MEMS/NEMS. As

a consequence, the kinematics control opens additional possibilities in op-

timization of the shape and material parameters of the structure.

In Chapter 5 the particular properties of a metamaterial are investigated.

These investigations were restricted to the case of piezoelectric properties of

chiral elements in the source matrix. However, at the present time one of the

most perspective applications of the metamaterials is the application in solar

cell. For the simulation of such processes it is necessary to consider photo-

electric materials composed of helical shells. At present time applications are

in the field of the solar cell modeling.

The modeling of the above described open issues can significantly influ-

ence the development of nanotechnology in the area of using shell-like helical

structures and their assemblies. Thus, the set of the problems solved in the

present work, as well as the above described open issues, see Fig. 7.1, allow

to construct a complete model of helical nanostructures and to open new op-

portunities for their application in practice with development of the modern

nanotechnologies.
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