Journal of Elliptic and Parabolic Equations (2024) 10:303-328
https://doi.org/10.1007/s41808-024-00263-x

®

Check for
updates

Decay estimates for quasilinear elliptic equations and a
Brezis-Nirenberg result in D' (RV)

Siegfried Carl'® - Hossein Tehrani?

Received: 17 November 2023 / Accepted: 17 January 2024 / Published online: 21 February 2024
© The Author(s) 2024

Abstract
We prove decay estimates for solutions of quasilinear elliptic equations in the whole
RY of the form

ueX:—divAx, Vu) =alx) f(x,u),

where X = D'P(R") is the Beppo-Levi space (also called homogeneous Sobolev
space). Based on these decay estimates we are able to prove a Brezis—Nirenberg type
result for the energy functional ® : X — R related to the p-Laplacian equation in RV
in the form

ueX:—Apu=a(x)g),

saying that for the subspace V of bounded continuous functions with weight 1 +

|x|¥, a local minimizer of @ in the finer V topology is also a local minimizer in
the X-topology. Global L°°-estimates on the one hand and pointwise estimates for
solutions of quasilinear elliptic equations in terms of nonlinear Wolff potentials on the
other hand play a crucial role in the proofs.
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1 Introduction and main results

In this paper we are going to prove decay estimates of solutions of the following
quasilinear elliptic equation in the whole RY

ueX:—divAx, Vu) =ax) f(x,u), (1.1)

where X = D7 (R") is the Beppo-Levi space (homogeneous Sobolev space) which
is the completion of CSO(RN) under the norm |ju||x = (fRN |Vu|? dx)V/?, and for

which we have the continuous embedding X < L” “(RN), where p*= NN—fP denotes

the critical Sobolev exponent. Throughout this paper we assume 2 < p < N. The

coefficient @ : RY — R, the vector field A : RY x RY — RN and the nonlinear

function f : RY x R — R are supposed to satisfy the following conditions:

(A0) a : RY — Ris measurable and satisfies the following decay condition for some
o, cg >0

1
la(x)]| Scam, x € RV, (1.2)

A:RNxRY 5> RNisa Carathéodory function, i.e., x — A(x, &) is measurable
in RN forall £ € RV, and £ — A(x, &) is continuous for a.a. x € R", and satisfies
fora.a. x € RY and forall £, £ ¢ RV

AD A, §)] < allgP™" + (@)™,
(A2) (A(x,8) — A(x,§)( — &) = v[§ — &7,
(A3) A(x,£)§ = vIEI”,

where aj, v are positive constants, and the nonnegative function a; : RY — Ris
measurable and for some d > 0 satisfies

a(x)<d x e RV, (1.3)

N-1°
1+ |x| 71

which results in the following corollary.
Corollary 1.1 a; € LY(RY) for p < q < 00, and thus ag_l e LP'(RM).

Proof Clearly, a; € L®(RV). Let p < ¢ < oo.

/ agdx:/ agdx+/ agdx
RN B(0,1) RV\B(0,1)

R B VA
deMWHquH do < oo,
1

because p < N and thus N —q% < Oforallg € [p, 00). O
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The nonlinearity f : R¥ xR — Risa Carathéodory function, i.e., x — f(x,s)is
measurable in RY forall s € R, and s — f(x,s)is continuous in R fora.a. x € RN,
and satisfies the growth condition

@) | fx,9) < Cf(l + |s|7’_1), Vs e R,aax e RY andsome 1 <y < p*.

We define a solution of (1.1) as follows.

Definition 1.2 The function # € X is a solution of (1.1) if

/ A(x,Vu)V(pdx:/ a(x)f(x,u)pdx, V¢ e X.
RN RN

We note that due to hypotheses (A1)—(A3) and Corollary 1.1, the operator 7' : X —
X* given by the left-hand side of (1.1) through

(Tu,gp):/ A(x, Vu)Vo dx
RN

is easily seen to be bounded, continuous, strongly monotone and coercive, however 7
is neither homogeneous nor of variational type. Here (-, -) denotes the duality pairing
between X and its dual space X*.

Before stating our results, first a few words on the notation. The standard norms of
the Lebesgue spaces L" (RV) are denoted by || - ||,. In addition, || - || is used to denote
m| := [Imll; + |Iml|loo for any function m(x) € L'(RN) N L>®RN). Also we use
the convention of using C or a subscripted version of it to denote a constant whose
exact value is immaterial and may change from line to line. In addition to indicate
the dependence of such a constant on the data, we write C = C(a, b, -, -, -) with the
understanding that this dependence is increasing in any argument that is given as some
integral norm of a data function. Furthermore, except in cases where there is a need for
emphasis, we generally do not explicitly indicate the dependence of these constants on
data points that do not vary throughout the paper, such as p, N or structural constants
in (A1)—(A3).

We begin by recalling the following lemma.

Lemma 1.3 [4, Lemma 6.6] Ifa : RN — R satisfies (AO), then a has the following
properties:

(al) a € L'(RY) N L®RY),
(a2) There exists o > % and D > 0 such that

5 .
x| ”a”L”(RN\B(O"xD) <D, VxeR",

where (% + é = 1 and B(0, |x|)) is the open ball with radius |x|.

Our first main result is then the following decay theorem.
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306 S. Carl, H. Tehrani

Theorem 1.4 Assume hypotheses (A0), (A1)—(A3) and (F). Then any solution u of
Eq. (1.1) satisfies u € X N C'(RN) and the following decay estimate holds:
C C
v + = Yro e RY, (1.4)
1+ |xol 7 1+ |xo| 7~

lu(xo)| =

where C1 = C{(N, p,cy, llal, llullx), and Co = C2(N, p, cy, llal, lulx, o, d, D),
with o, D as in (a2), d as in (1.3).
Remark 1.5 Regarding Theorem 1.4 a few remarks are in order.

(i) Serrin in [21] studied the local behaviour of weak solutions of general quasilinear
equations of the form

div A(x, u, Vu) = B(x, u, Vu)

in a domain € of RV, in particular Q = RV In [21, Theorem 1] a local L°°-
estimate for the solution u in a ball B(xg, R) is obtained, from which—when
applied to Eq. (1.1)—we can derive an estimate of the form (for |xo| large)

leell p* . B(xo.2R 1
|u(xo>|s||u||oo,3<xo,msc< Pt BG02R) |

N=p
|xol 7 |xol
llull ,« gy 1
P,
|xol » |xg| P

where the constant C = C(N, p, ¢, |xol®(llall, llullx)) with ¢ € (0, 1] depends
on xo. Our Theorem 1.4 is obtained through a different approach and provides a
global pointwise estimate meaning that the constants C; do not depend on xy.

(i1) For u fixed the first term in (1.4) dominates the second term for |xg| large, and one
might ask why to keep the second term. The answer is given in Sect. 3, where the
estimate (1.4) is applied to a sequence (h,) with ||k, | x — 0, which yields (see
formula (3.22))

N-p
p—1

C(llhnll x) I
()] < C——52 +C,

N—p N-p
L+ |x| » L+ fx| P!

’

where C(||h,]lx) — 0asn — oo, and the C;, i = 1, 2 stay bounded.

In the special case where the function a, in hypothesis (A1) is zero, that is, where
the operator —div A(x, Vu) behaves like the p-Laplacian, we are going to prove the
following refined decay result.

Theorem 1.6 Assume hypotheses (A0), (A1)~(A3) with a;(x) = 0, and (F). Then any
solution u of Eq. (1.1) satisfies u € X N CY(RN) and the following decay estimate
holds:

, Vxo e RV, (1.5)

lu(xo)| < Ca

1+ Lol 7=
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where C; = Co(N, p, o, cy, |lall, lullx, D).

Even though (1.1) is of nonvariational structure, the motivation for investigating
the decay of solutions of the quasilinear elliptic equation (1.1) under the conditions
(A1)—(A3) and (F) comes from the variational study of the following p-Laplacian
equation in the whole RY

ueX:—Apu=a(x)gu), (1.6)

where a : RN — R is given by (A0) and the nonlinearity g : R — R satisfies the
following condition:

(G) g : R — Ris continuous and satisfies the growth condition
1g(s)| < ce(1+s]”™1), Vs € R, and some | <y < p*.

With the following lemma we are able to characterize solutions of (1.6) as critical
points of the energy functional ® given by

d(u) = l/ |Vul? dx —/ a(x)G(u)dx, with G(s) :/sg(t)dt. (1.7)
P JRN RN 0

Lemma 1.7 [4, Lemma 6.1] Let LY (RN, w) be the weighted Lebesgue space with
weight

1

N
Ti;T;FVIEU xeR , o> 0. (LS)

w(x) =

Then the embedding X << L1(RN , w) is compact for 1 < q < p*.

Taking into account the weak lower semicontinuity of the norm, the compact embed-
ding due to Lemma 1.7 yields the following result.

Lemma 1.8 Let g satisfy (G), and let a fulfill (AO). Then ® : X — R is a well defined
C'-functional, which is weakly lower semicontinuous. Moreover, critical points of ®
are solutions of (1.6).

N
Let V be the subspace of bounded continuous functions with weight 1 4 |x]| e
defined by
N N-p
V= {veX:veC(R ) with sup <1—|—|x| P >|v(x)| <oo},

xeRN

which is a closed subspace of X with norm

N—p
lvlly :== llvllx + sup <1+|x| r )Iv(x)l, veV.

xeRN

Our second main result is the following X versus V local minimizer theorem
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308 S. Carl, H. Tehrani

Theorem 1.9 Let g satisfy (G), and let a : RN — R fulfill (A0). Suppose ug € X is
a solution of the Eq. (1.6) and a local minimizer in the V -topology of the functional
O : X — R, that is, there exists ¢ > 0 such that

D(ug) < Pwo+h), YheV:|hly <e.

Then uq is a local minimizer of ® with respect to the X-topology, that is, there is
8 > 0 such that

D(ug) < Pwo+h), YheX:|h|x <?$.

As will be seen later the proof of Theorem 1.9 requires decay results for nonvaria-
tional type quasilinear elliptic equations of the form (1.1) and makes use of the decay
result given by Theorem 1.4. The main ingredients for proving our decay results are
on the one hand local pointwise estimates of solutions of (1.1) and their gradients due
to [11, 17, 19, 20] in terms of nonlinear Wolff potentials, and on the other hand on a
global L°°-estimates obtained recently by the authors in [9].

The Brezis—Nirenberg result presented here extends the classical result due to
Brezis and Nirenberg for a semilinear elliptic equation on bounded domains (see
[3]) in two directions. First, unlike in [3] the leading operator is the p-Laplacian,
and more importantly, second, the unboundedness of the domain. While extensions
of the Brezis—Nirenberg result on bounded domains with leading p-Laplacian type
variational operators have been obtained by several authors (see [2, 12-14, 16, 22]),
the literature about extensions to unbounded domains, in particular to RY , 1s much
less developed. Extensions to RY with the Laplacian or the fractional Laplacian as
leading operators within the Beppo-Levi space D'2(R") or fractional Beppo-Levi
space D’ ’Z(RN ), respectively, can be found in [1, 7, 8]. An extension of the Brezis—
Nirenberg result to the (unbounded) exterior domain RN \ B(0, 1) was obtained in [5]
for the N-Laplacian equation in the Beppo-Levi space Dé’N (RN \ B(0, 1), which is
based on Kelvin transform. The latter, however, only works for p-Laplacian equations
with p=2or p = N.

In Sect. 2 we are going to prove Theorem 1.4 and Theorem 1.6, and in Sect. 3 we
are going to provide the proof of Theorem 1.9.

2 Decay estimate

As a preliminary result let us recall a recent global L°-estimate obtained by the
authors in [9] which when applied to Eq. (1.1) yields the following lemma.

Lemma 2.1 Assume (AO), (A1)—(A3) and (F). If u € X is a solution of (1.1) then u is
bounded and satisfies an L°°-estimate of the form

lull poomyy < Co(llullx), 2.1

where ¢ : Ry — R is a data independent function satisfying ¢(s) — O ass — 0
and C = C(cy, lall, llullx)-
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Proof The global L°°-estimate in [9], having the form stated in (2.1), is obtained for
u € X solutions of

—divA(x,u,Vu) = B(x, u, Vu)

where the forms A and B satisfy some basic structural assumptions. These in case of
A, is a more general version of (A3) above. As for B, it is required that

1B(x, u, V)| < by ()| Vul P~ + by () |ulP~! + b3 (x),

with

by e L°RY), bye Ly (®RY) forsomeq > N, and by € L7T[®RY) N L®®RY),

in which case C = C(||b1] o0, ||b2||q, 163 ]| p* 4+ |163]l00)- In our case B(x, u, Vu) =

a(x) f(x,u), with f satisfying (F). Wlthout loss of generality, we may assume p < y,
and therefore

la(x) £, w)| < cp(laC)u@)]” ~P)ulP~t +crla)l.

Hence taking b1(x) = 0, ba(x) = cyla(x)|lu(x)|Y ™, and b3(x) = crla(x)], to
apply the result in [9], we only need to verify that by(x) = crla(x)|lu(x)|V ™7 is in

L%(RN) for some g > N, as by (A0)

B3]l p= 4 103llco = ¢ llall.
=

On the other hand since %(y — p) < p* (recall that p < N), we may choose ¢ > N

such that %(y — p) < p*. Hence, taking into account the definition of ||a||, and using
Holder inequality

y—p) (y—p)
lau”~ ”Ilq < llallflull = ™ < Cllallllulx

from which one obtains (2.1) with C = C(cy, |lall, llullx). O

Remark 2.2 1f the right-hand side function f of (1.1),i.e., f = f(x, u) is independent
of u, thatis, f(x,u) = f(x), then the constant C in the statement of Lemma 2.1 is
independent of ||u||x, thatis, C = C(cy, |la|)).

An immediate consequence of Lemma 2.1 along with regularity results due to
DiBenedetto (see [10]) is as follows.

Corollary 2.3 Assume (A0), (A1)—(A3) and (F). Ifu € X is a solution of (1.1), then u
is CloC (RM)- -regular with A € (0, 1).
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310 S. Carl, H. Tehrani

Let us assume hypotheses (A0), (A1)—(A3) and (F) throughout this section. From
Lemma 2.1 it follows that the right-hand side of (1.1) is bounded by

la(x) f(x,u(x)| < Cla(x)|, with the positive constant C = C(cy, llall, llu]lx).
(2.2)

Furthermore by the result of Lemma 1.3, the function a(x) satisfies conditions (al)-
(a2). For the rest of this section, given o > % and D > 0, let us denote

Asp = [a :RY - R : g satisfies (al)—(aZ)}.

For a € A, p let us consider the equations
veX:—divA(x, Vv) = |ax)| 2.3)
and
we X —divA(x, Vw) = —|ax)], 2.4)

with A satisfying hypotheses (A1)-(A3).

Lemma 2.4 The Eq. (2.3) has a unique positive solutionv € X N LN C'®RN), and
(2.4) has a unique negative solution w € X N L*° N C'RM).

Proof Since @ € A, p, @ € L"(RV) for all r € [I,00], and thus it belongs, in
particular, to Lp*/(RN ), which is continuously embedded into X*. From hypotheses
(A1)—(A3)itfollowsthat T = —div A(x, -) : X — X ™ defines abounded, continuous,
strongly monotone (note 2 < p < N) and hence coercive operator. Thus 7" : X — X*
is bijective, which yields the existence of a unique solution v of (2.3). Again using
Lemma2.1, visin L with anorm depending on ||a|| whichis even Cllo‘g‘ (RM)-regular.
Next, we show that v(x) > 0. As a weak solution v satisfies

/ A(x,Vv)Vopdx = / lalp dx.
RN RN
Testing this relation with ¢ = v~ = max{—v, 0}, we get by means of (A3)
0< / A(x,Vv) Vv  dx < —v/ Vv~ |Pdx <0,
RN RN

which implies that v~ || x = 0 and thus v~ = 0, that is, v(x) > O for all x € RY,
and by Harnack’s inequality it follows that v(x) > O for all x € R". The proof for
the unique solution w follows by similar arguments and can be omitted. O

Lemma 2.5 If u is a solution of (1.1), then w(x) < u(x) < v(x), where v and
w are unique positive and negative solutions of (2.3) and (2.4), respectively, with
a(x) = Ca(x), and C as in (2.2).
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Proof From (2.2) it follows that
—div A(x, Vu) — (—div A(x, Vv)) <0,

which by testing this inequality with ¢ = (1 — v)™ and applying (A2) yields
IV =0 I = [ AV - A V0T - 07 dx <0,
RN

and thus ||(u — v)T||x =0, thatis (u — v)* = 0, and thus u < v.
Multiplying Egs. (1.1) and (2.4) by (—1) and setting & = —u and W = —w,
respectively, we get

—div (—A(x, =Vi)) = —a(x) f(x, —i) and —div(—A(x,—Vw)) = Cla(x)|.

Set A(x, §) = —A(x, —§), then A: RN x RV — RN gatisfies the same hypotheses
as A, that is, A satisfies (A1)—-(A3). Taking (2.2) into account we thus obtain the
inequality

(—div A(x, Vii) — (—div A(x, Vb)), (i — ) T) <0,

which by applying (A2) and following the arguments above yields # < w, that is,
w < u completing the proof. O

From Lemma 2.5 we infer that a decay estimate of a solution u of (1.1) is obtained via
a decay estimate of the positive solution v of (2.3) and the positive solution w = —w,
where w is the unique solution of (2.4), with a(x) = Ca(x). Let us focus first on the
decay estimate for the positive solution v of (2.3). For that we make use of pointwise
estimates for nonnegative supersolutions of general quasilinear elliptic equations with
nonnegative Radon measure right-hand side of the form

—divA(x, u, Vu) + B(x, u, Vu) = u, 2.5)

where u : RY = [0,00) is a nonnegative Radon measure, see [20, Chapter 4.4].
When specifying to Eq. (2.3), we have B(x, u, Vu) = 0 and the nonnegative Radon
measure y is given by the function x — |a(x)| through

W(E) ::/ la(x)|dx, E C ]RN, E Lebesgue measurable. (2.6)
E

The point of departure for the decay estimate is the following pointwise esti-
mate of nonnegative supersolutions of (2.5) in terms of the nonlinear Wolff potential
W,’f (x0, 7o), and the data of the operators A and B due to Maly—Ziemer. Applying
[20, Theorem 4.36] to the nonnegative solution of (2.3) yields the following Wolff
potential estimates. (Note: Q2 = RY)
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312 S. Carl, H. Tehrani

Theorem 2.6 [20, Theorem 4.36] Let v be the nonnegative solution of (2.3), and
B(xq, ro) be the ball centered at xo with radius ro. Then for any B with p — 1 <
B<(p— 1)%})_1) the following estimate holds

1o

1
1 B 1
v(xo)ch—N/ uﬂdx> +W;;(x0,ro)+/ k(r)—dri|, 2.7)
ro JB(x,r)N{v>0} 0 r

with some constant C = C(N, p, B) that can be verified to be independent of ry,
where Wﬁ (x0, o) is the nonlinear Wolff potential defined by

W (3o, ro) = f " (M)d_ 28)
0

rN=p r

with (B (xo, r) given by (2.6), and the function r +— k(r) is given in terms of the
function ay(x), which appears in condition (A1) as follows:

k(}") = C”aZ”M(p,p);B(r)’ 2.9)

where || - || M(p, p): B(r) IS the multiplier norm (see [20, p. 162]) defined by

L,
lwllsmp, py: 8oy = suplllwellp. ey = @ € Wy P (B(r)), IVl p.ar) < 1}
The following corollary will be useful for estimating the third term in (2.7).

Corollary 2.7 If w € L9(B(r)) withq > N, then
1-N
lwliamp.py:Bery < C(p, g, N)r— 9 |wllg,Be)-

Proof Let ¢ € Wol’p(B(r)), and w € LY(B(r)). Then we have

4 _ P p 4 4
”w‘p”[,,B(r) = /;3(0 lw|?||Pdx < ”w”N,B(r)”(p”p*,B(r) = C”w”N’B(,)”VQDHP,B(r)

which, for ¢ > N, yields (denoting | B (xg, ro)| = meas(B(xo, ro))

4=N
lwllap,py;Bry < Cllwlin, oy < Cllwllg,Ber)|B@r)| Y

and thus we finally obtain

q=N
Nlwlliap,py:Bery < Cpog, N)r ¢ wllg,Ba)-
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We have the following decay theorem for the unique positive solution v of Eq. (2.3).

Theorem 2.8 The unique positive solution v of Eq. (2.3) satisfies the following decay
estimate

v 1
v(xo) < Cj—1 ”XN, +C — (2.10)

N-p N-p
1+ |xo| 7 I+ |xo| P!

forall xg € RN, with the constants C; = C1(N, p, llal), Co = Ca(N, p,d, o, D).

The proof of Theorem 2.8 is based on Theorem 2.6 in that the three terms are individ-
ually estimated in Lemmas 2.9-2.11 that follow next.

Lemma 2.9 The first term on the right-hand side of (2.7), atro = |x°| can be estimated
as follows:

1

1 A . llvllx
(—N/ vﬂdx> =CGW,pllal) ——=-
rO B(x0,r0)N{v>0} 1 —+ |x0| P

Proof Since B < p* and v € X we have, using Holder inequality, the following
estimate

1

1
1 B 1 * p*
(—N/ vﬂdx> < (—N/ v dx)
ro J B(xg,r0)N{v>0} B(Xo 7o)

< C(p, N) v llvlix.
1)*

0

Taking ro = lTO’ and recalling that ||v||sc < C(||la||) (see Remark 2.2), we get

1
! ’ . vlx
< o] N/ Ixol Uﬁdx) = Ci(N, p, ||11||)—M, (2.11)
(N JBxo. B0 (v>0) 1t ol

completing the proof. O

Lemma 2.10 For the second term on the right-hand side of (2.7) at ro = %, we have
the estimate

lxol 1
2 B(xg, -1d 1
W;;(,CO, @) =/ (w) I N pros D)
2 0 rier r Nop
1+ xo| 7!

Proof Consider

\t() L
X0 2 M(B(XO, r)\"dr
122 — 7z J—
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where p is given by (2.6). First, the fact that @ € A, p allows for the following
estimate of (B (xg, r)): (note: & > %)

w(B(xp, 7)) = / la(y)ldy = / la(xo + rz)|r dz
B(0,1)

B(xo,r)
< C(N,o)rN(/ la(xg +rz)|° dz)
B(0,1)

1
< CrNrf(f |&<y)|°dy>
B(xq,r)

N o
< Cra|allLoBxg,r))-

1

Thus

N o .
W(B(x0. 1)) = / GO dy < Cro alle by with C = C(N, o).
B(xq,r)

(2.12)

Using (2.12) we estimate the Wolff potential

1

lxol
2 p—1  1-N
Wi (xo, @) =/ (/ |a(y)|dy)’ =
2 0 B(x0,1)

by taking into account that by (a2) Oﬂ L] + [;:TN > 0.

kol

|xo] 2 T E*l +=y
w P o p— -
wy (xo, > ) = T L

A

< la ||” [ b
Lo (RN\B(0, %))

” ”p (lxol)ﬂ’%+ p—1
L”(RN\B(O koly\ 2

|xo] Ixol\ 5=
SC[(T) lall o @v o, ‘*"‘))] (T) ’

which, using (a2), yields for some positive constant C» = C2(N, p,o, D) > 0

N—p

X0 _N—p
W},‘(Xo, %) < Calxol 771, |xo| >0,
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and hence

N—p~?

1
wk (xo, @) < Cy ———, for|xp| large. (2.13)
1+ |xo| =1

O

0]

Lemma 2.11 For the third term on the right-hand side of (2.7) at ro = TO, we have
the estimate

Ixol

2 1 1
[ ks ar = pd———.
0o 1+ ol 7

Proof Let us consider the third term on the right-hand side of (2.7) at ry = @ that
is,

ol

2 1
k(r)—dr.
0 r

The function r — k(r) is given by (2.9), which in view of Corollary 1.1 and Corol-
lary 2.7 yields ay € LY(RN) for ¢ > N and

1-N
k(ry < cr 9 llazllq.Bxo.r)- (2.14)

Fixing ¢ > N and making use of the decay (1.3) of a; we get

o 1 4 i
lazll, gy oty < c</ <—N1) sN_lds> . @19)
e 0 1+ |xo + ws| P77

where w € SV~ For |xo| sufficiently large (say |xo| > 4) we obtain

1 N-1 |xo]
|x0+a)s|z§|xo|22, Yo € § andOfsz,
and thus from (2.15) it follows
Ixol 1
Jazl < </ Y ) (2.16)
ap lxoly, = C — S N . .
q.B(x0, ") 0 |x0|q7f_;
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Finally, applying (2.16) we have the following estimate

Ixol |x 0\

2 byl
/O Koy dr < c / Tzl g g

M
N_N-1
< clxol7 '/
_N-—1 1

§c|xo|‘1 " l|)CO| ‘1 _C|x0| »=T =C—5,>
|xo| P!

which for |xg| large yields with some positive constant C3(N, p, d)

Ixol
1
’ k(r) dr < Cy(N, p, d)——— 2.17)
0 L+ Lol =

which completes the proof. O

Proof of Theorem 2.8 Taking into account that v € X N C'(RY), from Lemmas 2.9—
2.11 and the estimates (2.11), (2.13), and (2.17) it follows that (2.10) holds true for

all xo € RY, which completes the proof. O
The unique negative solution w of (2.4) implies that w = —w is the unique solution

of
—div(—A(x, —Vw)) = a. (2.18)

Since A(x, &) := —A(x, —¢&) fulfills the same conditions (A1)—(A3), we obtain as an
immediate consequence from Theorem 2.8 the following result. O

Corollary 2.12 The unique positive solution W of Eq. (2.18) satisfies the following
decay estimate

. [ x 1
W(x0) < Cy — +C2 — (2.19)

N—p N—p
L+ fxol 7 14 fxof 7~

forall xg € RN, where C;, i = 1,2 are of the same nature as in Theorem 2.8.

By means of Theorem 2.8 and Corollary 2.12 it is now easy to complete the proof of
Theorem 1.4, that is one of our main results.

Proof of Theorem 1.4 If u is a solution of (1.1), then from Lemma 2.5 we have w <
u < v or equivalently — < u < v, where v and w are the unique solutions of the
Egs. (2.3) and (2.18), respectively, witha = Ca(x) and C = C(cy, |lal|, lu x) given
in Eq. (2.2). Also (2.18) is equivalent to

—divA(x, Vi) = a]. (2.20)
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Testing Eq. (2.20) with ¢ = W and making use of (A2) we obtain
N (SN ~
)% < ;Ilall,,*fllwllx,

which yields the following estimate

1
. e\
lwlx < (;) lall ).

In the same way from Eq. (2.3) we obtain

1
e\
|WHX§E<;> lal’zr.

Finally note that @ = Ca(x) with C = C(cy, |la|l, ullx). Now by Lemma 1.3, a €
Ay p for some o > Yand D > 0, and so a € A, ¢p. Therefore from Theorem 2.8
and Corollary 2.12 we have the following estimate

c c
lu(x0)| < L 2 —., Vi eRY

N-p N-p
L+ lxol 7 1+ [xol 7!

with C1 = Ci(N, p,cy, llall, lullx) and C2 = C2(N, p, ¢y, llall, lullx, o, d, D)
which completes the proof. O

Special case: Proof of Theorem 1.6

For the special case we are dealing with here we only replace hypothesis (A1) by (A-1)
with

(A1) [AGx,§)] < ar]§P7!

while all other hypotheses, that is, (A0), (A2), (A3) and (F) remain the same. We
follow the approach of the general case, where the decay of a solution u of (1.1) is

based on the decay of the unique positive solution v and the unique negative solution
w of Egs. (2.3) and (2.4), respectively, with a = Ca(x), that is

veX:—divA(x, Vv) = Cla(x)|, (2.21)

we X :—divA(x, Vw) = —Cla(x)], (2.22)

where C = C(cy, |lall, [lu|lx). From Lemmas 2.4 and 2.5 we know that v, w €
X NCYRY) and w < u < v. Again let us introduce the specific nonnegative Radon

measure i by means of the right-hand side Cla(x)| € L"(RY) for 1 < r < oo
through

W(E) =/ Cla(x)|dx, ECRM, E Lebesgue measurable.
E
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Then v (resp. W = —w) is a special case of what is referred to as A-superharmonic
function (note: ap(x) = 0), which is a weak solution of

ve WhP®N)yn CRY) : —div A(x, Vo) = p, (2.23)

seee.g. [15, 17, 18]. Thus we may apply pointwise estimates due to Kilpelainen—Maly
in terms of the nonlinear Wolff potential W;,L (x0, ro) given in (2.8), which we recall
here for convenience.

Theorem 2.13 [17, Theorem 1.6] Suppose that u is a nonnegative A-superharmonic
function in B(xq, 3r). If —div A(x, Vu) = u, then

c1t WH(xo,r) <u(xp) <cp inf u+c3 WH(xg,2r), (2.24)
b B(x0.r) b

where c1, ¢y and c3 are positive constants, depending only on N, p, and the structural
constants ay and v of (A-1) and (A3), respectively.

As a consequence of Theorem 2.13 we get the following pointwise estimate.

Corollary 2.14 [17, Corollary 4.13] Let u be a nonnegative A-superharmonic function
in RN with infgy u = 0. If —div A(x, Vu) = pu, then

c1 W} (xo; 00) < u(xo) < c2 W) (x0; 00), (2.25)

where c1, cy are positive constants, depending only on N, p, and the structural
constants a1 and v of (A-1) and (A3), respectively.

We remark that in [17] an additional homogeneity condition on the vector func-
tion A(x, &) was assumed, which, however, was found not needed for the validity of
Theorem 2.13.

Since the unique positive solution v of (2.21) belongs to X N C LRY), we have
infpy v(x) = 0, and thus we may apply Corollary 2.14, which yields

0 < v(xp) < ¢ W} (x0; 00), (2.26)

where c is a positive constant depending only on N, p, and the structural constants
aj and v of (A-1) and (A3), respectively. Thus it remains to estimate W[’,‘ (x0; 00) =
lim, 00 W}, (x0, r) with W}, (xo, r) given by (2.8).
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Let xo # 0 then

1

1
o0 =1 o0 i
/«L(B(xo, t)) r=ldt =1 1-N
W (x0; 00) =/ (—) — =/ (/ Cla(y)ldy) tr1 dt
P 0 tN-p t 0 Blso.f)

Ixgl 1
- T

2 p—1 1=-N
=/ </ C|a(y)|dy) -1 dt
0 B(x0.1)
o0 TN
+/_ (/ Cla(y)ldy) tpT dt
Bl \ B o0

The first term /1 has already been estimated in Lemma 2.10 of the proof of Theorem 2.8,
which yields

|x0] _N=p
I = W,ﬁL(xo, T) = Calxol 77", |xol > 0,

and hence

for |xo| large, (2.27)

N—p~’

where C, = C(N, p, o, CD).
Since a, in particular, belongs to L' (RY) we get for the second term I,

o0

s =N 1 p—1 /lxol\— 5=
b= (Clan )™ [ o7 dr = (cran) TR (B
Ixol N—-p\ 2

2
which results in
1

N—p~

1+ |xo| =T

L <C for |xg| large. (2.28)

Asv e X N CHRYN) from (2.27) and (2.28) we get

v(xo) < C2 v forallxg € RY. (2.29)
1+ |xo| =T
Similarly, we get for w = —w an estimate of the form (2.29), which results in
lu(xo)| < C2 v forallxg € RY,
1+ |xo| P~

where C; = C(N, p, 0, CD) with C = C(cy, |lall, llullx) given in Eq. (2.2) which
completes the proof of Theorem 1.6. O
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3 DV"P(RN) versus V local minimizer

Before we prove Theorem 1.9, first we are providing some preliminary results of weak
solutions of Eq. (1.6), which we recall here

ueX:—Apu=a(x)gu).

Let us assume throughout this section the hypotheses (A0) and (G). Since the vector
function A : R¥ x RY — RY related with the p-Laplacian A ,u = div |Vu|?~>Vu
2<p<N)isAx,&) = |§|1’_2§, one readily verifies that hypotheses (A-1), (A2)
and (A3) are fulfilled. By (G) the nonlinearity g : R — IR satisfies also hypothesis
(F), which by means of Theorem 1.6 yields the following result.

Corollary 3.1 Any solution u of Eq. (1.6) satisfies u € X N C'(RN) and the following
decay estimate holds:

lu(xo)| < C2 , VxoeRY 3.1

N—

14 |xo| P71
where C, = C2(N, p, 0, cg, |lall, lullx, D).

Next we are going to prove an estimate of the gradient |Vu| of a solution of (1.6).
In view of Corollary 3.1, the right-hand side of Eq. (1.6) can be estimated as

la(x)g(ux))| < Cla(x)l, (3.2)

where C = C(cg, |lall, [lu|x) is of the same quality as C = C(cy, ||la]|, [lullx) in the
preceding section. Thus Eq. (1.6) can be rewritten in the form

ueX:—Apu=pux), withux)=alx)gux)). 3.3)
Since the right-hand side of (3.3) is in L' (R"), we may apply the following gradient
estimate which is based on Wolff potential estimates and which has been deduced

from [11, Theorem 1.1] and [19, Theorem 2.3] for the case that the leading quasilinear
elliptic operator is the p-Laplacian.

Lemma3.2 Let2 < p < N, andletu € CI(Q) be a weak solution of
—Apu =, withu € LY(R).

Then there is a constant ¢ = c(p, N) > 0 such that the pointwise estimate

1
[Vu(xg)| < ¢c ——— |[Vu|dx +c W (xg9,2R) (3.4)
|B(x0, R)| JBxo.R) 5P
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holds, whenever B(xg, 2R) C 2, where the Wolff potential Wlf p(xo, 2R) is defined
P’
by

1

2R B(x0, 1))\ 7' dt

W/f p(xo, 2R) = / (“L'(Z‘N(—f?))) - R >0, xo € RV 3.5)
P 0

Due to [11, Theorem 1.1] the estimate (3.4) holds without any restriction on R.
Moreover, |i|(B(xo, ) with u € L' () stands for

|l (B(xo, 1)) = f lu)ldy.

B(xo,1)

We are going to use Lemma 3.2 to estimate the gradient |Vu(x)| with x € @ = RV,

Lemma 3.3 There exists some positive constant C = C(cg, llall, llullx, o, D) such
that the following estimate of |Vu| holds:

|[Vu(x)| < C x € RV, (3.6)

1+ |x|

N—-1~

p:I
Proof First, we are going to verify that the following is true:

IVu(x)| < cW! (x,00) = lim W¥ (x,2R). 3.7)
ey R—o00 PP

r’

We apply (3.4) of Lemma 3.2 and taking into account that the inequality holds without
restriction on R we get

1
|Vu(x)| <c¢ lim ——— |Vu|dx+cWM (x, 00). (3.8)
R—oo |B(x, R)| JB(x,R) 7P

We have by Holder inequality and u € X

1
1 1 1 »
_ |Vuldx < ———|B(x, R)|” (/ |Vu|pdx)
|B(x, R)| Jp(x,R) |B(x, R)| B(x,R)

1
IB(x, R)|” lullx — 0, as R — oo,

IA

which yields (3.7). Hence, it remains to estimate W’f (x, 00) with

p’

lul = Cla(x)| < CW-

We observe that with 1(x) = Cla(x)| we get

W (x,00) < WE (x, 00).
i Rl
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As for the estimate of Wf p(x, 00) we refer to [6, Theorem 2.6] or [4, Theorem 6.7],

which gives '

T forall |x| > 1,

Wi (.o0)<C
pP 1+ |x| =T

which along with u € C LRN) proves (3.6) for all x € RV. O
From Lemma 3.3 and Corollary 1.1 we immediately get

Corollary 3.4 If u is a solution of the Eq. (1.6), then for its gradient it holds |Vu| €
L4(RN) for p < g < oo.

Proof of Theorem 1.9 Let ug be a solution of (1.6) and a local minimizer of the func-
tional

N

@(u):l/ |Vu|”dx—/ a(x)G(u)dx, with G(s):/ g()dt,
P JRN RN

0

1
n

in the V-topology. Consider the functional & — ®(ug + h), and let hy, : ||hy|lx <
be such that

1
D (ug + hy) = hiéllg ®(ug + h), where B, = {h e X :|hlx < ;}

The existence of a minimizer 4, is guaranteed, since ® : X — R is C' and weakly
lower semicontinuous and B,, is weakly compact in X. Set u,, = ug + h,,, that is,

1
®(u,) = inf ®(u), where B, = {u € X :|lu—uplxy < —}.
n

ueB,

For u, € B, we have either |lu, — ugllx < % or else ||u, — upllx = % In case

luy — uo|l < %, uy is a critical point of ®, and thus u, is a weak solution of (1.6),
ie., —Apu, =a(x)g(uy), thatis,

/RN <|Vu,,|p_2Vu,,Vg0 - a(x)g(u,,)ga)dx —0, VoeX.
In case ||u, — upl = %, there exists a Lagrange multiplier A, < 0 such that
L, (vl 29,50 —awge)ds =i [ 19— 25, —u0)p dx,
for all ¢ € X, which (in a distributional sense) can be written as
— Apuy —a(x)g(uy) = —ryAp(uy — uo). (3.9)
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Taking into account that u is a solution of (1.6) and using (3.9), we get
— (Apuy — Apug) + A Ap(uy — ug) = a(x)(g(u,) — guo)). (3.10)
Thus 4, = u, — ug satisfies the equation
— (Ap(uo + hy) — Apuo) + A Aphy = a(x)(g(uo + hp) — guo)). (3.11)
Let us introduce the operator 7,, : X — X*, h + T,h given by
Toh = —(Ap(uo + h) — Apug) + AnAph, h e X,
that is, (set u, = —A, > 0)
(Tuh, @) = A;N [(|V(uo + WPV (ug + h) — |Vug|P "2 Vuo) Ve + /Ln|vh|1”2Vtho] dx.
(3.12)

Then the operator 7, : X — X* is strongly monotone and coercive, which follows
from

(Tuh, h) = /R i [(IV o + WIP 2V o + ) = [Vuol 2 Vug) Vh + 1 [VhI” | dx
= (v +/Ln)fRN IVAIP dx = (v + wa) 2],
where v = 2?77, and similarly
(Tuh = Tuhoh = h) = (v +un)fRN V(h—)IP dx = (v + pa)lh = h§
Equation (3.11) is of divergence type and can be written in the form
Thhy := —divA, (x, Vhy) = a(x)(g(uo + hn) — g(uo)), (3.13)
where A, : RY x RN — R¥ are given by

An(x, &) = |Vug + P72 (Vug + &) — |Vuo "> Vug + al§1P 26, & € RY, p, > 0.
(3.14)

Dividing both sides of Eq. (3.13) by (v + u,), the point of departure will be the
following equivalent equation

1
v+ n

a(x)(g(uo + hyp) — g(uo)).

(3.15)

1
Tnhn = —d1V< An(xa th)) =
v+

v+ U

n
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The vector functions ﬁA” (x, &) : RV xRN — RN defining the operators ﬁ T, :

X — X* have the following properties:

1 - - -
|An(x, §)] < [c(p N1 + 1VuglP ™) + a7~
v+l v+ Un
c(p, N) + w, _1 c(p,N -
< (p,N) M1|§|p 1+ (p )|Vu()|p 1
V"_Mn V+Mn
< alE" + (@a(0))" (3.16)

where the positive constant a; = @ + 1 and the nonnegative function aa(x) =

‘ 1
(@) 7=T|Vug| are independent of n, and

(An(x, ) — An(x, ©)) (& — &) > |6 — §I7, (3.17)

v+ tn
An(x, §)& > |§]7, (3.18)

v+ Uy

which shows that monotonicity and coercivity of ﬁTn holds independently of #.

1
In view of Lemma 3.3, the function a»(x) = (@)lﬁ |Vuo| fulfills the condition

(1.3). Thus the operators v—:T T, satisfy all assumptions (A1)—(A3) independently of

n.Denote f : RY x R — R by

flx,s) = (g(uo(x) +5) — g(uo(x))). (3.19)

v+ Un

Using hypotheses (G) and taking into account that |ug(x)| is bounded, we get the
growth

|f(es)] < el + s,
where ¢ is some positive constant independent of n, which is hypothesis (F). Since
the crucial structure conditions (A1)—(A3) of the operators on the left-hand side and
the condition (F) on the right-hand side of (3.15) are independent of n, we may apply

the global L*>°-estimate (see Lemma 2.1), which gives (note: ||h,]x < rll — 0 as
n— o0)

Inlloc < Co(Ilnllx) — O. (3.20)
From (3.20), the fact that uo(x) is bounded and g is continuous, we get
la(x) f(x, hp)| = la(x)(g(o + hn) — gwo)))| = C(lhnlx)la(x)|,  (3.21)
where C (||, ||x) — 0asn — oo. Next recall that by Lemma 2.5 we have

wy < hy < vy,
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where v, and w, solve (2.3) and (2.4), respectively, with

A(x,§) = An(x,§) and a(x) = C(|lhyllx)a(x),

v+

from which it follows
lvnllx < Clhnllx) and |lwyllx < C(lAnllx).

Upon further application of Theorem 2.8 we get the following decay estimate:

C(llhn IL{) + %

ha(0)] < C —
N R B

, (3.22)

where C (||, ]|x) = 0asn — oo. Given ¢ > 0, let R > 1 be sufficiently large such
that

p—N

CrRPP-D < g, (3.23)
Observe that

N—p N—p N—p
(1 67 (o] < sup (14 11777 o) +2 sup 1517 (o).

|x|<R |x|=R

sup
RN
(3.24)

The first term on the right-hand side of (3.24) tends to zero as n — oo due to (3.20).
As for the second term on the right-hand side of (3.24) we get by using (3.22) and
(3.23) the estimate

N-=p p—N
sup [x| 7 |k, (x)| < C1C(lhylx) + C2RP>-D

[x|>R

= C1C(lhnlix) + €,

and thus in view of (3.20)

N—
sup x| 7 |ha(x)| <&, asn — oo. (3.25)
xI=R

From (3.24) and (3.25) along with (3.20) and ||k, ||x — O it follows that || &, ||y — O.
Finally, since u is a local minimizer of ® in the V-topology we get with i, — 0 in
V for n large

1
Do) < (o + ) = luy) = inf g+ h), where B, = {u € X llu—uoly < f},
€eBy, n

which proves that uo must be a local minimizer of ® in the X-topology completing
the proof of Theorem 1.9. O
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Remark 3.5 Consider the special case p = 2, thatis, we are dealing with the semilinear
equation

ueX =D RY): —Au=a(x)g), (3.26)

where a fulfills (AO) and g satisfies (G). Let ® : X — R be the associated energy
functional given by
S

O(u) = %/RN |Vu|2dx —/I;Na(x)G(u)dx, with G(s) =/ g(t)ds.

0
Applying Theorem 1.6, then for any solution u of (3.26) we have u € X N C'(RY)
and the following decay

lu(x)| < C2 (3.27)

1+ [x[N=2°

Let Vy_, be the subspace of bounded continuous functions with weight 1 + [x|¥ 2
defined by

Voo i={veX:veCR") with sup (1+ |x|N7?)v(x)| < o0},

xeRN

which is a closed subspace of X with norm

vllvy = llvllx + sup (1+x[V72)w@)l, ve Vya.
xeRN

Then the following X versus Viy_» local minimizer theorem holds:

Theorem 3.6 Suppose uy € X is a solution of the Eq. (3.26) and a local minimizer in
the Vi _a-topology of the functional ® : X — R, that means, there exists ¢ > 0 such
that

@(up) < Pwo+h), YheVna:lhlvy, <e

Then uq is a local minimizer of ® with respect to the X-topology, that is, there is
8 > 0 such that

d(ug) < d(ug+h), YheX:|hlx <.

We note that when applying our general result Theorem 1.9 to the special case
considered here one would get only a X versus V-2 local minimizer theorem, where

VNT—2 is the closed subspace of X defined by

Vi 1= {v eX:veCRY) with sup (1 n |x|NZZ>|v(x)| < oo},

xeRN
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which is V for p = 2. Clearly we have the continuous embedding Vy_, — VNsz .
The reason for obtaining an X versus Vy_» local minimizer theorem within the finer
topology of Viy_» is the linearity of the Laplacian, which by the Lagrangian multiplier
method used in the proof of Theorem 1.9 yields again an equation with the Laplacian as
the leading differential operator. In this case, by means of (3.27) we get the following
estimate of the corresponding sequence (h;,):

ha(x0)] < Co(N, p, o, 0)%,
which immediately implies the convergence of (4,) in Vy_», since C(||h,]|x) — 0
as [[hnllx — 0.

The situation for the p-Laplacian with p > 2 is, however, different, since in this
case the Lagrangian method leads to an equation which does not preserve the structure
of the p-Laplacian, and therefore the decay estimate for the solution of the Lagrangian
equation cannot be obtained via the decay estimate for the p-Laplacian equation, and
requires pointwise estimates for quasilinear elliptic operators of the more general
structure given by the assumptions (A1)—-(A3).

Although Theorem 3.6 has been proved in [7], here we provide a novel approach for
its proof which is more efficient and which is based on two elements: the global L*°-
estimate ||u]looc < C¢(|lullx) and on the decay estimate (3.27) which immediately
follows from Theorem 1.6.

Acknowledgements We are very grateful for the reviewer’s careful reading of the manuscript and helpful
comments to improve its content and readability.

Funding Open Access funding enabled and organized by Projekt DEAL. No funding was received to assist
with the preparation of this manuscript.

Availability of data and materials The authors declare that the data supporting the findings of this study
are available within the paper.

Declarations

Conflict of interest The authors have no conflicts of interest to declare that are relevant to the content of
this article.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Ambrosio, V.: D‘V'Q(RN) versus C(RN) local minimizers. Asymptot. Anal. 134(1-2), 227-239 (2023)

@ Springer


http://creativecommons.org/licenses/by/4.0/

328

S. Carl, H. Tehrani

10.

11.

12.

13.

16.

17.

18.

19.
20.

21.
22.

. Bai, Y., Gasinski, L., Winkert, P., Zeng, S.: WP versus C!: the nonsmooth case involving critical

growth. Bull. Math. Sci. 10(3), 2050009 (2020)

. Brézis, H., Nirenberg, L.: H! versus C! minimizers. C. R. Acad. Sci. Paris 317, 465-472 (1993)
. Carl, S., Le, V.K.: Multi-Valued Variational Inequalities and Inclusions. Springer Monographs in

Mathematics. Springer, Cham (2021)

. Carl, S.: N-Laplacian elliptic equations in exterior domains via Kelvin transform. Pure Appl. Funct.

Anal. 5(4), 869-890 (2020)

. Carl, S.: Decay estimates for Wolff potentials in RY and gradient-dependent quasilinear elliptic equa-

tions. J. Differ. Equ. 265(8), 3685-3708 (2018)

. Carl, S., Costa, D.G., Tehrani, H.: pl.2 (]RN ) versus C (]RN ) local minimizer and a Hopf-type maximum

principle. J. Differ. Equ. 261(3), 20062025 (2016)

. Carl, S., Costa, D.G., Tehrani, H.: Dl ’Z(RN) versus C(RN) local minimizer on manifolds and multiple

solutions for zero-mass equations in R . Adv. Calc. Var. 11(3), 257-272 (2018)

. Carl, S., Tehrani, H.: Global L°-estimate for general quasilinear elliptic equations in arbitrary domains

of RN (submitted). arXiv:2310.16719 [math.AP]

DiBenedetto, E.: C1T¢ local regularity of weak solutions of degenerate elliptic equations. Nonlinear
Anal. 7(8), 827-850 (1983)

Duzaar, F.,, Mingione, G.: Gradient estimates via non-linear potentials. Am. J. Math. 133(4), 1093-1149
(2011)

Garcia Azorero, J.P., Peral Alonso, 1., Manfredi, J.J.: Sobolev versus Holder local minimizers and
global multiplicity for some quasilinear elliptic equations. Commun. Contemp. Math. 2(3), 385-404
(2000)

Giacomoni, J., Schindler, I., Taka¢, P.: Sobolev versus Holder local minimizers and existence of multiple
solutions for a singular quasilinear equation. Ann. Sc. Norm. Super. Pisa CI. Sci (5) 6(1), 117-158
(2007)

. Guo, Z., Zhang, Z.: WP versus C! local minimizers and multiplicity results for quasilinear elliptic

equations. J. Math. Anal. Appl. 286(1), 32-50 (2003)

. Heinonen, J., Kilpeldinen, T., Martio, O.: Nonlinear Potential Theory of Degenerate Elliptic Equations.

Clarendon Press, Oxford (1993)

lannizzotto, A., Mosconi, S., Squassina, M.: H® versus Co-weighted minimizers. NoDEA Nonlinear
Differ. Equ. Appl. 22(3), 477-497 (2015)

Kilpelainen, T., Maly, J.: The Wiener test and potential estimates for quasilinear elliptic equations.
Acta Math. 172, 137-161 (1994)

Kilpelainen, T.: Holder continuity of solutions to quasilinear elliptic equations involving measures.
Potential Anal. 3(3), 265-272 (1994)

Kuusi, T., Mingione, G.: Pointwise gradient estimates. Nonlinear Anal. 75, 4650-4663 (2012)

Maly, J., Ziemer, W.P.: Fine Regularity of Solutions of Elliptic Partial Differential Equations. Mathe-
matical Surveys and Monographs, vol. 51. American Mathematical Society, Providence (1997)
Serrin, J.: Local behavior of solutions of quasi-linear equations. Acta Math. 111, 247-302 (1964)
Sreenadh, K., Tiwari, S.: On WwPO) versus C! local minimizers of functionals related to p(x)-
Laplacian. Appl. Anal. 92(6), 1271-1282 (2013)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps
and institutional affiliations.

@ Springer


http://arxiv.org/abs/2310.16719

	Decay estimates for quasilinear elliptic equations and a Brezis–Nirenberg result in D1,p(mathbbRN)
	Abstract
	1 Introduction and main results
	2 Decay estimate
	3 D1,p(mathbbRN) versus V local minimizer
	Acknowledgements
	References




