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Abstract

The geodesic complexity of a Riemannian manifold is a numerical isometry invariant
that is determined by the structure of its cut loci. In this article we study decompositions
of cut loci over whose components the tangent cut loci fiber in a convenient way. We
establish a new upper bound for geodesic complexity in terms of such decompositions.
As an application, we obtain estimates for the geodesic complexity of certain classes
of homogeneous manifolds. In particular, we compute the geodesic complexity of
complex and quaternionic projective spaces with their standard symmetric metrics.
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1 Introduction

The geodesic complexity of a complete Riemannian manifold is an integer-valued
isometry invariant. It is given as a geometric analogue of the notion of topological
complexity as introduced by M. Farber in Farber (2003). Geodesic complexity was
originally defined by D. Recio-Mitter in the more general framework of metric spaces
in Recio-Mitter (2021). Given a complete Riemannian manifold (M, g) we denote
its space of length-minimizing geodesic segments by GM, seen as a subspace of
the path space C°([0, 1], M) with the compact-open topology. Consider the endpoint
evaluation map

ev: GM — M x M, ev(y) = (y(0), y(1)).

The geodesic complexity of (M, g),denoted by GC(M, g), is defined as the smallest
integer k for which there exists a decomposition of M x M into locally compact subsets
Ay, ..., Ax with each A; admitting a continuous local section of ev.

In the same way that topological complexity is motivated by a topological abstrac-
tion of the motion planning problem from robotics, geodesic complexity is motivated
by an abstract notion of efficient motion planning. Sections of ev can be seen as
geodesic motion planners since they assign to a pair of points (p,g) € M x M a
length-minimizing path connecting these two points.

As noted by Recio-Mitter in (Recio-Mitter 2021, p. 144), the main problem in
determining the geodesic complexity of (M, g) lies in understanding the geodesic
motion planning problem on its total cut locus. The latter is defined as

Cut(M) ={(p,q) e M x M |q € Cut,(M)} S M x M,

where Cut,(M) C M denotes the cut locus of p € M with respect to the given
metric g. In this article we introduce the notion of a fibered decomposition of the total
cut locus. If such a decomposition exists, it gives rise to a new upper bound for the
geodesic complexity of M. The main applications of this upper bound are estimates
for the geodesic complexity of certain homogeneous Riemannian manifolds. Similar
situations were already studied by the authors in Mescher and Stegemeyer (2021).
The upper bounds in the present article are however independent of the ones given in
Mescher and Stegemeyer (2021). Various estimates from that article can be improved
using the new results.

Let (M, g) be a complete Riemannian manifold and consider the extended expo-
nential map

Exp: TM — M x M, Exp(v) = (pr(v), expp(y) (v)),
where pr : TM — M denotes the bundle projection. We say that the total cut locus
admits a fibered decomposition if there is a decomposition of Cut(M) into locally
compact subsets Ay, ..., Ak, such that the restriction

o= Exp|gl_: Zi — A;,
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where Z,- = Exp’1 (A,-)ﬂ(’?TJ/t(M), is afibration foreachi € {1, ..., k}. Here, évut(M)
denotes the rotal tangent cut locus which will be defined below. We will establish the
following result.

Theorem (Theorem 3.2) Let (M, g) be a complete Riemannian manifold. If the

t0tal~cut locus Cut(M) admits a fibered decomposition Ay, ..., Ay with fibrations
i Aj = A fori € {l, ..., k}, then the geodesic complexity of M can be estimated
by

k
GC(M, g) <) secat(m;: A; — A;)+ 1.

i=1

Here, secat denotes the sectional category of a fibration, which was introduced by A.
Schwarz in Albert (1966) as the genus of a fiber space.

Evidently, this raises the question whether there are any interesting cases of Rieman-
nian manifolds whose total cut loci admit fibered decompositions. For a homogeneous
Riemannian manifold we will establish a tangible criterion on the cut locus of a single
point implying that its total cut locus admits a fibered decomposition. We will fur-
ther show that each irreducible compact simply connected symmetric space satisfies
this condition, providing a large class of examples whose total cut loci admit fibered
decompositions. By applying this result, we are able to compute the geodesic com-
plexity of complex and quaternionic projective spaces with respect to their standard
symmetric metrics.

Theorem (Theorem 4.6) Let M = CP" or HP" equipped with its standard or Fubini-
Study metric gsym, where n € N. Then its geodesic complexity satisfies

GC(M, gsym) =2n + 1.

In particular, the geodesic complexity of (M, gsym) equals the topological complexity
of M.

Moreover, using results by V. Ozols from Ozols (1974), we study the total cut
locus of three-dimensional lens spaces with metrics of constant sectional curvature.
We show that lens spaces of the form L(p; 1), where p > 3, are further examples
of homogeneous manifolds whose total cut loci admit fibered decompositions. As
these spaces are not globally symmetric, this shows that fibered decompositions are
not exclusively obtained in the globally symmetric case. A detailed analysis of the
fibrations involved in the fibered decompositions of Cut(L(p; 1)) shows that

6 <GC(L(p; 1, g <7,
see Theorem 5.8, where g is a metric of constant sectional curvature.
This manuscript is organized as follows. In Sect. 2 we review the definitions of the

total cut locus and of geodesic complexity and note some basic properties of these
objects.
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400 S. Mescher, M. Stegemeyer

The central notion of a fibered decomposition of the total cut locus is introduced in
Sect. 3. In that section we also prove the above mentioned upper bound on geodesic
complexity and study a criterion for the existence of a fibered decomposition.

Symmetric spaces are studied in Sect. 4. After recalling some properties of root
systems and related notions we prove that the total cut loci of irreducible compact
simply connected symmetric spaces admit fibered decompositions and derive an upper
bound on geodesic complexity. This will be applied to the examples of complex and
quaternionic projective spaces and a particular complex Grassmannian.

Finally, in Sect. 5 we discuss the total cut loci of three-dimensional lens spaces and
study a fibered decomposition to derive an upper bound on the geodesic complexity
of these spaces.

2 Geodesic complexity and the total cut locus

In this section we quickly introduce the basic notions of geodesic complexity and of the
total cut locus. For more properties of geodesic complexity and of the relation between
cut loci and geodesic complexity we refer to Recio-Mitter (2021) and Mescher and

Stegemeyer (2021).
Under a locally compact decomposition of a topological space X we understand a
cover Ay, ..., Ax of X suchthatthe A; are pairwise disjointandeach A;,i € {1, ...k},

is a locally compact subspace of X. As usual we equip the path space C(I, M) with
the compact-open topology, where I = [0, 1] is the unit interval. For a Riemannian
manifold (M, g) we let GM C C°(I, M) be the space of length-minimizing paths in
M equipped with the subspace topology of C°(I, M), i.e.

GM ={y € CO(I, M) | y is a length-minimizing geodesic in M}.

Definition 2.1 Let (M, g) be a complete Riemannian manifold and let
ev:GM — M x M, ev(y) = (y(0), y(1)).

(1) A local section of ev is called a geodesic motion planner.

(2) Let B € M x M be a subset. The subspace geodesic complexity of B in (M, g) is
defined to be the smallest integer k for which there is a locally compact decompo-
sition Ay, ..., Ar of B with the following property: for eachi € {1, ..., k} there
exists a continuous geodesic motion planner A; — G M. The subspace geodesic
complexity of B in (M, g) is denoted by GC(ps,¢)(B). If no such k exists, we put
GCp,0)(B) := +o00.

(3) The geodesic complexity of (M, g) is defined to be the subspace geodesic complex-
ity of M x M itself and is denoted by GC(M, g),i.e. GC(M, g) = GCpy, ) (M X M).

Remark 2.2 (1) By the definition of topological complexity via locally compact
decompositions, see (Farber 2008, Section 4.3), it is clear that the geodesic com-

@ Springer



Geodesic complexity via fibered... 401

plexity of a Riemannian manifold (M, g) is bounded from below by the topological
complexity TC(M) of M.
(2) If the metric under consideration is apparent, then we will drop the metric from
the notation and simply write GC(M) := GC(M, g) or GCys (B) := GCpy,4)(B).
(3) Geodesic complexity was introduced by D. Recio-Mitter in Recio-Mitter (2021)
for more general geodesic spaces, i.e. metric spaces in which any two points
are connected by a length-minimizing path. Since every complete Riemannian
manifold is a geodesic space, our definition is nothing but a particular case of
Recio-Mitter’s definition. Note however that our definition of geodesic complex-
ity differs from the one in Recio-Mitter (2021) by one. More precisely, while in
Recio-Mitter (2021) a geodesic space of geodesic complexity k € N is decom-
posed into at least k 4+ 1 locally compact subsets admitting geodesic motion
planners, our definition requires the existence of a decomposition into k subsets
having this property.

As pointed out in Recio-Mitter (2021) the geodesic complexity of a Riemannian man-
ifold (M, g) crucially depends on the cut loci of M. We next recall the notion of the
cut locus of a point as well as the total cut locus and the total tangent cut locus of a
Riemannian manifold. The latter two notions were introduced in Recio-Mitter (2021).

Definition 2.3 Let (M, g) be a complete Riemannian manifold and let p € M.

(1) Let y: [0, 00) — M be a unit-speed geodesic with y (0) = p. We say that the cut
time of y is

teut(y) = sup{t > 0| y¥|[0,r] is minimal}.

In case that 7., (y) < 0o we say that y (fcu(y)) is a cut point of p along y and
that 7y (y)y (0) € T, M is a tangent cut point of p.

(2) The set of tangent cut points of p is called the tangent cut locus of p and is denoted
by Cut,(M) C T, M. The set of cut points of p is called the cut locus of p and is
denoted by Cut, (M).

(3) The total tangent cut locus of M is given by

Cut(M) = | J Cut,(M) S TM.
peM

The total cut locus of M is defined as

Cut(M) = | ({p} x Cut,(M)) € M x M.
pPEM

Remark 2.4 Let (M, g) be a complete Riemannian manifold.

(1) By definition of the Riemannian exponential map exp,: T,M — M atp € M
we have

expp(tv) =y(t) forall t >0andv e T,M,
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402 S. Mescher, M. Stegemeyer

where y, is the unique geodesic starting at p with y(0) = v. Consequently, exp,,

maps the tangent cut locus Cut p(M) onto the cut locus Cut, (M).
(2) We recall the definition of the global Riemannian exponential map, see e.g. (Lee
2018, p. 128), which is given by

Exp: TM — M x M, Exp(v) = (pr(v), exppr(u)(v)).

Here, pr: TM — M denotes the bundle Rr\c_))jection. It is clear from the definitions
that Exp maps the total tangent cut locus Cut(M) onto the total cut locus Cut(M).

Finally, we want to note how the total cut locus of a Riemannian manifold (M, g)
can be used to study the geodesic complexity of M. As Recio-Mitter argues in (Recio-
Mitter 2021, Theorem 3.3) there is a unique continuous geodesic motion planner on
(M x M)~ Cut(M). By (Btaszczyk and Carrasquel-Vera 2018, Lemma 4.2) the latter
is an open subset of M x M, from which one derives the estimate

GC(a.g) (Cut(M)) < GC(M) < GCp1.g)(Cut(M)) + 1. @.1)

Hence, in order to find bounds on the geodesic complexity of a complete Riemannian
manifold (M, g) one can study the subspace geodesic complexity of its total cut locus
Cut(M).

3 Fibered decompositions of cut loci

In this section we introduce the notion of a fibered decomposition of the total cut
locus of a Riemannian manifold M and show that such a fibered decomposition of
Cut(M) can be used to derive upper and lower bounds on the geodesic complexity
of M. After that we give a condition on the cut locus of a point p € M of a homo-
geneous Riemannian manifold which implies that the total cut locus admits a fibered
decomposition.

Definition 3.1 Let (M, g) be a complete Riemannian manifold.

(1) Alocally compactdecomposition Ay, ..., Ay of Cut(M) is called afibered decom-
position of Cut(M) if the following holds: for each i € {1, ..., k} the restricted
exponential map

i =Exp|§i: Zi — A;
is a fibration, where AV,- = Exp_l(A,-) N évut(M).

(2) Similarly, if p € M, then a locally compact decomposition Bj, ..., By of
Cut, (M) is called a fibered decomposition of Cut, (M) if

exp, |§i: E,- — B;

is a fibration, where E,- = exp;l(Bi) N Cff\thp M).
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Here, under a fibration we always understand a Hurewicz fibration in the sense of
homotopy theory. Next we will discuss how fibered decompositions of cut loci yield
new lower and upper bounds for geodesic complexity.

Theorem 3.2 Let (M, g) be a complete Riemannian manifold. If the total cut locus
Cut(M) admits a fibered decomposition Ay, ..., Ay with fibrations ; : A:- — A;
fori € {1,...,k}as in Definition 3.1.(1), then the geodesic complexity of M can be
estimated by

k
GC(M) <) secat(m;) + 1.
i=1

Proof We begin by showing that continuous local sections of 7; induce continuous
geodesic motion planners. Let C € A; be a locally compact subset of A; and assume
thats: C — ;fl- is a continuous section of the fibration 7;. In particular, we have for
(p,q) € C that

Exp(s(p, q)) = (p, q).

We define 0 : C — GM by

o((p,q))(t) = pry(Exp(ts(p, q))) for t € [0, 1],

where pr,: M x M — M denotes the projection onto the second component. This is
clearly a geodesic motion planner. In order to see that map o is also continuous note
that the map

c:CxI—>M, ((p.q).1)+ pra(Exp(ts(p. q)))

is continuous since it is a composition of continuous maps. By a general property of
the compact-open topology, the continuity of & implies the continuity of the induced
mapo: C — GM, see e.g. [Bredon 2013, Theorem VIIL.2.4].

For each i € {1,...,k} we put m; := secat(sw;). Then, see e.g. (Mescher and
Stegemeyer 2021, Lemma 4.1), for each i there is a locally compact decomposition
Ci1,...,Cim of A; for which there is a continuous section of m; on each C; j,
Jj €{l,...,m;}. Since the sets Ay, ..., Ax form a decomposition of Cut(M), we see
that the sets

(Cijlie{l,....k},jel{l,...,m}}

are a decomposition of Cut(M) with each C; ; locally compact. By the first part of the
proof we see that each C; ; admits a continuous geodesic motion planner. This shows
that

k

k
GC(m.g)(Cut(M)) < Zmi = Zsecat(m).
i=1 i=1
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Combining this inequality with the inequality (2.1) completes the proof. O

In the subsequent sections we will see examples of upper bounds on geodesic
complexity by virtue of Theorem 3.2. The next result however shows how a fibered
decomposition of the total cut locus Cut(M) gives rise to a lower bound on
GC(p,4)(Cut(M)). Before we state the result, we recall the definition of the veloc-
ity map, see [Mescher and Stegemeyer 2021, Definition 3.1], i.e. the map given by

v:GM —-TM, v(y) = y(0).

The velocity map is continuous by [Mescher and Stegemeyer 2021, Proposition 3.2].
Furthermore, we recall that the sectional category of a fibration p: E — B is defined
by considering open covers Uy, ..., U of B such thateach U;,i € {1, ..., k} admits
a continuous local section of p. The geodesic complexity of a complete Riemannian
manifold M however is defined via locally compact decompositions of M x M. In
order to compare these two concepts in the following theorem, we employ the notion
of generalized sectional category as introduced by J. M. Garcia Calcines in [Garcia-
Calcines 2019, Definition 2.1].

Definition3.3 Let p: E — B be a fibration. The generalized sectional category
secatg (p) is defined as the smallest integer k for which there exists acover Ay, ..., Ay
of B such that each A;,i € {1, ..., k}, admits a continuous local section of p.

Note that the sets A; in the above definition can be arbitrary subsets of B. Garcia-
Calcines shows in [Garcia-Calcines 2019, Theorem 2.7] thatif p: E — Bisafibration
and if E and B are absolute neighborhood retracts, one has

secaty (p) = secat(p).

Theorem 3.4 Let (M, g) be a complete Riemannian manifold. Assume that the total cut
locus Cut(M) admits a fibered decomposition A1 e Aj withfibrations 1; : A:- — A;
fori € {1,...,1}. Furthermore, assume that all A; and A; are absolute neighborhood
retracts. Then

GC(m,q)(Cut(M)) > max{secat(m;) |i € {1,...,1}}.

Proof Let m € N be the maximum of {secat(s;) |i € {l,...,[}} and choose iy €
{1, ..., 1} such that secat(sr;,) = m. Assume that the assertion of the theorem is false.
Then there are a locally compact decomposition By, ..., By of Cut(M) with k < m
and continuous geodesic motion planners s;: B; — GM for j € {1,...,k}. For
iefl,..., k}setC; = B;NA;,.Itispossible thattherearei € {1, ..., k}withC; = @.
By reordering the B; we can arrange that Cy, ..., C, # ¥ and Cy41, ..., Cx = @ for
some 1 < r < k. The sets Cq, ..., C, form a cover of A;,. For j € {1,...,r} we
define a map

~

UjiCj—)AiO, O‘j:UOSlej,
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where v denotes the velocity map. It is clear that o is continuous. We claim that it is
a section of Aj;y. For any (p, ¢) € C; the path s;(p, ¢) is a minimal geodesic. Thus,
there is w € Cut, (M) with

5;(p. q)(1) = exp,, (tw).
By definition of the velocity map, we obtain
oj(p.q) =Wosj)(p.q) =w
and by definition of Xio itis clear that w € AViO. Consequently,
(i 0 0j) (P, q) = (Explz, 00/)(p,q) = (p,exp,(w)) = (P, q),
which shows that o is a continuous section of ;. Hence, we obtain
secaty () <r <k <m.

Since 7;, : Z,'O — A, is a fibration with Zio and A;, being absolute neighborhood
retracts, we derive from [Garcia-Calcines 2019, Theorem 2.7] that

secat(m;,) = secaty(m;)) < m,

which is a contradiction. This completes the proof. O

Corollary 3.5 Let (M, g) be a complete Riemannian manifold. Assume that

m = Exp| T Cut(M) — Cut(M)

is a fibration and assume that/C\II(M ) and Cut(M) are absolute neighborhood retracts.
Then

GC(p1,¢)(Cut(M)) = secat(mw) and secat(mw) < GC(M, g) < secat(m) + 1.
Proof 1t is clear by Theorem 3.4 that
GCpm, ) (Cut(M)) > secat(r).

The reverse inequality follows from the proof of Theorem 3.2. The second asserted
inequality follows from equation (2.1). O

In Sect. 4 we will show that the symmetric metrics on complex and quaternionic
projective spaces are examples for which the conditions of Corollary 3.5 are satisfied.
In the following we will derive a tangible criterion in order to find fibered decom-
positions of the total cut locus. In the setting of homogeneous Riemannian manifolds
we want to use a fibered decomposition of the cut locus of a point to obtain a fibered
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decomposition of the total cut locus, whose fibrations will in fact be fiber bundles. We
will see applications of this idea in Sects. 4 and 5.

Note that if a compact group of isometries acts transitively on a Riemannian man-
ifold, then the manifold is necessarily complete. If K is a group of isometries of a
Riemannian manifold which fixes a point p € M, then k - Cut, (M) = Cut, (M) for
allk e K.

Definition 3.6 Let (M, g) be a Riemannian manifold and assume that G is a group
of isometries acting transitively on M. Let p € M be a point and let K € G be its

isotropy group. Let By, ..., By, be alocally compact decomposition of Cut, (M). We
say that the decomposition is isotropy-invariant if k - B; = B; foralli = 1,...,m
andallk € K.

In the following let (M, g) be a Riemannian manifold and let G be a group of
isometries of M acting transitively on M. We denote the group action by ®: G x
M — M. We shall use the shorthand notation &, = ®(g,-): M — M as well as
d(g,p)=g-pforgeG,pe M.

Our aim is to use the homogeneity of M to construct a fibered decomposition of the
total cut locus Cut(M) out of a fibered decomposition of the cut locus of one single
point in M.

In the following, we fix a point p € M and let By, ..., Bx be a decomposition of
Cut, (M) which is both isotropy-invariant and a fibered decomposition such that the
associated fibrations B; — B; are fiber bundles for i € {1, ..., k}.

Let K be the isotropy group of p andletpr : G — M = G/K denote the canonical
projection. Fori € {1, ..., k} set

A; ={(g,r) e Cut(M) |r € ®,(B;) for some g € G with pr(g) = g}
and
A; = {(g,v) € Cut(M) | v € (D®D,) ,(B;) for some g € G with pr(g) = q}.
We further consider the maps
mi A= M, mig,r)=q, Fi:Ai— M, F(gv)=q, ief{l,... k).

Lemma 3.7 In the present setting the following holds for eachi € {1, ..., k}:

1. 7; © Ai — M is a fiber bundle with typical fiber B,.
2. ;1 A; = M is a fiber bundle with typical fiber B;.

Note that by fiber bundle, we mean a fiber bundle in the continuous category. We do
not assume that the sets B; carry any differentiable structure.

Proof We want to show that both A; and Xl- are locally trivial. Fix ani € {1, ..., k}
and let

A > M, m(q,r)=q,
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be the projection on the first factor. Let U € M be an open set on which there exists
a continuous section s: U — G of pr. Define ¢; : Aj|ly — U x B; by

0i(q,r) = (q,s(@)""-r) for (q,r) € Aily.

This is a well-defined map since if (g,7) € A;, then there is a b € B; such that
r = g - bforsome g € G with g - p = ¢q. Therefore, by the isotropy invariance of the
decomposition By, ..., By,

s r=(s(9)"'g)-be B

since s(¢)"'g € K. Evidently, ¢; is a homeomorphism. For each point (¢, r) € A;
there is such an open neighborhood U of ¢ admitting a continuous section s: U —
G of pr. Thus, the above construction shows that A; — M is a continuous fiber
bundle. The proof for A; is analogous. One defines local trivializations of the form
Yi: Aily &> U x E,-, where U is an open subset of M admitting a continuous section
s: U — G of pr, by

Yi(g,v) = (q. (Dy,)-1)qv) for (q,v) € A;.

As for ¢; one shows that v; is well-defined and a homeomorphism. O

Theorem 3.8 Let (M, g) be a Riemannian manifold and G be a group of isometries of
M acting transitively on M. Fix a point p € M. Let By, ..., By be a decomposition
of Cut,(M) which is both_isotropy-invariant and a fibered decomposition such that
the associated fibrations BJ, — B; are fiber bundles. Fori = 1, ...,k let C; be the
typical fiber of the bundle B; — B;. Define the sets A; C Cut(M) as above. Then the
decomposition of Cut(M) into Ay, . .., A is a fibered decomposition. More precisely,
the restriction Exp |3, : A; > Ajisa fiber bundle with typical fiber C;.

Proof Fix i € {1,...,k} and let p € M. As discussed in the proof of Lemma 3.7,
we can find an open neighborhoog U C M of p and local trivializations ¢; : A;j|y —
U x B; and ; : Zl- lu = U x B;. If ¢; and ; are given as in that proof, then the
inverse of ¢; is explicitly given by

¢ U x B~ Ailu, ¢7'(q.b) = (¢.5(q) - b),
where s: U — G is alocal section of pr: G — M. We claim that the diagram
Expl;i‘U

Aily — Ailu

l\ﬁi Wl

UxBi —— U x B;
(idy .exp,)
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408 S. Mescher, M. Stegemeyer

commutes. To see this, let (¢, v) € ;fi |y. Then

Yi(q. v) = (q. (DD(y)-1)gv) = (q. (DDy(q)),'v) € U x B;.

By naturality of the exponential map, see [Lee 2018, Proposition 5.20], it thus holds
that

(¢ " o (idy. exp,) o ¥i)(g. v) = ¢; ' (q. exp,(DDy(q)), "))
= (¢, 5(q)s(q)"" - exp, (v))
= (g, exp, (v))
= Exp(g, v).

By assumption the restrictionexp,, |, : B; — B; isafiber bundle. Hence, by choosing
an open subset V C B; such that §l~ |y is trivial and considering ¢, ! (U x V) we obtain

an open set in A; over which the map Exp | i’ X,- — A; is trivial. Since A; is covered
by such trivializations, this proves the claim. O

4 The total cut loci of symmetric spaces

In this section we turn to the study of cut loci in irreducible compact simply connected
symmetric spaces and show that the total cut locus of these spaces always admits a
fibered decomposition. Furthermore, we derive a new upper bound for the geodesic
complexity of symmetric spaces. Note that this section is related to (Mescher and
Stegemeyer 2021, Sect. 3) where the authors proved an upper bound for irreducible
compact simply connected symmetric spaces in terms of the sectional category of
the isometry bundle Isom(M) — M over a symmetric space M and certain subspace
geodesic complexities. The upper bound in the current section is derived independently
of this previous result.

We briefly recall the most important notions related to root systems of symmet-
ric spaces. Let M = G/K be a symmetric space with (G, K) being a Riemannian
symmetric pair. Denote the canonical projection by 7: G — G/K = M. There is
a decomposition g = &€ @ m of the Lie algebra g of G such that m = T; )M is a
linear isometry. We set 0 = m(e), where e is the unit element of G. Consider the
complexification g¢ of g and choose a Cartan subalgebra h) € gc. A root of g¢ is an
element o € h* of the dual space of h for which there exists an X € g¢ ~\ {0} with

[H,X]=a(H)X forall H €.

If a is a maximal abelian subalgebra of m, then consider the restriction «|q of a root
of gc. If this restriction is non-zero, we call it a root of the symmetric pair (G, K).
We choose and fix a set of simple roots of the symmetric pair (G, K) and denote it
by 7 (G, K). We further let § denote its highest root. See [Helgason 1978, Section
X.3] or (Brocker and Dieck 1995, Section V.4) for details on these notions. Due to
the compactness of G we can choose an Adg-invariant inner product (-, -) on g and
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identify the roots with vectors in a via this inner product. Then a Weyl chamber of
7 (G, K) can be defined as

Wi={Xeal|({y,X)>0Vy en(G, K)}.
Note that one can define the other Weyl chambers by choosing other systems of
simple roots. The Weyl group W (G, K) of the symmetric pair (G, K) is generated by
the reflections s, on the hyperplanes

{H eala(H) =0}

It is a finite group and acts simply transitively on the set of Weyl chambers of (G, K).
T. Sakai has studied the cut loci of compact simply connected symmetric spaces in
Sakai (1978), see also Sakai (1977) and Sakai (1978). We summarize the main results.
If there are two or more simple roots of (G, K), put
D:={ACna(G,K)|A#0, §¢ A}.
In case there is only one simple root y, this is then also the highest root and we set

D= {{r}}.

If there are two or more simple roots, we set

Sa={XeW| (,X)>0VyeA, (y,X)=0Vy cn(G,K)~ A, 2(5,X) =1}
for each A € D. In case there is a single simple root y, we define
Sy ={X €al2(y, X)=1}.
As usual, we denote by exp : g — G the exponential map of G and define
exXp:m— M, €Xp ;=1 o exp |m-
This in fact agrees with the Riemannian exponential at the point o under the canonical
identification m = T, M and is often denoted by Exp. In order not to confuse it with

the global Riemannian exponential map used in Section 3, we denote it by exp. For
A € D set

Pr:K xSa—> M, Dak, X) =exp(Adi(X)),
and
Upa: K x Sa —>m,  Uak, X) = Adp(X).
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Furthermore, we define
Za = {k € K | &XPp(Ad(X)) = &XP(X) VX € Sa)
and
Kan=1{ke K|Adp(X) = X VX € Sa}.

Evidently, Zx and K are closed subgroups of K with Ii A € Za. Sakai shows in
(Sakai 1978, Proposition 4.10), thatif A € D, then the map ® 5 induces a differentiable
embedding

Dp:K/ZA X Sh —> M.

Define Cp := im & for each A € D. The cut locus of the point o = w(e) € M is
then given by

Cut,(M) = U Ca
AeD

see (Sakai 1978, Theorem 5.3). Moreover, the set {Ca}acp forms a locally compact
decomposition of Cut,(M).

Lemma ¢L1 The map \TIA induces a continuous embedding Va: K/Ka X SpA — m
and for Cp := im (W) we have that

Ca =P (Ca) N Cuty(M).

Proof By definition of K x itis clear that 7 A induces a continuous map Wp : K/Ka X
Sa — m. To prove that W, is an embedding, we closely follow the proof of (Sakai
1978, Proposition 4.10). For the injectivity of Wa, letk, k¥’ € K and X, X’ € Sx such
that Adp X’ = Ad; X. We need to show that [k'] = [k] in K/KA and that X = X’.
Clearly, it holds that

Adk—lk/X/ = X

Therefore, by (Helgason 1978, Proposition VI.2.2) we know that there is an element
s of the Weyl group W (G, K) of the Riemannian pair (G, K) such that s X’ = X. But
since X and X’ are in the closure of the same Weyl chamber, they have to be equal,
see (Sakai 1978, p. 131). This also shows that k~'k’ € K, so [k'] = [k]in K /K.
In order to show that W, is an embedding, let (k,),cn be a sequence in K and
(Xn)nen be a sequence in Sa such that Adg, (X,) — AdiX for n — oo, where
k € K and X € Sa. We want to show that [k,] — [k] in K/KA and X, — X
for n — oo. Assume that this does not hold. Then by compactness of K there are
ko € K and Y € W and there are subsequences (k;;);en and (X, );eny With k,; — ko
and X,, — Y fori — oo with ([ko], Y) # ([k], X). By continuity of Ad we have
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Ady,Y = Ady X so as argued above for the injectivity, we obtain X = Y and [ko] = [k]
in K /K A which gives a contradiction. This shows the sequential continuity of o7,
thereby yielding that WA is an embedding. _

Finally, by (Sakai 1978, p.133) we have that CA = im(W) C Cut,(M). Moreover,
it is clear by construction that ﬁ(& A) = Ca. In order to show that

(&XPlaw, )~ (Ca) S Ca
let X € évuto(M) such that @xp(X) € Ca. Then there is k € K with
k -exp(X) = exp(Adi (X)) = exp(¥)

for some Y € Sp. We set ¢ = exp(Y) and X = Ady X. Clearly, X e évuto(M) and
since X € ﬁ_l(q) we have by (Sakai 1978, Lemma 4.7) that there is an h € Zx
with X = Ad(h)(Y). But this implies that X = Ad(k~'h)(Y) which shows that
X € Ca. O

It is clear by construction that the decomposition {Ca}aep of Cut, (M) is isotropy-
invariant. The next theorem shows that it is a fibered decomposition of Cut,(M).

Theorem 4.2 Let M = G /K be an irreducible compact simply connected symmetric
space with (G, K) being a Riemannian symmetric pair and let p € M. Then the
cut locus of p admits a decomposition which is both isotropy-invariant and a fibered
decomposition with the associated fibrations being fiber bundles.

Proof As we have already argued, the decomposition of Cut, (M) into the Ca, A € D,
is a decomposition into locally compact subsets and is isotropy-invariant. Hence, it
remains to show that it is a fibered decomposition. Let A € D and consider the map

X: K/KA X Shn — K/ZA x Sa,  x(kKp, X) = (kZa, X).

We derive from Lemma 4.1 that the diagram

K/Ka x Sa LN K/ZA x Sa

l\l’A J'CI)A
~ eXPlE,

Ch ———— Ca

commutes where the vertical arrows are homeomorphisms. It is well-known, see e.g.
(Steenrod 1951, Theorem 1.7.4), that the canonical map K/Kx — K/Z, is a fiber
bundle with typical fiber Za/Ka. Consequently, the above commutative diagram
shows that €xp|s, : Ca — Ca is a fiber bundle with typical fiber Z /K . Since this
holds for all A € D we have shown that the decomposition {Ca}acp is a fibered
decomposition with the associated fibrations being fiber bundles. O

Combining Theorems 3.8 and 4.2 we obtain the following.
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Corollary 4.3 Let M be an irreducible compact simply connected symmetric space.
Then the total cut locus Cut(M) admits a fibered decomposition and the associated
fibrations are fiber bundles.

For A € Dlet Ax C Cut(M) and XA c al/t(M) be the subsets of the total cut locus
and the total tangent cut locus, resp., induced by the Ca as described in Sect. 3. The
set 7 (G, K) consists of precisely r = rank M elements. For eachi € {1,2,...,r}
we set

Di:={AeD|#A =i} and A;:= U An.
AED,‘

Note that by (Sakai 1978, Lemma 5.2), we have for alli € {1, ..., r} that
CaNCa =90 for A,A eD;, A#AN.
It is easy to see that the same relation then holds for the A, i.e.
ArxNAxy =0  for A,A e€D;, A#N. @.1)

Therefore, if we have a locally compact decomposition of all Ax, A € D;, then we
can combine geodesic motion planners in the following way.

Theorem 4.4 Let M be an irreducible compact simply connected symmetric space of
rank r. Then the geodesic complexity of M can be estimated by

.
GC(M) <) " max{secat(Exp |z, : An — AA) | A e D} + 1.
i=1

Proof Leti € {1,...,r} and assume that for each A € D; we have a locally compact
decomposition Ba 1, ..., Bak, of Aa such that foreach j € {1, ..., ka} thereis a
continuous geodesic motion plannersa j: Ba,j — GM.Letm; = max{ka | A € D;}
and set Bp j =@ forka < j <m;. Forl=1,...,m; put

B = U Ba

AeD;
and define a geodesic motion planner s;: By — GM by
si(g,r) =sau(g,r) if (q,r) € Bay.
It follows from (4.1) that this defines a continuous geodesic motion planner on B;. Since
the sets By, ..., By, form a decomposition of A;, this shows that GCy(A;) < m;.

Arguing as in the proof of Theorem 3.2, one further shows that

ka < secat(Exp|z, : XA — Ap) VYA e D,
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which in turn yields m; < max{secat(Exp lz,) A€ D;} foreachi € {1,2,...,r}.
Eventually, we derive that

r r r
GCy(Cut(M)) <Y GCy(A;) <Y m; < max{secat(Exp|z,) | A € D;}.
i=1 i=1 i=1

O

Throughout the following, we shall always write = to indicate that two manifolds are
diffeomorphic. We further let S” denote the n-sphere with its standard differentiable
structure for each n € N.

Example 4.5 Consider the complex Grassmannian Gr; (C*) which is an irreducible
compact symmetric space of rank 2. As shown in (Sakai 1978, p.143) and (Mescher
and Stegemeyer 2021, Example 8.5), the cut locus Cut, (M) can be decomposed into

Ca, =2 xS, Ca, = (%)

and a six-dimensional manifold C . As discussed in (Mescher and Stegemeyer 2021,
Example 8.5), these three spaces are simply connected. Note that D; = {A1, A,}. The
decomposition of the cut locus of o induces a decomposition of Cut(M) as in Sect. 3
and we shall call the induced sets Aa,, Aa, and Aa,. In order to apply Theorem 4.4,
we need to find upper bounds for

secat(Exp |z, : Aa, — Aa,) for i =0,1,2.

Fix i € {0, 1,2}. By (Albert 1966, Theorem 18), we have secat(r: E — B) <
cat(B) for any fibration 7 where cat(B) is the Lusternik-Schnirelmann category of
B. Consequently, we obtain

secat(Exp |z, : Aa, — Aa,) < cat(Aa,).

Note that Grz((C4) and C, are simply connected, therefore A4, is simply connected
since it is a fiber bundle over Gr, (C*) with typical fiber C s ; by Lemma 3.7. Therefore,
we get the estimate

dim(Anx,) . dim(Gr2(C*) + dim(Ca,) . dim Ca,

5
2 2 2 +

cat(Ax;) <
by (Cornea et al. 2003, Theorem 1.50). Explicitly, we obtain
cat(Aa,) <8, cat(Ap,) <7 and cat(Aa,) <5.
Consequently, by Theorem 4.4, we see that

GC(M) < cat(Ap,) + max{cat(A,a,), cat(Aa,)} + 1 = 16.
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Note that this improves the upper bound in (Mescher and Stegemeyer 2021, Example
8.5).

Theorem 4.6 Let M = CP" or HP" equipped with the standard or Fubini-Study
metric, where n € N. Then its geodesic complexity satisfies

GC(M) =2n +1.
In particular, one has
GC(M) = TC(M).

Proof Since CP" and HP" are simply connected symmetric spaces of rank one, we
know by (Sakai 1978, Theorem 5.3) and Corollary 4.3 that the restriction

EXP |Gaia : Cut(M) — Cut(M)
is a fibration. Moreover for n > 2, the cut locus of a point satisfies
Cut,(CP") =CP"! and Cuty,(HP") =HP""',

where p € CP" and ¢ € HP", see (Arthur 1978, Proposition 3.35). By Lemma 3.7
we see that Cut(C P") is a fiber bundle over C P" with typical fiber CP"~!. Since C P"
is simply connected for each n > 1, it follows that Cut(CP") is simply connected as
well for all n > 2. By (Albert 1966, Theorem 18) and (Cornea et al. 2003, Theorem
1.50) we obtain

dim(Cut(CP™)) n

secat(Cut(CP") — Cut(CP™)) < 3

1 =2n.

Consequently by Theorem 3.2 we obtain
GC(CP") < secat(Cut(CP™) — Cut(CP™) +1<2n+1
for n > 2. Since TC(CP") = 2n + 1 by (Farber 2006, Lemma 28.1), we obtain
GC(CP") =TC(CP")Y =2n+1

for n > 2. The argument for HP" is similar, using that HP" is 3-connected for
all n > 1 and that TC(HP") = 2n + 1 by (Basabe et al. 2014, Corollary 3.16).
Finally, for n = 1 we have that CP! is isometric to S? and HP! is isometric to S*,
where both S? and S* are equipped with the standard metric. It is well-known that
GC(S?) = GC(S*) = 3, see (Recio-Mitter 2021, Proposition 4.1), so this proves the

assertion for n = 1. O
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5 Three-dimensional lens spaces

In this section we show that the total cut locus of a lens space of the form L(p; 1) with
a metric of constant sectional curvature admits a fibered decomposition. It is thus an
example of a homogeneous Riemannian manifold which has this property, but which
is not a globally symmetric space, see e.g. (Gilkey et al. 2015, p. 105). We will use the
explicit fibered decomposition to derive an upper bound for the geodesic complexity
of three-dimensional lens spaces of type L(p; 1). We start by studying the cut locus
of a point in the lens space L(p; 1), which was explicitly described by S. Anisov in
Anisov (2006). However, we give a self-contained exposition in this section, since we
will need a detailed description of the tangent cut locus and of the cut locus in this
setting.
We consider the 3-sphere as a subspace of C2, i.e.

S® = {(z1,22) € C? | 2171 + 2022 = 1}.

In the following we will also consider S* as embedded in R* under the standard
identification C> = R*. The special unitary group SU (2) acts transitively on the 3-
sphere. Furthermore, for arbitrary p > 3, we have an action of Z, on S* denoted by
V: Zp x S* — S3, where Z p is the cyclic group with p elements, given by

2mim 2wim

W(m, (z1,22)) > (e 7 z1,e P 22). (5.1

It is easy to see that this action is properly discontinuous. If we equip S with the
standard metric, then W is an action by isometries. Consequently, we can equip the
quotient L(p; 1) = S3/Zp with a metric for which 7: S* — L(p; 1) becomes a
Riemannian covering. We henceforth always consider L (p; 1) as equipped with such
a metric. The space L(p; 1) is called a lens space. Furthermore, note that the metric
on L(p; 1) constructed in this way is a metric of constant sectional curvature. By the
Killing-Hopf theorem all metrics of constant sectional curvature on L(p; 1) arise in
this way, see e.g. (Lee 2018, Theorem 12.4 and Corollary 12.5).

Note that the action of Z, on S? commutes with the action of SU (2). Thus, SU (2)
acts on L(p; 1) and in particular this action is transitive, since it is already transitive
on S3. In the following we fix the point pg = 7(1,0) € L(p; 1). Its isotropy group
under the SU (2)-action on L(p; 1) is easily seen to be

2mik
k=" Y%, ’ke{O,...,p—l} ~7, (5.2)
0 e »

Note that for more general lens spaces of the form L (p; ¢g) where p and g are coprime
with g # 1, see e.g. (Hatcher 2002, Example 2.43), the isometry group does not act
transitively in general. See Kalliongis and Miller (2002) for details on the isometry
groups of lens spaces.
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In order to describe the cut locus of a point py € L(p; 1), let us first consider
the more general situation of a Riemannian covering 7 : M — M. The following
exposition closely follows (Ozols 1974, Section 3).

It is well known that geodesics in M are mapped to geodesics in M under the
Riemanian covering map 7. Assume that M = M /T where I is a finite group of
isometries of M acting properly discontinuously. Let d : M x M — R denote the
distance function induced by the metric on M. For any two distinct points g, r € M
we set

Hy,={uce Iqld(q, u) <d(r,u)}.

We recall from (Ozols 1974, Definition 3.1) that

ﬂ Hygq &M

gel'~{e}

is called the normal fundamental domain of T centered at q. The following result by
V. Ozols establishes a connection between normal fundamental domains and cut loci.

Theorem 5.1 [(Ozols 1974, Corollary 3.11)] Let 7 : M — M be a Riemannian
covering, letq € M and let Aq C M be its normal fundamental domain. If its closure
satisfies A, ¢ NCuty (M) 0, then

Cuty(g) (M) = T(DA).

Hence, to understand the cut locus of the point 7(g) € M = M /T" we can study
the boundary of the normal fundamental domain A,. Let inj(7; M) C 1 M be the
domain of injectivity of the exponential map in M and put

Aq = (equ |inj(TqA7))71(A_q) < TqM'

Assume in the following that Kq N Cut, (1\71 ) = . Then exp, maps Zq homeomor-
phically onto Kq , since the restriction of exp,, to inj(7y M ) is a homeomorphism onto
its image. With K := inj(Ty(g) M) U Cuty(g) (M) the diagram

A

—— K
equlN l XPr(q)

q T

commutes and one checks that the maps D7y |3 K — Kandexp, |3 : K — Ay
are homeomorphisms. In particular, we see that aAq is homeomorphic fo the tangent
cut locus Cutn(q)(M ) and that the exponential map

€XPr(g) | Caty (M) * Cuty(g) (M) — Cuty gy (M)
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can be understood by considering
7T|3Aq1 0A; — Cutyg)(M).

In the following we denote by (-, -) the standard inner product on R*. The next lemma
is easily shown by means of elementary geometry. Thus, we omit its proof.

Lemma5.2 Let g, r € S3 be two distinct points. Let u = g — r € R* and let E,, be
the 3-plane of points in R* orthogonal to u. Then Hy,={ve S| (v, u) > 0}.

We consider Ay, the normal fundamental domain of Z, centered at gg =
(1,0,0,0) € S*. Fork € {0, ..., p — 1}, we define

uk = qo — k- qo = (1 — cos(2Z%), —sin(32£), 0, 0).
By Lemma 5.2, it is clear that
Ay =1{r €S®|(ug,r) >0fork=1,....,p—1}.

Its boundary is

3AqO={reS3 Jke{l,..., p— 1} with (u,r) =0, (up,r) = 0VK €{1,..., p—l}\{k}}.
Forl e {l,...,p—1}and numbers 1 <ij <ip <...<i; < p — 1, we define
51(?_”’”—{"68 (Uiyory == {ujy.r) =0, (uj,r) >0Vj € {l,....p— 1)~ i1, ..., i,}}.
It is clear that
OAg = || by ..

le{l,...,p—1}
1<ii<...<ij<p-—1

;, are empty except 5§1), 51(,121 and ngil)

..... i
Consequently, 0 Ay, is the disjoint union ofﬁfl), 5;131 and 55”71)7

..... p—1
Proof 1Tt is easy to see that
~(p—1
B D =10.0.x.y) €S* | (x. y) €S},
Hence, 55177117)_1 is non-empty. For/ € {1,..., p — 1}, # 2 we set

1— cos(%)

o] =
s 2ml
sin( > )
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It can be seen directly that
DY = ((a,01a,x,y) €S} |a> 0} and DV = yeS?|a > 0)
1= ,014,X,Y a > an o1 =@, 0p1a,x,y) € a > 0}.

Note that 0,_1 = —oy. Letm € {2,..., p — 2}. We claim that 5,(,,1) = . Assume
that there is a point r = (a, b, x, y) € 51(1). Then, (r, u,) = 0 implies that

b=opa ifm#Z2,
2
For arbitrary m € {2, ..., p — 2}, we get from (u1 +up_1,7) > O that
2 (1 - cos(%’)) a>0 (5.3)

which implies that a > 0. In case that p is even and m = %, it can easily be seen that

a = 0, yielding a contradiction to inequality (5.3). Thus, 5(21) = {. Therefore, we
2

assume throughout the rest of the proof that m # g We consider two separate cases,

starting with 2 < m < g. In this case we have o, > 0, so we see that b > 0. We

write r = (@e'?, x + iy) as an element of CZ with @ > 0. It is clear that we have
2mm
1 — cos( > )

— >0
sm(%)

tangp =

and we can choose ¢ € (0, %). Since the third and fourth component of u are trivial,
we can use the Euclidean inner product on R? to compute that

B 1 — cos(3%) acos(e)
(ur, r) = < ( _Sin(%ﬂp) ) ’ (Esin(gﬂ)) >R2

. 0 ~ cos(p — %)
“\\-2 sin(%) »7 \sin(p — %) R2

— 2% sin(E) sin(o — &
= 2asm(p)sm(<p p),

where we rotated the vectors by an angle of —% to get the second equality. Note that
by our assumption we have (11, r) > 0 which implies sin(%) sin(p — %) < 0. Since
@ < 7 by assumption, we want to show that ¢ > %. Then sin(%) sin(p — %) > 0,
which is thus a contradiction. The inequality ¢ > % is equivalent to showing that
tan(p) > tan(%), i.e. that

1—005(2”7'") | sin(%)

> )
sin(—z’;’") cos(%)

(5.4)
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. P
Note that since m < £, we have ”Tm < 5. Consequently,

Tmy2 T2
2005(7) < 2cos(;) .
By standard trigonometry
Tmy\2 _ 2wm
2005(7) =1+ cos( > )
and therefore
2mrm N2 TN\2 2nm
1-— cos(T) < 2cos(;) (1- cos(T)).
One checks by direct computation that this is equivalent to
s 2TMNN2 (i (TN 2 2wrm\\2 T \\2
(sin(Z2))2(sin(Z))? < (1 — cos(ZZ))?(cos(Z )%,

Since all squared terms were positive before squaring, we see that this is equivalent
to

sin(hT’")sin(%) <(1- cos(zﬂT’"))cos(%)

which clearly implies the inequality (5.4). We thus get the desired contradiction in the

case 2 <m < % The case % < m < p — 2 can be treated similarly. One can argue

)

,,,,,

similarly that all sets of the form 5l(f i with 2 <[ < p — 2 are empty. O

To shorten our notation we write D®=1 for
and recall that

.....

p—1- Set po = m(qo) € L(p; 1)

Dy, o (exp,, |azqo)_l: 3y, — Cutpy(L(p; 1))

is a homeomorphism. Moreover, the diagram

~ ano ~
074y —— Cutp, (L(p; 1))

equol leXPPO

A4 —— Cutpy(L(p; 1))

commutes. Here, we obviously consider the restrictions of the maps to the spaces
occurring in the diagram, which we drop from the notation for the sake of readability.
We denote the images of the sets Dl.(l) by

~(1 — ~(1 .
CV = (D) o (exp,, l93,) YD), forie{l,p—1)
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and similarly
CPV = (Drgy o (expg, lyz,) " HDP™).

Proposition5.4 Let p € N with p > 3 and consider the lens space L(p; 1) with
a Riemannian metric of constant sectional curvature. Let w: S — L(p; 1) be the
corresponding Riemannian covering and put po := 7 (1,0, 0, 0).

(1) The sets C fl), E;l_) | and c=D form a locally compact decomposition of the
tangent cut locus Cutp(L(p; 1)). Moreover, Cl(l) and CI()I_)1 are homeomorphic

to open 2-disks and CP=D js homeomorphic to S'.
(2) The cut locus Cutp, (L(p; 1)) admits a locally compact decomposition into

1 ~) ~(Dy
c )zn(Di ):expPO(Ci ), ie{l,p—1}
and

CP™D = 7(DP7V) = exp,, (CP7).

The map exp,, FOE 51.(1) — CW is a homeomorphism fori € {1, p—1}. Under

suitable identifications of CP=Y and CP= with S\, the map
€XPpo [&p-1 : cw=b 5 c-D

can be identified with the standard p-fold covering of S' by S'.

Hence,
Cutpy (L(p; 1)) =P ucP=D

is a fibered decomposition of Cutp,(L(p; 1)) and the associated fibrations are fiber
bundles.
Proof The first part is apparent given the identification 9 A, ~ Cut po(L(p; 1)) and

the characterization of the sets 5%1), 5;121 and DP=V in the proof of Lemma 5.3.
For the second part, we note that

~(1) ~(1)
w1, D)) = DY,

Consequently, 551) and 5;131 are identified under 7. Furthermore, the restriction of
710 DV
injective and a local homeomorphism. The same properties therefore hold for 51(1),

C 1(’12] and the map exp o under the identification 9 A4, = Cut po(L(p; 1)). Recall that

,1 € {1, p — 1} is a homeomorphism onto its image since it is continuous,

DPD ={(0,7) eS* |z €S},
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thus it is obviously homeomorphic to S! and the Z p-action on S becomes the standard
Z ,-action on S! under this identification. Since the map S! — S!/Z, is a p-fold
covering, this proves the last claim. O

In the following, we want to show that the fibered decomposition of Cut , (L(p; 1))
is isotropy-invariant with respect to the transitive SU (2)-action to obtain a fibered
decomposition of the total cut locus of L(p; 1) from Theorem 3.8.

Lemma5.5 Let (M, g) be a Riemannian manifold and let ¢ € M be a point. Further-
more, let m > 2 be an integer. Assume that G is a group of isometries of M which fixes
q. Let Sy, C Cuty (M) be the set of points r € Cuty (M) such that there are precisely
m distinct minimal geodesics between q and r. Then S, is invariant under G.

Proof Letp: G x M — M denote the G-action and let ®: G x GM — G M denote
the induced pointwise G-action, given by

Q(g, ¥)(1) = e (¥)(1) = @(g, (1)), forr€[0,1],g€G,y €cGM.

Letr € S,y and g € G. Since r isacut point, s = (g, r) € Cuty(M).Lety1, ..., Vm
be the m distinct minimal geodesics between g and r. Then ®4(y1), ..., @4 (yim) are
distinct minimal geodesics between g and s. If there was a minimal geodesic o between
g and s which is distinct from all ®,(y;), i € {1, ..., m}, then ®,-1 (o) would be a
minimal geodesic joining g and r distinct from y1, ..., y,. This contradicts r € S,
hence such a o does not exist and we derive that s € S, as well. This proves the claim.

O

Corollary 5.6 The fibered decomposition of Cutp, (L(p; 1)) = cH ucP=b con-
structed in Proposition 5.4 is isotropy-invariant.

Proof By Proposition 5.4 we can characterize C(1) and C(?~D as

ch = {g € Cutp,(L(p; 1)) | there are precisely two minimal geodesics joining po and ¢},

crPr D=y e Cutp, (L(p; 1)) | there are precisely p minimal geodesics joining pg and g}.

Therefore the isotropy invariance is a direct consequence by Lemma 5.5. O

It follows from Theorem 3.8 and Corollary 5.6 that there is a decomposition
of Cut(L(p; 1)) into sets A(D and A»~D which form a fibered decomposition of
Cut(L(p; 1)). We now want to study this decomposition in greater detail.

Recall that we denote the isotropy group of the SU (2)-action on L(p; 1) by K and
computed it in equation (5.2). In order to better distinguish the various group actions,
let

O:SUR2) xS’ —>S® and ¢: SUQ) x L(p: 1) — L(p; 1)
be the actions of SU(2) on S and on L(p; 1), respectively. Recall that we denoted

the Z,-action on S3 be W, see equation (5.1). If A € SU(2) we shall also write ® 4
for the diffeomorphism ®(A, -): S* — S? and similarly for the other actions.
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The fibered decomposition of Cut(L(p; 1)) is given as follows. For [/ € {1, p — 1},
we have

AD ={(g,r) e Cut(L(p; 1)) | r € p4(CP), A € SU(2) such that pr(A) = ¢},

where pr: SU(2) — L(p; 1) is the canonical projection. We denote the preimages of
AM and A~V in the total tangent cut locus by A1) and AP~ Explicitly, we have

AD = ((q,v) € Cat(L(p; 1)) |v € (Dpa) py (CV U 51(,1_)1), A € SU(2) such that pr(A) = g}

By Proposition 5.4, Corollary 5.6 and Theorem 3.8 we obtain that A(D — A® js
a 2-fold covering and that AP=D 5 A=D s a p-fold covering, where we allow
coverings to be trivial, i.e. the total space of the covering might not be connected.
We want to show that A1) consists of two connected components which implies that
A 5 AD s a trivial covering.

Lemma 5.7 The set 5}1) C T, L(p; 1) is isotropy-invariant with respect to the
induced SU (2)-action in the tangent bundle T L(p; 1). More precisely if A € K,
then (D(pA)pO(Cil)) = Cfl). The same holds for Cl()l_)l.

Proof Let x € 5{1) CTpL(p;1)and A € K,ie.thereisak € {0,..., p — 1} such
that

Itholds that (W_go®4)(q0) = go. We want to show that (Dg4) p, (x) € 5;1). Consider
the following diagram.

W_g

S3 24 > §3 y §3
equOT equ)A(qO)T Tequo
T, 3 (DP4)g, To, (qO)SS (DY_1)® 4 (g0) T, <3
anol Drg, (qo)l anqO
TpyL(p; 1) W TpoL(p; 1) ———3—> TpyL(p; 1)

The lower two squares commute by definition of ¢ and the fact that the induced
action of W on L(p; 1) is trivial. The upper two squares commute by the naturality of
the exponential map. Note that all arrows in the lower two squares are isomorphisms.
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If we restrict to Cut po(L(p; 1)) and to d A, respectively, we obtain a commutative
diagram

V_rody
A, > 9,

D1y, oexp;oll ( ) lD”qU OEXpr;ol
~ Doa)p —~
Cut (L(p; 1) ——— Cutp (L(p; 1)).

By the proof of Lemma 5.3 we can write y = (expy, o(Dn)q_Ol)(x) € 5%1) as
y=((1+ioj)a,z) where a >0, ze€C,

and where o1 was defined in the proof of Lemma 5.3. Then it follows that

(W0 @) = (U +iona,e™ 7 2),

which is again an element of 5}1). Consequently, (Dga) p,(x) € (Njfl). The argument
for 51(,121 is analogous. |

By the previous lemma, the sets
A = (g, v) € CU(L(p; 1) [v € (Da)g(C), A € SU2) such that pr(A) = g}

and
A ={(q,v) e CU(L(p; D) |v € (Dpa)g(C\)), A € SU(2) such that pr(A) = g}

are well-defined. Moreover, we clearly have A(D = Zgl) u Z;lll. Since AV — A

is a fiber bundle by Theorem 3.8, we now see that AD 5 A g a trivial 2-fold
covering. This implies that

secat(AM — AWy = 1.

Theorem 5.8 Let p € Nwith p > 3 and consider the lens space L(p; 1) with a metric
of constant sectional curvature. Then

6 <GC(L(p; 1) =<7.
Proof M. Farber and M. Grant have shown in (Farber and Grant 2008, Corollary
15) that the topological complexity of L(p; 1) is TC(L(p; 1)) = 6, which yields
GC(L(p; 1)) = TC(L(p; 1)) = 6, see (Recio-Mitter 2021, Remark 1.9). By Theorem

3.2 we have

GC(L(p; 1) < secat(AV — AD) 4 secat(AP~D — AP-Dy4 1. (5.5)
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As argued above, we have secat(A) — AM) = 1. Recall that A?~D s a circle
bundle over L(p; 1), therefore it is 4-dimensional and we get

secat(AP~D — APD) < cat(AP D) <5

by (Albert 1966, Theorem 18) and (Cornea et al. 2003, Theorem 1.50). Thus, the
inequality (5.5) gives the upper bound GC(L(p; 1)) < 7. O
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