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1. Introduction

Let © C RY be a bounded domain with a C?-boundary 9. For i = 1,2 and 1 < p; < oo we consider the
following p;-Laplacian system with nonlinear boundary conditions
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—Ap uy = —\U1\p1_2u1 in Q,
—Apuz = —|ug|P*Puy in Q,
Vi [PV uy - v = gi(2,u1,u3)  on 99,

[Vua|P*"Vug - v = ga(a,u1,us)  on 9,
where v(z) is the outer unit normal of Q at x € 99, A,, denotes the p;-Laplacian given by

qu‘, U; = div (\Vul

pi72Vul-) for u; € WHPi(Q), i = 1,2,

and g;: 02 X R x R — R are Carathéodory functions that satisfy appropriate growth and structure condi-
tions, see Sections 3 and 4 for the detailed assumptions.

We are interested in the multiplicity of solutions of the system (1.1). In the first part, under general
local conditions on the vector field (g1, g2), we prove the existence of a positive minimal and a negative
maximal solution (see Definition 2.4) by constructing suitable pairs of sub- and supersolution to the system
(1.1) using a specific behavior of g; near zero corresponding to the first eigenvalue of the p;-Laplacian with
Steklov boundary condition (see (2.6)). In the second part of this paper we suppose a variational structure
of the system (1.1) which means that (g1,92) = Vg with a smooth function (s1, s2) — g(z, s1,s2). Then,
by means of the extremal positive and negative solutions obtained in the first part, we are going to show
the existence of a third nontrivial solution whose components lie between the components of the positive
minimal and the negative maximal solution of (1.1). The proof uses a variational characterization of the
second eigenvalue of the Steklov eigenvalue problem for the p;-Laplacian together with the properties of
the corresponding truncated energy functionals. The main difficulty is the fact that the truncated energy
functionals turn out to be nonsmooth independently of the smoothness of Vg. This situation is different to
the scalar case and needs further investigations in terms of Clarke’s generalized gradient of locally Lipschitz
functionals.

Our work is motivated by the papers of Carl-Motreanu [6] and Winkert [36]. In [6] the authors study a
Dirichlet system of the form

—Apur = fi(@, ur, u2) in Q,
—Apuz = fo(z,ur,u2)  in €, (1.2)
Ul = Ug = 0 on 6Q’

where f;: Q@ x R X R — R are Carathéodory functions having a certain local behavior near zero. It is shown
that the system (1.2) has at least three nontrivial solutions whereby the first and the second eigenvalue of
the p;-Laplacian with Dirichlet boundary condition have been used. On the other hand, in [36], a scalar
equation with nonlinear boundary condition of the form

~Apu = f(z,u) — Mu|P~?u in £,

(1.3)
|Vu|P™2Vu - v = NuP2u + g(z, u) on 09,

has been considered. Here, the nonlinearities f: 2 x R — R and ¢g: 92 x R — R are Carathéodory
functions which are bounded on bounded sets and which satisfy appropriate conditions near zero and at
infinity. If X is larger than the second eigenvalue of the eigenvalue problem of the p-Laplacian with Steklov
boundary condition, then the existence of three nontrivial solutions has been shown whereby two of them
have constant sign and the third one turns out to be sign-changing. In our paper we combine the ideas
of both papers to show multiplicity of solutions for the coupled system given in (1.1). We also refer to
El Manouni-Papageorgiou-Winkert [12] which extends problem (1.3) to more general, nonhomogeneous
operators of type (p, q).
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As far as we know there are only few works for elliptic systems with nonlinear boundary condition and
with a variational structure. In 2016, de Godoi-Miyagaki-Rodrigues [10] studied the following Laplacian
system

—Au+ C(x)u = f(z,u) in Q,

(1.4)
Vu-v=g(x,u) on 09,

where

is a positive definite matrix for a.a. x € € and the nonlinearities f: Q x R2 — R2, g: 9Q x R? — R? satisfy
suitable growth and structure conditions. The authors prove existence results for (1.4) when resonance or
nonresonance conditions occur by using variational tools. For systems with nonlinear boundary conditions
but without a variational structure we refer to the works by Guarnotta-Livrea-Winkert [18] who developed a
sub-supersolution method for variable exponent double phase systems and Frisch-Winkert [15] for bounded-
ness, existence and uniqueness results for coupled gradient dependent elliptic systems, see also the paper of
Guarnotta-Marano-Moussaoui [21] for singular convective systems based on perturbation techniques along
with fixed point arguments.

We should also mention the following special case of (1.1) treated by Ferndndez Bonder-Pinasco-Rossi in
[13], who proved the existence of nontrivial strong solutions to the system

on a bounded set Q of RY with nonlinear coupled boundary conditions given by
Vu-v=H,(x,u,v), Vv -v=H,(x,u,v),

for x € 02, where they just suppose general structure conditions on the Hamiltonian H and its derivatives.
Unlike in [13], here we not only provide an existence result, but prove the existence of multiple solutions
with precise sign information.

Systems with homogeneous Neumann boundary conditions have been studied in the papers by Chabrowski
[7] by constrained minimization based on the concentration compactness principle, by Guarnotta-Marano
[19,20] getting infinitely many solutions for convection problems by appropriate pairs of sub-supersolution
and by Motreanu-Perera [29] who studied p-Laplace systems via Morse theory. Finally, in case of systems
with Dirichlet boundary conditions, we refer to the works by Carl-Motreanu [5] for convective p-Laplace
systems based on a sub-supersolution approach, de Morais Filho-Souto [11] using the concentration com-
pactness principle, Gambera-Marano-Motreanu [17] for (p, q)-problems via Brouwer’s fixed point theorem,
Hai-Shivaji [22] for parametric p-Laplacian systems, Liu-Nguyen-Winkert-Zeng [25] for coupled double phase
obstacle systems involving nonlocal functions and convection terms, Marino-Winkert [26] for existence and
uniqueness results of convection systems, Motreanu-Moussaoui-Pereira [28] for p-Laplacian systems via sub-
supersolution method and the Leray-Schauder topological degree, Motreanu-Vetro-Vetro [31,32] for systems
involving (p, ¢)-Laplacians, see also the references therein.

The paper is organized as follows. In Section 2 we present the main tools which are needed in the sequel
including the properties of the eigenvalue problem for the r-Laplacian (1 < r < oo) with Steklov boundary
condition. Section 3 deals with the existence of extremal positive and negative solutions where positive
(resp. negative) means that both components are positive (resp. negative). Finally, in Section 4 we are
going to assume a variational structure of (1.1) and prove the existence of a third nontrivial solution whose
components lie between the related components of the positive and the negative solution.
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2. Preliminaries

In this section we recall the main tools that will be needed in the sequel. For 1 < r < co we denote by
L7(Q) and L"(2; RY) the usual Lebesgue spaces with norm ||- ||, and by W1 (Q) the corresponding Sobolev
space with norm || - ||1- = |V - |l + || - [|- We equip the spaces V; := WPi(Q) with the equivalent norms

1
[ull1,p: = ([Vu biyri forallu € V;,

p T+ lu

where 1 < p1,p2 < co. Moreover, we denote by L"(99) the boundary Lebesgue space with norm || - ||, aq for
any r € [1,00]. For s € R, we set s* = max{+s,0} and for u € W (Q) we define u*(-) = u(-)*. We have

uF e Wh(Q), |ul=ut4+u, u=ut—u".
The space LPi(€Q) is endowed with the natural partial ordering given by the positive cone
LPi Q)1 ={u € LP(Q): u(z) > 0 a.e.in O},

which implies a related partial ordering in its subspace W1Pi(2). The positive cone

Ly =L"(Q)4 x L (Q)4
induces the componentwise partial ordering on the product space

L=LP(Q) x LP?(Q).

This implies the componentwise partial ordering in the subspace W = V; X Vs.

Definition 2.1. We say that (uq,us) € W is a weak solution of problem (1.1) if

/|Vu1\p1_zvu1'vs@1 dx+/|u1|p1_2u1¢1 d:c:/gl(x,ul,ug)@l do
Q Q a0
and

/|Vuz\p2_2VuQ'Vgogdw+/|uQ|p2_2qu02 dx:/gg(x,ul,ug)cpgda
Q Q o0

(2.2)

hold true for all (p1,p2) € W and all the integrals in (2.1) and (2.2) are finite. Here, o denotes the

(N — 1)-dimensional Hausdorff surface measure on 0f2.

Next, we introduce the notion of weak sub- and supersolution to (1.1).

Definition 2.2. We say that (u;,u,), (u1,%2) € W form a pair of weak sub- and supersolution of problem

(1.1) if u; <@; a.e. in Q for i = 1,2 and
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D

(|Vﬂ1|p172vﬂ1 V1 + |M1\p17221<ﬁ1) dx — /91(%!1, wa)p1 do
0

+ [ (VP> 7V, - Vo + [up]*~ 2usp2) dar (2.3)

g2, w1, uy)pado <0

e O —

and

D

(VUL [P =2V - Ve + [un [P ~*Tpr) da — /91 (z,1, w2)p1 do
89
+ [ (IV8P* 2V, - Vo + [G2|P? " *Taps) do (2.4)

gg(l'7w17ﬂg)g02 dCT Z 0

e O —

for all (¢1,92) € W with ¢1,p2 > 0 a.e. in  and for all (w1, w2) € W such that u; < w; <7, fori=1,2
and with all integrals in (2.3) and (2.4) to be finite.

If u = (uy,us), @ = (Uy,U2) is a pair of weak sub- and supersolution, then the order interval [u,u] =
[wy, 1] X [ug, U2] is called trapping region, whereby

[w;, ;) = {u € WP (Q) : u; <u <7 ae.in Q}.

For 1 < p; <oo,i=1,2,let Ap,: V; = V; be the operator given by
<A:Di (’LLZ)7 (pi>vi == / |Vui|p"_2Vui . VQDZ dx (25)
Q

for u;, p; € Vi, where (-, - )y, denotes the duality pairing between V; and its dual space V;. The following
proposition summarizes the main properties of A, see, for example, Carl-Le-Motreanu [4, Lemma 2.111].

Proposition 2.3. Let p; € (1,00) and let A,,: V; — V' be given by (2.5). Then Ay, is well-defined, bounded,
k

continuous, monotone and of type (S.), that is, u¥ — u; in V; and limsupy,_, . (A, (uF), uf —u;) <0 imply

uf —u; inV; fori=1,2.

Next, we want to explain the notion of minimal and maximal constant sign solutions.
Definition 2.4. An element m € W is said to be a minimal positive solution of (1.1) if m is a positive solution
of (1.1) and if for any positive solution u with u < m it follows that m = u. Similarly, we define a maximal
negative solution.

Let C*(Q) be equipped with norm | - |1 (@) and let C(Q) 4 be its positive cone defined by

C'( )y ={ueC (Q):u(z) >0forallzeQ}.

This cone has a nonempty interior given by
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int (C*(Q)4) = {ue C Q)4 :u(z) >0 for all z € Q} .

Let us recall some basic facts about the Steklov eigenvalue problem for the r-Laplacian with r € (1, 00)
which is given by
—Ayu = —|u|""2u in Q,

(2.6)
|Vu|"2Vu - v = Mu|""2u on 9f.

From Lé [23] we know that the set of eigenvalues of (2.6), denoted by o(r), has a smallest element Aj ,
which is positive, isolated, simple and can be characterized by

Moo= inf {1Vl

:,BQ = 1}-

We further point out that every eigenfunction corresponding to the first eigenvalue A;, does not change
sign in Q. In fact it turns out that every eigenfunction associated to an eigenvalue A # A1, changes sign on
on.

In what follows we denote by u; , the normalized (i.e., ||ui . |lr80 = 1) positive eigenfunction correspond-
ing to A1 ,. As shown in Lé [23], thanks to the nonlinear regularity theory and the nonlinear maximum
principle, we can suppose that u;, € int (Cl(§)+). Additionally, due to the fact that A; , is isolated, the
second eigenvalue Ag , is well-defined by

)\277- = inf P\ € O'(T’) TA> )\177,] .

Now, let OB = {u € L™(89) : |ullr.00 = 1} and S, = WL (Q)NIBJ*:. Then, due to Martinez-Rossi
[27], we have a variational characterization of Ay , given by

dop = inf s [IVAOI; + 191,

where I'(r) = {# € C([0,1],S,) : (0) = —uy, 4(1) = ur, }-
Next, we recall some basic notions in nonsmooth analysis that are required in the sequel. We refer to the
monograph of Carl-Le-Motreanu [4]. For a real Banach space (X, || - ||x), we denote by X* its dual space

and by (-,-) the duality pairing between X and X*. A function f: X — R is said to be locally Lipschitz if
for every € X there exist a neighborhood U, of x and a constant L, > 0 such that

1f(y) = F)] < Lally — zllx for all y, 2 € U,.

For a locally Lipschitz function f: X — R on a Banach space X, the generalized directional derivative of f
at the point x € X along the direction y € X is defined by

fo(z;y) == limsup fle+ty) — f(z)

b
z—x,t—071 t

see Clarke [9, Chapter 2]. Note that if f: X — R is strictly differentiable, that is, for all z € X, f'(z) € X*
exists such that

lim f(Z‘Hyt) - f(z)
t—0t

= (f'(z),y) forallye X,

then the usual directional derivative f’(x;y) given by
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t—0+ t

exists and coincides with the generalized directional derivative f°(z;y).
If f1, fo: X — R are locally Lipschitz functions, then we have

(f1+ f2)°(wy) < L (259) + f5(z;y) forall 2,y € X.
The generalized gradient of a locally Lipschitz function f: X — R at x € X is the set
Of(x) :={z" € X*: (z",y) < f°(z;y) forallye X}.

Based on the Hahn-Banach theorem we easily verify that df(z) is nonempty. An element & € X is said to
be a critical point of a locally Lipschitz function f: X — R if there holds

fo(z;y) >0 forallye X

or, equivalently, 0 € 0f(z), see Chang [8].
The nonsmooth mountain-pass theorem due to Chang is stated as follows [8, Theorem 3.4].

Theorem 2.5. Let X be a reflexive real Banach space and let J: X — R be a locally Lipschitz functional
satisfying the nonsmooth Palais-Smale condition. If there exist xg,x1 € X and a constant r > 0 such that

lz1 — 2ol > 7 and max{J(xo), J(x1)} < infrcom, (20) J(2), then J has a critical point uo € X such that

inf < = inf t
veoBiian T = 700 = Jef gy T

where I1 = {7 € C([0,1], X): w(0) = zo,m(1) = 21} and OB, (x9) = {u € X: ||lu — xo|| = r}.
3. Constant-sign solutions

In this section we prove the existence of maximal and minimal constant sign solutions for problem (1.1).
We suppose the following hypotheses:

(Hp) For ¢ = 1,2, the functions g;: 9Q x R x R — R are Carathéodory functions such that g;(x,0,0) =0
for a.a. z € 002 and

lgi(z,81,82)| < Hi(z) for a.a.xz € 9Q,
for all (s1,s2) € M, whereby M is a bounded set and H; € L (92). Moreover, it holds

|9i(z1, 81,t1) — gi(x2, 52, 12)|

v _ v (3.1)
< Li (|og — @2|™ + |51 — 52| + [t1 — t2]™)

for all (x1, s1,t2), (w2, s2,t2) € 00 X [-K;, K;] X [—K;, K], where K is a positive constant, a; € (0, 1]
and ||H2Hoo,89 S Lz

(Hy) There exist constants k; > 0 and d; < 0 for ¢ = 1,2 such that

g1(z,k1,82) <0 for a.a.z € 9 and for all sy € [0, ko],
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g1(z,d1,82) >0 for a.a.x € 9 and for all sy € [da, 0],
g2(x, 81,ke) <0 for a.a.x € 90 and for all s; € [0, k1],
g2(z,81,d2) >0 for a.a.z € 9Q and for all sy € [dy,0].

Hs) For i = 1,2, there exist constants ¢; > A1, such that
Pi

lim fnf 91072 51252) et
51—0F 811’1*1 =

uniformly for a.a. z € 9§ and for all s9 € (0, k2],

lim inf I122 512 52) (2,51, 52)

C
s1—0— |$1|p17231 ="

uniformly for a.a. z € 92 and for all sy € [d,0),

lim inf 928,51, 92) (2,51, 52)

> C2
52—>O+ 51272_1 -

uniformly for a.a. x € 9Q and for all s; € (0, k1],

lim inf 792(1:7 51, 52)
s59—0~ |82|p27282

uniformly for a.a. z € 9Q and for all s; € [dy,0).

Remark 3.1. Note that (3.1) is needed for the usage of the regularity results of Lieberman [24]. Indeed, if
u = (uy,usg) is a solution of (1.1) such that (0,0) < (u1,u2) < (k1,k2) and both not identically zero, then
(u1,u2) € int (C*(Q)4) x int (C*(Q)4). Let us verify this just for uy, the case for us works in the same
way. First, from the boundedness of u; and (3.1) along with Theorem 2 in Lieberman [24], we know that
u e CH(Q) for some « € (0,1). From the first line in (1.1) we have A, u; < u¥* ™" for a.a. z € Q. Taking
B(s) = sPr~1 for all s > 0, we get from Vazquez’s strong maximum principle (see [34]) that ui(z) > 0 in
Q since f0+ —L ds = +o0. Suppose there exists xo € JQ such that u;(z¢) = 0. Applying again the

maximum pr(iéﬁg;))lzlwe obtain Vuy(zg) - v(zo) < 0. In view of hypothesis (Hs) first line, for ¢ > 0 small
enough such that ¢; —e > 0, there exists § > 0 such that for all s; € (0,0) we get
g1(xo, 81, 82) > (c1 — 6)3’1)1_1 uniformly for all so € (0, k2],
which yields by the continuity of g; as s; — 0%
91(20,0,82) > 0 uniformly for all sy € (0, ko).

The continuity of g; then shows that g;(x,0,s2) > 0 for all so € [0, ko], in particular for so = ua(zg) €
[0, k2], that is, we have g1 (20,0, u2(zg)) > 0, and thus from the third line of (1.1) it follows

Vui(xg) - v(xo) >0,

which is in contradiction to Vuy(xg) - v(zg) < 0. Hence, uy > 0 in € and so u; € int (C*(€)4). A similar
result holds for a solution (vy,v2) such that (di,ds) < (v1,v2) < (0,0), both not identically zero, then
(v1,v2) € (—int (C1(Q)4)) x (—int (C1(Q)4)).
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Theorem 3.2. Let hypotheses (Hp), (H1) and (Hz) be satisfied. Then there exist a positive solution (u1,us) €
W and a negative solution (vi,v2) € W of the system (1.1).

Proof. From (H;) we directly obtain

—q1(z,k1,82) >0 for a.a.z € 9 and for all so € [0, k2],

(3.2)
—g2(z,81,ke) >0 for a.a.z € 9Q and for all 51 € [0, kq].
Hypothesis (Hg) implies that there exists § € (0, min{ky, k2}) such that
g1z, 51,59) > A py s ! (3.3)
for a.a. x € 09, for all s; € (0,6) and for all so € (0, k2],
g2(, s1,82) > >\1,p2512)271 (3.4)
for a.a. € 99, for all s; € (0, k1] and for all s5 € (0,9).
From the Steklov eigenvalue problem for the p;-Laplacian multiplied with ?~! > 0 we know that
/ [V (eu,p,) pi_QV(Eul,pi) Veidz + /(Eul,pi)pi_l% dx
¢ ¢ (3.5)
= >‘1»Pi /(eulmi)piil@i do
o0
holds for all p; € V; with ¢; > 0 and i = 1,2. We choose € > 0 small enough such that
eurp,(x) <6 forallz e Qandi=1,2. (3.6)

Using (3.5) and (3.6) along with (3.3) and (3.4) in (2.3) for
(wy,up) := (eUrpy, EU1p,) and  (Ur,W2) = (K1, ko)

gives

/ ()‘1’;01 (Eul,pl )pl_l — g1 (1‘, €u1,p17w2)) ®1 do
(o9}

+ / (A1pa (Bu1p )27 = go(m, w1, cU1,p,)) @2 do < 0.
o

On the other hand, we get from (3.2) and (2.4) that

/(|V/€1|p172V/€1~V(p1+/€;fl_1<p1) dzx —|—/(—gl(m,k1,w2))cp1da
Q o0

+ / <|Vk2|p2’2vk2 - Vo + ]#2’2*1%02) dx + / (—g2(z, w1, k2)) pado >0
Q a9

for all (¢1,p2) € W with ¢1,p2 > 0 a.e. in Q and for all (wy,w2) € W such that u, < w; < @; for
i = 1,2. Therefore, (u;,us) € W and (u1,u2) € W form a pair of sub- and supersolution related to
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Definition 2.2. From Guarnotta-Livrea-Winkert [18] (for 4 = 0) we know that a solution (uj,u2) € W of
the system (1.1) exists such that u; < k;. Moreover, the nonlinear regularity theory implies that (u1,uz) €
int(C*(Q)+) x int(C*(Q) ), see Remark 3.1.

Similarly, one can show that (dq,d2) and (—euq p,, —€u1 p,) form a pair of sub- and supersolution in the
sense of Definition 2.2 for the system (1.1) provided the parameter € > 0 is sufficiently small. Therefore, we
obtain a negative solution (vq,v2) € (—int(C*(Q)1)) x (—int(C1(Q),)) satisfying v; > d; fori =1,2. O

Next, we are going to prove the existence of a minimal positive and of a maximal negative solution of
the system (1.1) in the trapping region constructed in the proof of Theorem 3.2.

Theorem 3.3. Let hypotheses (Hy), (H1) and (Hz) be satisfied. Then, for a given solution (u1,u2) € W of
problem (1.1) in [euq p,, k1] X [Eu1,p,, ko] for some e > 0 there exists a minimal solution (u§,u) of (1.1)
in [gut p,, k1] X [gU1,py, k2] such that ui < u,; for i = 1,2. Furthermore, given a solution (vi,v2) € W of
problem (1.1) in [d1, —euq p, | X [d2, —€U1 p,] for some e > 0, there exists a mazimal solution (v5,v5) of (1.1)

in [d1, —euq p, | X [da, —€u1 p,] such that v > v; fori=1,2.

Proof. We are going to prove just the first assertion of the theorem, the second one can be shown using
similar arguments.

We choose ¢ > 0 sufficiently small (like in the proof of Theorem 3.2). Then, Theorem 3.2 guarantees
that a solution (u1,u2) € W of (1.1) exists in [eus p,, k1] X [eU1 p,, k2]. Denote by S, the set of all solutions
(hi, ho) of (1.1) such that (hi1, ha) € [eus p,, k1] X [eur p,, ko] satistying h; < u; for i = 1,2. Apparently, S,
is not empty. We are going to prove that S. has a minimal element by applying Zorn’s Lemma. For this
purpose, let C be a chain in S.. Then we can find a sequence {u’f,u’;}kzl C C such that uf“ < uF for
1=1,2 and for all £ > 1 satisfying

infC = mf (ul,u’;)

Since (ul,u2) € C we know that (uf,u%) solves system (1.1). Testing (2.1) with 1 = uf and (2.2) with
¢o = ub and using (Hp) together with the trace theorem, we get that

<y

7171

k

for C; > 0 independent of uf and for all u¥ € V;. Hence, the sequence {u},u5};>1 is bounded in W.

Therefore, up to a subsequence if necessary, not relabeled, we may assume that
N : .
U; — Uj m Vi, 1= 1, 2,

) = () for a.a.z € Q (3.7)

) = G;(x) for a.a.z € 0Q.

From (3.7) we conclude that (a1, 12) € [eur p,, k1] X [eu1 p,, k2] and 4; < u; for i = 1,2. Furthermore, testing

the corresponding weak formulations with uf — 4; and using (3.7) along with (Hp) we get that

lim sup (A, (uf), uf — ;) <0 fori=1,2.

i
k— o0

Combining this with (3.7) and the fact that A, fulfills the (Si)-property on V;, see Proposition 2.3, we
conclude that

ub —a; iV, i=1,2. (3.8)
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Applying (3.8) to the corresponding weak formulations shows that (@, @i2) is a solution of (1.1) that belongs
to S and infC = (d1,702) € S.. From Zorn’s Lemma, see Papageorgiou-Winkert [33, p. 36], we conclude
that S has a minimal element (u§,u§). O

In order to get maximal and minimal solutions of (1.1), we have to suppose further conditions on the
vector field (g1, g2) near zero as follows.

(H3) There exist constants a; > ¢;, i = 1,2, such that

lim sup <o
51*)0'*' 81171_1
uniformly for a.a. x € 9Q and for all s5 € (0, k2],
limsup L0 52)
sio0- |81/ 7281
uniformly for a.a. z € 9 and for all s5 € [da,0),
. 92(33, S1, 82)
limsup ———— < o
SQ*}O+ ng
uniformly for a.a. x € 9Q and for all s; € (0, k1],
x, 81,8
lim sup 92(2: 51, 52) i; 2) <
sam0-  [$2[P2 728

uniformly for a.a. x € 9Q and for all s; € [d1,0).
Now we can state and prove our main result on maximal and minimal solutions of (1.1).

Theorem 3.4. Let hypotheses (Ho)—(H3) be satisfied. Then, problem (1.1) admits a positive solution
(u14,u2.+) € int(CH(Q)4) xint(C1(Q) 1) such that u; + < k; fori = 1,2, which is minimal among the posi-
tive solutions of (1.1). Moreover, problem (1.1) admits a negative solution (uy —,us ) € (—int(C*(Q)4)) x
(—int(C*(Q)4)) such that u; > d; fori= 1,2, which is mazimal among the negative solutions of (1.1).

Proof. As before, we only show the existence of a minimal positive solution of (1.1), the proof for the
maximal negative solution works in a similar way. The application of Theorems 3.2 and 3.3 gives us a
sequence {(uf,u8)}n>n, C W for ng sufficiently large such that for every integer n > ny we have that
(u,u) is a solution of (1.1) that is minimal in the trapping region [Luy ., k1] X [2uqp,, ko] such that
u?“ < u? for i = 1,2. From this and (Hy) we may suppose, for a subsequence if necessary, not relabeled,
that, for i =1, 2,

up — Ui 4 in V;,
Uy — Uj 4 in L?#(2) and pointwisely a.e.in ,
Uy — Ui 4 in LP#(09) and pointwisely a.e.in 012,

for some (u1 4+, u2,4+) € W. As in the proof of Theorem 3.3 by applying the (S )-property of A,, on V;, see
Proposition 2.3, we conclude that (u; 4+, ug ) is a solution of (1.1).
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Claim: u; 4 # 0 for i =1, 2.
Suppose this is not the case and assume that u; 1 = 0. For each n > ny we set

uy

— and gn _ gl(z7u?7u3) plfl.
[ |15,

o (upr=t

Clearly the sequence {wy, }n>n, C Vi is bounded and due to hypotheses (Hz) and (H3) we may assume that

Wy — W in Vq,
wp(z) = w(x) in LP*(Q) and pointwisely a.e.in €,
wp () = w(x) in LP*(0€2) and pointwisely a.e.in 0€2,
€n — € in L7 (09),

for some w € V; and & € L%(aﬂ). Since (uf,ul) € W is a solution of (1.1), we have from (2.1) with
1 = wy, — w € Vp and the representation u} = ||[u}||1,p, wn that

/ |Vw, [P 2 Vw, - V(w, —w)dz + / |wn |7 2w, (w, — w) da
Q

“ (3.10)
= /gn(wn —w)do.
o9

From (3.10) and (3.9) we obtain that

n—0o0

lim /|an|p1_2an -V(wy, —w)dz =0.
Q

Thus, again by the (S;)-property of A,, on V; it follows that w, — w in V; which implies that w # 0 since
Wn||1,p, = 1. Moreover, from the strong convergence in V; and the fact that (uf,ul) € W is a solution of
»P1 1 2
(1.1) as well as the representation uy = ||uf'||1,p, wy it follows from (2.1) that

/|Vw|”1_2Vw-Vgodx+/|w\m_2w<pdx:/fgpda
Q Q a0

for all ¢ € V.
Taking (Hz2) and (Hs) into account, for any given ¢ > 0 there exists an integer n(x) for a.a. x € 9Q such
that for every n > n(z) it holds

(c1 — &)wp(z)P 7! < &u(x) < (o + &)wy ()P~ for aa.z € 0Q.
Since € > 0 is arbitrary, letting n — oo, we get via Mazur’s theorem

crw(x)P 7t < €(x) = p(r)w(x)P ! < aqw(x)P ! for a.a.a € 0N
with ¢; < p(x) < aq for a.a. € 90 and

g1z, ur,+(2), ug 1 (2))
up ()Pt

wulz) = >0 fora.a.zed.
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Hence w is an eigenfunction associated to the eigenvalue 1 of the weighted eigenvalue problem with weight
w(z) >0

—Apw = —wh ! in €,
(3.11)
|Vw[Pr2Vw - v = p(z)wP* ™' on 99,
We consider now the V(z)-weighted eigenvalue problem
—A, wy = —wh ! in ©,
" v (3.12)

Vwy [P Vwy v = ANV)V (@)uf? ™! on 02,

with V(z) > 0, A(V') the eigenvalue for the weight V(z) and wy the corresponding eigenfunctions. In the
following, we call A;(V') the first eigenvalue of (3.12). Since w is nonnegative, due to Ferndandez Bonder-
Rossi [14, Theorem 1.2 and Proposition 3.1], we know that A;(u) = 1 because of (3.11). We consider now
problem (3.12) with weights ¢; and A;,, and related first eigenvalues Aj(c1) and A1(A1 p, ), respectively.
Since A1 p, < 1 < p(x) for a.a. z € 08, we have with [14, Theorem 1.3] that

1= )\1(M) < )\1(01) < )\1()\1’1,1). (313)

Since A1,p, is the smallest eigenvalue of (2.6) with eigenfunction uq ,, > 0 we see that Aq(A1 p,) = 1. This
is a contradiction to (3.13). Hence, u; + # 0 for ¢ = 1,2. Since w; + € [0, k;] for ¢ = 1,2, by the nonlinear
regularity theory, see Remark 3.1, we conclude that (u 4, uz 1) € int (C*(Q)4) x int (C*(Q)4).

It remains to show that (u1 4,us ) is a minimal positive solution of problem (1.1). To this end, let
(v1,v2) € W be any positive solution of (1.1) such that v; < w3 4 and vy < ug 4. Again, by the nonlinear
regularity theory and the strong maximum principle, we know that (v1,v2) € int (C*(€2)4) x int (C*(€2)4).
This fact along with the construction of (uj 4, u2 ;) ensures that

1
—uLp, <w <wyy <up <k fori=1,2 (3.14)

whenever n is sufficiently large. However, since (uf,u%) is a minimal solution in [Luy p,, k1] x [2uqp,, ko],
we get from (3.14) that u) < v; for ¢ = 1,2. But then, again because of (3.14), it follows that u; 4 = v; and
Uz + = v2. This completes the proof of the theorem. O

4. Another nontrivial solution

In this section we are interested in a third nontrivial solution of the system (1.1) under the assumption
that (1.1) has a variational structure. To be more precise we consider the system

—Aplul = —\ul\m*Qul in Q,
—Ap,ug = —|ug|*Puy  in Q,
|Vu1|p1_2Vu1 -V = g, (T, u1,uz) on 0%,

|Vus P2~ 2Vuy - v = gs, (2, u1,u2)  on 0L,

where

(gl(‘r)81a82)7g2(xa81752)) = (981 ($751a52)a982($751’52)) = Vg(xv81752)’
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with g: 90 x R x R — R being a Carathéodory function which is twice differentiable with respect
to the second and third variable (s1,s2) € R2. Moreover, we suppose that the partial derivatives
Gs1>Gsn> Gs1 515 Jsysas Jsas, are Carathéodory functions on 9Q x R? and g, , gs, are supposed to be bounded
on bounded sets. Without any loss of generality, we assume that g(z,0,0) = 0 for a.a. 9.

To avoid having to write down all the conditions again, let us now assume that (Hp)—(Hs) hold true
replacing (g1, 92) by (gs,,9gs,). Taking Theorem 3.4 into account, we can find a minimal positive solution
(u1,4,ug,.+) of problem (4.1) with uw; + < k; for ¢« = 1,2. Based on this, we introduce the truncation
function 7 : 90 x R? — R? assigning to each (z,s1,s2) € 9Q x R? the projection 74 (z, s1,52) of (s1,52)
on the closed convex subset [0,u; 4 (z)] % [0,uz 1 (z)] of R In the same way, by applying the maximal
negative solution (uq,—,us,—) of (4.1) with u; — > d; for i = 1,2 obtained in Theorem 3.4, we define the
truncation function 7_: 9Q x R? — R? as the projection 7_(z, 51, s2) of (s1,52) on the closed convex subset
[u1,—(2),0] X [ug,—(x),0] of R?. Lastly, we introduce the truncation function 79: 9Q x R? — R? as the
projection 7o (z, 51, s2) of (s1, s2) on the closed convex subset [u1 (), u1 4+ ()] X [ug,—(z), uz,+(x)] of R2.

With the help of the truncation functions 74, 7_,79: 9Q x R? — R? we can introduce truncated functions
related to g: 022 x R x R — R in the following way:

g+ (@, 51, 82) = g(a, 74 (2, 51, 52))
+ (51— u1,+ ()T gs, (2, 74 (2, 51, 52))
+ (82— ug,+ () T gs, (2, 74 (2, 51, 52))
— 87 gsy (z, 7 (2, 51, S2))
— S5 Gsy (T, T (2, 51, S2)),

g—(x, s1,82) = g(x, 7—(x, 81, $2))
— (81— w1, (2)) " gs, (2, 7- (2, 51, 52))
— (82 = u2,— (%)) gs, (%, 7 (2, 51, 52))
+ 57 gs, (2, 7—(, 81, 82))
+ 55 gs, (2, 7_(, 81, 52)),

QO(% S1, 82) = g(fE,TO(l', S1, 82))

These truncated mappings g_, gy, go: 92 x R? — R are Carathéodory functions being locally Lipschitz
continuous with respect to the variables (s1, s2) € R2. Therefore, their generalized gradients in the sense of
Clarke exist. Applying Clarke’s calculus according to [9, Theorem 2.5.1], we have the following representa-
tions:

6(51’52)94_(1', S1, 52) = {Vg(l’, S1, 52)}
for a.a.z € 0Q and for all (s1,s2) € [0, u1,+(x)] X [0, uz 4+ ()],

a(sl,sz)g*(xv S1, 82) = {Vg(x, S1, 52)}
for a.a.z € 9Q and for all (s1, s2) € [u1,—(x),0] X [uz,_(z),0],
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Dsy,50)90(x, 51, 82) = {Vg(x,s1,52)}

(4.4)
for a.a.x € 9Q and for all (s1,82) € [ur,— (), w1, +(x)] X [ug — (), uz + ()]

Taking the modified truncated functions g_, g1, go: 92 x R? — R into account, we introduce the related
truncated, nonsmooth functionals £, E_, Fy: W — R defined by

1 1
ammm:;mmm—wMMQ/wmmmmm
o0

1 1
B-(ua,u2) = sy, + el = [ - (on,um) don
oN

1
lﬂmmﬁ:—ﬂﬁml iy, - /%@mwﬂw-
o0

These functionals are locally Lipschitz and so their generalized gradients exist. Before we consider the
location of the critical points of these functionals, we need to suppose an additional condition:

(Hy) (i) The function sy — gs, (2,51, s2) is nondecreasing on the interval [da, k2] for a.a. x € 99 and for
all sy € [dy, k1).

(ii) The function s1 — gs,(z, $1, 82) is nondecreasing on the interval [dy, k1] for a.a. z € 9Q and for
all so € [da, ko).

Next, we are interested in the location of critical points of the functionals £, E_, Ey: W — R.

Proposition 4.1. Let hypotheses (Ho)—(Hs) be satisfied, where (g1, g2) is replaced by Vg and suppose (Hy).
Then, the following assertions hold:

(1) If (v1,v2) €W is a critical point of FE, then

0<wvi(z) <ui4(z) and 0<wvy(z) <wusi(x)

for a.a. x € 09).
(ii) If (v1,v2) € W is a critical point of E_, then

ur,—(x) <v1(z) <0 and wug_(z) <wy(z) <0

for a.a. x € 092.
(iii) If (v1,v2) € W is a critical point of Ey, then

ur,—(z) <vi(z) <wupp(r) and us_(z) <wvalx) < ugy(z)
for a.a. x € 09).

Proof. We only prove the assertion in (i), the cases (ii) and (iii) can be shown using similar arguments. To
this end, let (v1,v2) be a critical point of F,, that is, (0,0) € OF, (v1,v2) which means that
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—Apv1 = —|vp [Py in £,
— Ay, v9 = —[va|P? 20y in €, (4.5)
|Vvl|p172Vv1 cv = hy(x) on 012, '
|Va[P2 72V, - v = hy () on 052,
where
(h1($)a hQ(x)) € 8(81,32)g+(.’£,1)1(1'),1)2(%)), (46)

which follows from Clarke [9, Theorem 2.7.5]. Note that the precise expressions of the functions hy and hs
can be found in Carl [2,3]. Using the fact that (uj 4, us ) solves problem (4.1), we obtain, due to (4.5) and
(4.6), by choosing the test function (v; —uj )T € Vy, that

/ (Vo1 [P* 2V — [V [P Vg 1) - V(o —w4) e
Q

+ [ (1l 2o = ) o= ) o
Q

- / (ha (&) = g (&, 11 02,4)) (01 — 11 4) do

{vi>u1,4+}

= (951 (33, UL+ 0) — Gsy (33, Ui, +, u27+)) (vl - u1,+) do

{v1>u1,4,v2<0}

+ (951 (1’, Uy, +, U2) — Ysq (1’, U+ u2,+)) ('Ul - ulHr) do,

{’Ul >u1,+,0§v2§u2,+}

since

Osy,80)9+ (T, 51, 52) = {Vg(z,u1 4 (x),u2 4 (x))} foraa.z e

provided s1 > w1 4(z) and so > ug 4 (z). Applying (Ha) (i) gives us

/ (Vo1 [P ?Vuy — [Vuy [P 7'V 4 ) - V(vg — g4 ) da
Q

+/ (|v1|p172v1 — uffl) (v —u1,4) T dz <0.
Q

Therefore, v1 < uj 4. In the same way, using (Hy4) (ii), we show that v < ug 4.
From hypotheses (H2) and (Hs) we get that g, (x,0, s2) = 0 for a.a. z € 99 and for all so € [0, k2]. Using
—v; € V) as test function, taking (4.5) and (4.6) again into account, it follows that

/\VUﬂpl_QVvl -V(—vy )dz + / lur[P* %01 (=) dz
o) o)

= — / hl’Ul do

{v1<0}
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- / 9s1 ('T70’0)U1 do — / sy (IvoaUQ)Ul do

{v1<0,v2<0} {v1<0,0<v2<ug 4}

- 9s, (2,0, u2, 4 )v; do = 0.

{v1<0,v2>usz, +}

Thus, v1 > 0. In the same way, we prove that vo > 0. O

In the next proposition we are going to compare the minimal and maximal constant-sign solutions
obtained in Theorem 3.4 with the minimizers of the constructed nonsmooth functionals.

Proposition 4.2. Let hypotheses (Ho)—(Hs) be satisfied, where (g1, gs2) is replaced by Vg and suppose (Hy).
Then the minimal positive solution (uq +,us +) of problem (4.1) is the unique global minimizer of E4 and a
local minimizer of Ey while the mazimal negative solution (u1,—,us —) of problem (4.1) is the unique global
minimizer of E_ and a local minimizer of Ey.

Proof. Due to the truncated function g, : 9Q x R? — R, it is clear that the functional E,: W — R is
coercive and sequentially weakly lower semicontinuous. This guarantees the existence of a global minimizer
(w1, we) € W of E which is a critical point of E in the sense of nonsmooth analysis, see Section 2. From
Proposition 4.1 (i) and u; + < k; for ¢ = 1,2, it follows that

0 <wi(x) <u4(z) <k; foraa.xedandfori=12.

Recall that uy ,, is the first eigenfunction of the Steklov eigenvalue problem given in (2.6) with |Jus p,
1. This implies that

p;,00Q =

||vu1’10i

g: + ”ulmi & = )‘l,piv (4.7)

where Ay ,, > 0 is the associated first eigenvalue. Then, from hypothesis (Hz) and (H4) along with the mean
value theorem applied to g4, we know that for every € > 0 there exists ¢ > 0 such that
tP1 {P2

By (turp,s turp,) < (Arp, —c1+6) — + (Ap, —2+6) —,
Y41 P2

where we have used (4.7). Therefore, taking € > 0 such that ¢ < min{e; — A1 p,,c1 — A1 p, }, we see that
E (tu p,,tus p,) < 0. Therefore, (w1, ws2) # (0,0).

Next, let us now prove that both components of w; are nontrivial. Suppose that w; # 0 and wy = 0.
From hypothesis (Hy) we find a number § > 0 small enough such that

sh?
g(x7$1352) - g(stlao) > )\1#’2?
2

for a.a. z € 09, for all s1 € (0, k1] and for all s, € (0,]. Using this fact together with [lu1,p, |} 5 =1, we
obtain for ¢t > 0 small enough that

{P2
E+ (U}h tU1’p2) = E+(w17 0) + )\LPQ p_2

- / (92 w1, tus py) — gla,w1,0)) do
o0

< E+(w1,0)7
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which is a contradiction since (wi,0) is the global minimizer of E,. A similar argument can be used in
order to show that wy # 0. Therefore, we have that w; # 0 and ws # 0.

As a critical point of E, is understood in the sense of (4.5) with (4.6), we know from Proposition 4.1
(i) along with (4.2) that (wq,ws) is a solution of problem (4.1). Applying the regularity theory, as before,
yields that (wy,ws) € int (C*(Q)4) x int (C*(€2)4). Then, combining Proposition 4.1 and the fact that
(u1,4,u2,+) is the minimal positive solution of (4.1), we conclude that (w1, w2) = (u1 4, u2,+). Therefore,
we know that (uj y,us ) is a local minimizer of Ey on C1(Q) x C1(Q) since the functionals coincide on
int (C1(Q)4) x int (C*(€2)4). Then, from Bai-Gasitiski-Winkert-Zeng [1], we know that (uj 4, us ) is a
local minimizer of Ey on W. In a similar way, by using (ii) instead of (i) in Proposition 4.1 (2) and (4.3)
instead of (4.2), we can show the results of (uq1,—,us_). O

For the next result, we need associated scalar problems of (4.1) defined by

—Apur = =[P Puy in Q, (4.8)
|Vuy P22V, - v = gg, (2, u1,0) on 09, .
and
—A, Uy = —|us p272u2 in €,
p2 |uz] (4.9)

|Vus P2 2Vuy - v = g, (x,0,uz) on 99.
We have the following result.

Proposition 4.3. Let hypotheses (Ho)—(Hs) be satisfied, where (g1, g2) is replaced by Vg and suppose (Hy).
Then there eists (uy,vy) € int (C1(Q)4) x int (C1(Q)4) such that uy is a solution of (4.8) and vy is a
solution of (4.9) satisfying

up Surg, vy Sugg,  Ei(uy,0) =inf EL(0),  E(0,v4) =inf E,(0,).

Furthermore, there ezists (u—,v_) € (—int (C*(Q)4)) x (—int (C*(Q)4)) such that u_ is a solution of (4.8)
and v_ is a solution of (4.9) satisfying

u- >uy,—, v->us_, FE_(u_,0)=infE_(-,0), E_(0,v_)=inf E_(0,").

Proof. Note that E(-,0): W1P1(Q) — R is coercive and sequentially weakly lower semicontinuous. Hence,
we can find uy € WHP1(Q) such that

Ei(uy,0) =inf B4 (-,0).
Therefore, uy is a critical point of E,(-,0), that is, 0 € dE,(-,0)(u4). By means of (Hy) we have with

nonnegative test function ¢

/ [Vup [PV 4 - Vr da + /uzlj,lJ:I% dz
Q Q

= /gsl($7U1,+’U2,+)¢1 do > /QS1(9€,U1,+,0)¢1 do.
50 P1o)

Using this and the fact that u, solves
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[V v Vorde s [ucp2uerdo = [ (g0 (e, 01do
Q Q o0
we get, with the test function (uq —uy )" € WHP1(Q), that

/ ([Vuy [P >Vuy — |Vu17+|p172Vu1,+) V(ug —up ) tde
Q

+ / <|u+|p172u+ - u’l’fl) (uy —up )t da
Q

< ((g+)81 (SL’, U, 0) — Y9s, (.’E, UL+, u2,+)) (u+ - ulHr) do

{ugy>u1,4}

= (gsl (!L‘, UL+, 0) — Y9sy ({L‘, U1,+ u2,+)) (u+ - ulHr) do <0.

{ug>u1,4}

This implies 0 < uq(x) < ug 4 (x) for a.a. z € Q. Therefore, uy is a solution of (4.8). Applying again the
regularity results, as before, we get that u; € int (Cl (§)+) The proofs for v4, u_ and v_ can be done in
a very similar way. O

For our main result, we need the following sub-homogeneous conditions on the right-hand sides of (4.8)
and (4.9).

(Hs) For any ¢ € [0,1] the following hold:
(i) gs,(z,ts1,0) < tP171g, (z,51,0) for a.a. z € 9Q and for all s; € [dy,0];
(i) gs, (z,ts1,0) > tP1~1gg (x,51,0) for a.a. z € 9N and for all 51 € [0, kq].
(Hg) For any ¢ € [0,1] the following hold:
(i) gs,(x,0,ts0) < tP271g,, (2,0, 52) for a.a. z € 9Q and for all sy € [dg, 0];
(i) gs,(z,0,ts2) > tP271gy (2,0, s2) for a.a. z € 9N and for all sy € [0, k.
Now we can formulate and prove our main result.
Theorem 4.4. Let hypotheses (Ho)—(Hs) be satisfied, where (g1, g2) is replaced by Vg and suppose (Hy)—(Hg).
Moreover, we replace in (Ha) the eigenvalues M1 p, by A2 p, fori=1,2, where A2, is the second eigenvalue

of the p;-Laplacian with Steklov boundary condition. Then, the system (4.1) has at least three nontrivial
solutions, that is, a minimal positive solution

(u1,4,u2,4) € int (C'(Q)4) x int (C'(Q)4) ,
a mazimal negative solution
(u1,—,uz,—) € (—int (C*(Q)4)) x (—int (C'(Q)4)),
and a third solution (u1,0,uz,) € C1(Q) x CL1(Q) such that (u10,u20) # (0,0) and

u— <wujo<wup4 and us_ <wugo < up 4.
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Proof. The existence of a minimal positive solution (u1,1,uz,+) € int (C*(2)4) x int (C*(€)4) and a maxi-
mal negative solution (uy,—,uz,—) € (—int (C*(Q)4)) x (—int (C*(2)4)) of (4.1) follows from Theorem 3.4.
By Proposition 4.2 we know that both pairs (u1 4+, u2 +) and (u1,—,us,_) are local minimizers of the func-
tional Fy. Since they are extremal positive and negative solutions of (4.1), taking Proposition 4.1 into
account, we can suppose that they are strict local minimizers. We also point out that the functional Ey ful-
fills the nonsmooth Palais-Smale condition (see, for example, Motreanu-Riadulescu [30, Definitions 1.5-1.7])
since Fy is coercive. This allows us to apply the nonsmooth version of the mountain-pass theorem stated in
Theorem 2.5 which gives us a critical point (u1,9,u2,0) € W of Ey, that is,

(0,0) € 0Eo(u1,0,uz2,0)

satisfying
max {Eo(u1 4, u2,4), Eo(ur,—,u2,—)}
< Eo(u1,0,u20) = éréfl; flné}élEO(V(t))’ (4.10)
where
I'={yeC0,1],W): (0) = (u1,—,uz,—), ¥(1) = (u1,4,uz,4)}. (4.11)

Clearly, from (4.4) as well as Proposition 4.1 (iii) and the expression of the generalized gradient
O0Ey(u1,0,u2,0), we see that (u1,0,u2,0) is a solution of (4.1). Furthermore, because of (4.10), we directly
conclude that

(u1,0,u2,0) # (u1,4,u2,+) and  (u1,0,u20) # (u1,—,uz,-).
It remains to show that (u1,0,u2,0) # (0,0). The idea is to construct a path 4 € I" such that
Ey(3(t)) <0 forallte[0,1].

From Proposition 4.3 we know that u, and v, are the positive solutions of (4.8) and (4.9) while u_ and
v_ are the negative solutions of (4.8) and (4.9), respectively. Let us assume that

E+(u+70) < E+(O7U+)7 (412)
the case E4(0,v4) < E4(u4,0) can be handled in the same way. For e > 0 sufficiently small we set
m:=Ey(ui4,u24) and c¢= Ey(uy,eup,). (4.13)

Since (u1,+,us2,+) is the unique global minimizer of E., see Proposition 4.2, we see that m < c.

Claim: There are no other critical values of E in the interval (m, c].

Due to Proposition 4.1 (i), the representation of the generalized gradient in (4.2) and the fact that
(u1,4,u2,+) is a minimal positive solution of problem (4.1), it is clear that we cannot have critical points of
E. whose both components are positive others than (u1 4+, u2 ). Using again hypothesis (Hs) we have for
€ > 0 small enough that

eb2
g(z7u+7€u17p2) - g(I’,U+, O) > )‘171)2 pjuﬁ% (414)

for a.a. € 0Q. From (4.14) we obtain, since [[u1p,[[7? 5o = 1, that
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6172
Ey(uy,eurp,) = Ey(ug,0) + /\1,zozp—2

— / (9(x, uy,eu p,) — g(z,uy,0)) do (4.15)
a0

< B4 (u4,0).

Therefore, from (4.15), (4.12), (4.13) and Proposition 4.3 we conclude that there are no critical values of
E, in the interval (m, ¢] associated to critical points with one positive component and the other one equal
to zero. This proves the Claim.

Because of the Claim, we can now apply the nonsmooth version of the second deformation lemma to
the functional E, see Gasinski-Papageorgiou [16, Theorem 2.1.1]. This gives us a continuous map 7 =
(m1.m2): [0,1] x EZ* (=00, ¢]) = EL'((—00, c]) such that

n(oaulaUQ) = (’U,l,UQ), 77(L“17U2) = (u1,+7u2,+)a

(4.16)
By (n(t,u1,u2)) < By (u1,u2)

for all ¢ € [0,1] and for all (u1,uz) € E7"((—00,c]). Based on (4.16), we define a path v, € C([0, 1], W) by

Yo () = (m(t, ug, eur p,) Ty ma(t, uy, eur p,)")  forall t € [0,1].

Obviously, the path ~, joins (u4+,euq p,) and (u1,4, uz +). Taking (4.16) and (4.15) into account, we derive
that

E0(7+(t)) = E+(’Y+(t)) < E+(771(tau+7€u1,:02)+7772(t7U+75u17P2)+)

(4.17)
< By (ug,eup,) < Ep(ug,0) < E4(0,v4)

for all ¢t € [0,1] and for € > 0 sufficiently small.
Next, we can suppose, without any loss of generality, that

E_(u_,0) < E_(0,v_).

Then, as above, we can construct a path v_ € C([0,1], W) such that v_(0) = (u_, —eu1p,), 7—(1) =
(u1,—,ug,—) and

Eo(7—(t)) < B_(u_,0) < E_(0,v_) < 0 (4.18)

for all t € [0, 1] and for € > 0 sufficiently small.

Now, let S; = WLPi(Q) N dBY" with 9B = {u € LPi(8Q): |Jullp, 90 = 1} be endowed with the
topology induced by W1Pi(Q) for i = 1,2 and let S; ¢ = S; NC*(Q) be endowed with the topology induced
by C1(Q). We set

FO,i = {’7 € C([O? 1]7Si): ’Y(O> = —U1,p;» '7(1) = ul,Pi}’
1—‘O,i,C = {’Y S C([07 1]7 Si,C): ’7(0) = —U1,p;, 7(1) = u17pi}

forv=1,2.

Now let us fix constants fi € (0,c2—A2p,) and fi € (0, ca — A2 p, — i) With ¢g as in (Hz). Then, the density
of S ¢ in Sy (which implies the density of I'g 2 ¢ in T'g 2, see Winkert [35] for a proof of it), guarantees that
we can find a path 792 € I'g 2,c such that
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< Agp, + 1. (4.19)

max : [l 217?1)2

u€v0,2([0,1]

Note that we supposed hypothesis (Hz) with A; ,, replaced by Agp,. Then it follows that we can find ¢ > 0
such that

D2

S
g(x,s1,82) — g(x,51,0) > (c2 — ,u)p% (4.20)

for a.a. z € 99, for all s1 € [dy, k1] and for all so € (0,0). Now, we can choose € > 0 sufficiently small such
that

elv,2(t)(x)] <6 forallte[0,1] and for a.a.x € IQ. (4.21)

Combining (4.19), (4.20), (4.21) and the fact that [|70,2(t)|[72 5 = 1 for all ¢ € [0, 1], we obtain

1 €p2
Eo(v,e70,2(t)) = p—1||ﬂ||lf,1p1 + p—2||70,2(t)| P = /9(%”75%,2@))(10’
o

€p2 P2
= E(v,0) + p—2\|’)’0,2(f)| 1.ps

(4.22)
+ / (9(x,v,0) — g(x,v,ev0,2(t))) do

o0

b2 R _
< E('L},O) + pf (/\2,]92 + Qe +,LL)
2

for all ¢ € [0,1] and for all v € WP1(Q) with v € [u; _,uz2 +]. Now we take a continuous path ~;: [0,1] —
C*(Q) such that v1(0) = u_, y1(1) = us and we set yo(t) = (71(t),e70,2(t)). Then we get a path with the
endpoints (u_, —euq p,) and (u4,€us p,) such that, due to (4.22),

Eo(10(t)) < Eo(1(1),0) + p— (Aapa + i — 2+ i) (4.23)

for all ¢ € [0,1]. The concatenation of the paths v_, vy and -y, generates a path 4 which satisfies, because
of (4.17), (4.18), and (4.23)

~ b2 . N
Ep(5(t)) < max Eo(71(2),0) + — (A2p, + [t — 2 + i)
t€[0,1] D2
for all ¢ € [0,1]. From (4.10) and (4.11) we see that
b2 R B
Eo(ul,o, /U,Q’O) § max Eo(’yl(t), 0) + — (A27p2 + Hn— C2 + ,u) . (424)

t€0,1] b2
Recall that i € (0,c2 — A2, — ). Therefore,

eb2 R B

p_2 ()\27}72 + n— C2 + /l) < 0. (425)

This means, with regard to (4.24) and (4.25), we only have to prove the existence of a continuous path
s+ y1(s) with 1 (0) = u_ and (1) = uy satisfying
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Eo(71(5),0) <0 for all s € [0,1].

We define the path v, by

(1-2s)u_ ifse[0,3],
m(s) =
(25 —Nuy if s e [3,1].

Applying go(-, (1 — 2s)u_,0) = g(-, (1 — 2s)u_,0), we get for s € [0, 1]

Eo(1(s),0) = pl (1= 257 [lu_ ||, - / oz, (1 2s)u_,0) do.

o0

Since u_ is a solution of (4.8), it holds
flu— |1p1 = /gsl($7u_,0)u_ do.
ol9)

Combining (4.27) and (4.28) yields

Eo(m (8)7 O)

_ / <pi1(1 25 g, (u, O)u — gz, (1 25)u,0)) do.

o0

‘We observe that

1
/ (1 —29)Pgs, (z,u—,0)u_do
D1

//atm1—2 Pig. (z,u_,0)u_ dtd
5 $)P g, (z,u—, 0)u_ dtdo

o2 0

= //tpl_1 (1 —29)Pgs, (z,u_,0)u_ dtdo

o2 0

and

g(x,t(1 — 2s)u_,0) dtdo

SIS

/g(m, (1 —2s)u_,0)do =

o0 o0

o O

19}

)

Using (4.30) and (4.31) in (4.29) and hypothesis (Hs) (i) leads to

gs, (2, t(1 — 28)u_,0)(1 — 2s)u_ dtdo.

23

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)



24 F. Borer et al. / J. Math. Anal. Appl. 538 (2024) 128421
Eo(11(s),0)

:://XL—%ﬁL(@ﬂ—ZQV“ﬂ%JLU_ﬁ)—%AxJO—QQUﬂODdmg
o0 0
<0,

Using similar arguments, one can show that Eoy(71(s),0) < 0 for [%,1]. Hence, we have shown that (4.26) is

satisfied. This completes the proof. O

Example 4.5. For the sake of simplicity, we have omitted the xz-dependence on g and consider the problem

T o
—Ap,un = —|ug|P?2uy in Q,
|VU1|P1*2VU1 v =—a(p + q1)|u1‘p1+q172u1
+ Bp1(uf )P (ud )P? + ypi|ui [P *us on 09,

|VU2|”2_2VU2 V= —a(p2 + q2>|u2‘P2+q2—2

+ Bp2(u3)P>~H(u )P + ypo|ua|P>us  on 09,

U2

with constants p1,p2 > 2, a, 5, q1,g2 > 0 and

~ > max { )‘1,}71 )‘27102 }
D1 ’ D2

Then, the potential is given by
g(s1.82) = —a (|sa [P F9 4 [s2[P2492) 4 B(s{ )P (53)P2 + v (|s1]P* + [52[7)
with the partial derivatives

931(51,82) = 91(81,32)
= —a(p1 + q)|s1 /P T4 sy + Bpa(sT)P (3P + ypafsi P s,
9s,(81,52) = ga(s1, 52)

—apz + q2)|s2[P2 T2 55 + Bpa(sy )7 (53)72 7 + ypafs2|P? s,

Then, for any constants kq,ke > 0 and di,dy < 0, Hypotheses (Hg)—(Hg) are satisfied provided o > 0 is
sufficiently large. Let us prove this for g1, the same arguments can be used for gs.
Since g; is continuous in (s1,s2) € R x R, it is a Carathéodory function. Furthermore we have with

= a.
s (slr,?z))éMﬂSlL |s2]},

where M is a bounded set, that

191 (51, 82)| < alpr + q1)sP T 4 BpysPr P2l 4 qp g1t
— C e L(09).
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Furthermore, for ¢, s1,t2, 82 € [—K1, K1], we have

l91(s1,t1) — g1(s2,t2)]

<a(pr+q)|[s1 [P TP 28y — [sof T2,
+ Bpal(s)P ()P — (s3)P ()72
+ yp1||s1]Pr 281 — |s2]Pr " 2sa|

< a(pr + q)lls1 [P0 2sy — [so[PHI 2sy|
+ 8o (|57 1) = () ()
TP ) = () E))

+p1|[s1/Pr 281 — |sa [Pt 2 sa|

< Oé(p1 + q1)||81‘p1+q1—281 _ \32|p1+‘“_232|

8o (| (DI = ()] + = 1T = ()7 1)

+p1|[s1/Pr 281 — |sa [Pt 2 sa|

< alpr+q)||s1 [P0 2sy — [so[Pr T 2sy|

+ B (KD = ()| + K| = (537

+ p1l|s1]Pr 281 — [s2]P s,

|f(z1) = f22)| < (P + 1)K |21 — xs].

25

(4.32)

Now we consider the function f(z) := |z|Fx for z € [~ K1, K1]. Because of f/(x) = (P + 1)|z|¥ we see that
f is continuously differentiable with sup |f'(z)| = (P + 1)K¥, so it is a Lipschitz constant. Hence

This can be used for the first and third term in (4.32). For the second term we consider f(z) = |z|? for

z € [-K1, K1)\ {0}. In a similar way it then can be shown that supf’(z) = sup Q|z|9 2z < QK™ and

therefore

[f(21) = fl@2)] < QK21 — o).

lg1(s1,t1) — g1(s2,t2)]

< alpr+q)||s1|P T 28y — [so[P1 T 25y

+ B (KD = () + KR () = (s5)7 )

+p1|s1]P 251 — [s2]Pr s

<a(pr+q)(pr+ @ — 2)KPTE 2 s) — s

+ Bp1 (K{)l_lmerl\tl — to| + KV (p2 — 1) K27 ?|s; — 82|>

+p1(p1 — 2+ 1)Kf1_2|51 — $9|
< Li(]s1 — s2| + [t1 — t2])

This helps to estimate the second term in (4.32) for sy, ss,t1,t2 € [—K7, K1] \ {0}. In the case where
t; =ty =0ort; >0 and ty < 0 we directly get |(t])P2 + (t5)P2| < |t1 — ta|. So, all together yields
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for Ly > 0 sufficiently large. This shows (Hp).
Let kl, ko > 0 and sy € [O, k‘g] Then

g1(k1,52) = —a(p1 + Ch)kfﬁql_l + Bplkifl_l(sg)m + VPIk{)l_l
< —alp1 + Q1)/f]101+q1_1 + 5p1kfl_1k§2 + ’Yplszl_l
0

A

IN

for a > 0 sufficiently large. Let di,ds < 0 and s2 € [da,0]. Then

g1(2,dy,82) = —a(py + q1)|da [P T2 72dy + ypy|di [P 2dy > 0

for o > 0 sufficiently large. This shows (Hj).
For every sy € (0, ko] we have that

lim inf 91151, 52) (Sli?)

81—>0+ 81171
= lim inf —a(py+au)[s1 [P 21 + Bpa(s7)7 " (s5)7 + ypasalP s

s1—0t 311)171

= liminf (—a(p1 + q1)s{* + Bp1(s3 )" +vp1)

81—)0+
= Bp1(s3)"* +vp1

$1,8
= lim sup 91151, 52) (pllilz) .

81HO+ 81

Therefore there exist constants ¢, &; > 0 with &; > ¢é; > Ay p, such that

&1 < Bpi(s3)P +ypr < .

Furthermore, for every sy € [da,0), we have
51,8
lim inf 91(s1,52) 22)
s1—0— |51|p1— S1

o e—alpr + q)]s1 P T 2sy 4 ypa s [P 2y
= lim inf
s1—0— |81|p1_281

= liminf (—a(p1 + q1)]s1|" + vp1)

51H0*
=7P1

— 1 g1(s1,52)
= limsup ——————.
sim0- |S1[P17 281

Thus, there exist constants ¢, &; > 0 with &; > & > Ay, such that

1 <p1 < ag.

‘We now set

¢1 :=min{éy,é&} and a1 := max{d,ds}
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to get (Hz) and (Hs).
Let x € 09 and s1 € [d1,k1]. We want to show that gs, (s1,-) is nondecreasing on the interval [dg, k2].
For this let 3q, 85 € [da, k2] with §3 < §5. Then

sy (51752)
—a(pr + q1)|s1[P* T sy + Bpi(s])
—a(p1 + q)|s1 [P T 251 + Bpi(s))

prl( )Pz —|—fyp1|31|p1*231
p1—1

53
THEDP A+ apalsi | s

IA

= gs, (51, 32).
This shows (Hy).
Let ¢ € [0,1]. Then we have
9s1 (tSl,O)
—a(py + ql)tp1+q1—1|81|p1+q1—231 + 7p1tp1_1|81|p1_251

=" (—alpy + @t sy [P T sy + ypysi P 2s1)

Therefore

9si (t51,0) < 7 1gg, (-, 51,0) for diy < 51 <0,
g, (ts1,0) > 771y (,51,0), for 0 < s < k.

This shows (Hs). Hypothesis (Hg) can be shown in a similar way.
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