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Abstract

In this work we have studied well known state of the art image compression algorithms. These codecs are
based on wavelet transforms in most cases. Their compression efficiency is widely acknowledged. The
new upcoming JPEG2000 standard, e.g., will be based on wavelet transforms too. However, hardware
implementations of such high performance image compressors are non trivial. In particular, the on chip
memory requirements and the data transfer volume to external memory banks are tremendous.

We suggest a solution which minimizes the communication time and volume to external random access
memory. With negligible internal memory requirements this bottleneck can be avoided using the partitioned
approach to wavelet transform images proposed in this thesis. Based on this idea we present modifications
to the well known algorithm of Said and Pearlnfaet Partitioning In Hierarchical Trees SPIH® restrict

the necessity of random access to the whole image to a small subimage only, which can be stored on
chip. The compression performance in terms of visual property (measured with peak signal to noise ratio)
compared to the original codec remains still the same or nearly the same. The computational power of the
proposed circuits targeting to programmable hardware are promising. We have realized a prototype of this
codec in a XC4000 Xilinx FPGA running at 40MHz which compresses images 10 times faster than a 1GHz
Athlon processor. An application specific integrated circuit based on our approach should be much faster
over again.

Zusammenfassung

Im Rahmen dieser Disseration haben wir die besten, derzeit verfigbaren Bildkompressionsverfahren ana-
lysiert. Die meisten dieser Algorithmen basieren auf Wavelet-Transformationen. Durch diese Technik
kénnen erstaunliche Ergebnisse im Vergleich zu den bekannten, auf diskreten Kosinus-Transformationen
basierenden Verfahren erreicht werden. Unterstrichen wird diese Tatsache durch die Wahl eines wavelet-
basierten Kodierers von der Joint Picture Expert Group als Basis fuir den neuen JPEG2000 Standard. Die
Entwicklung von speziellen Hardware-Architekturen fur diese Kompressionsalgorithmen ist sehr komplex,
da meist viel interner Speicher bendétigt wird und zusétzlich riesige Datenmengen zwischen Peripherie und
dem Hardware-Baustein ausgetauscht werden mussen.

Wir stellen in dieser Arbeit einen Ansatz vor, welcher ausgesprochen wenig internen Speicher erfordert
und gleichzeitig das zu transportierende Datenvolumen drastisch reduziert. Aufbauend auf diesem par-
titionierten Ansatz zur Wavelet-Transformation von Bildern stellen wir Modifikationen des bekannten
Kompressionsverfahrens von Said und Pearli@ah Partitioning In Hierarchical Trees SPIHWor, um

diesen effektiv in Hardware realisieren zu kénnen. Diese Veranderungen sind notwendig, da im Origi-
nal extensiv von dynamischen Datenstrukuren Gebrauch gemacht wird, welche sich nicht oder nur mit
erheblich Aufwand an Speicher realisieren lassen. Die visuelle Qualitat im Vergleich zum Originalalgo-
rithmus bleibt jedoch exakt gleich oder ist dieser sehr &hnlich. Jedoch sind die Geschwindigkeitsvorteile
unserer Architektur gegeniiber aktuellen Prozessoren von Arbeitsplatzrechnern sehr vielversprechend, was
wir durch praktische Versuche auf einem programmierbaren Hardware-Baustein Giberzeugend nachweisen
konnten. Wir haben einen Prototypen auf einem Xilinx XC4000 FPGA realisiert, welcher mit 40 MHz
getaktet werden konnte. Schon dieser Prototyp des Hardware-Bildkomprimierers komprimiert Bilder 10
mal schneller als ein Athlon Prozessor getaktet mit 1GHz. Ein mit ensprechender Technologie basierend
auf unserem partitioniertem Ansatz produzierter anwendungsspezifischer Schaltkreis wiirde diese Leistung
noch bei weitem tbertreffen.
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Introduction

Reading a user manual of a new mobile phone you may wonder whether it is possible to make a phone
call at all. We grant that this is overstated. But besides the central functionality of a mobile phone there
are a lot of additional features. Many of them fall into the category of multimedia applications. You can
play music, hear radio, read and write emails, and surf in the internet. However, even with new connection
standards like GPRS, HSCD, or UMTS, which provide high speed data transfers, the bandwidth is limited.
Data compression and error resilience in noisy environments like transfers to mobile phones are basically
to provide those multimedia features. In contrast to a personal computer where you can rely on powerful
processors with huge main storage capabilities one has to think about low cost hardware solutions, here.
This is also the case for digital cameras. The photograph expects that immediately after taking a picture he
can inspect the result. To support this behavior the picture has to be compressed, stored on a flash memory
card, decompressed, and shown at a LCD display in nearly real time. Features like high speed previews with
incremental refinement have to be provided. Furthermore the digital photograph could expect, that more
than say 36 pictures can be stored on the memory stick. Therefore efficient hardware image compression
algorithms with excellent visual properties are necessary.

Even surfing the world wide web using a powerful personal computer and high speed internet access we
often have to wait until web sites are rendered. Basicly not the searched information itself determines
the data transfer volume but the presentation of it and accessory advertising. These product presentations
heavy rely on color illustrations or animations. Thus the surfer and manufacturer are interested in efficient
data compression methods, too. The potential customer finds the information he was looking for in shorter
time and the supplier saves money for server farms to provide huge bandwidth.

In this work we have studied well known state of the art image compression algorithms. These codecs are
based on wavelet transformations in most cases. Their compression efficiency is widely acknowledged.
The new upcoming JPEG2000 standard will be based on wavelet transformations, too. Hardware imple-
mentations of such high performance image compressors are non trivial. Especially the on chip memory
requirements and the data transfer volume to external memory banks are tremendous.

We suggest a solution which minimizes the communication time and volume to external random access
memory. With negligible internal memory requirements this bottleneck could be avoided using a parti-
tioned approach to wavelet transform images. Based on this idea we propose modifications to the well
known algorithm of Said and Pearim&et Partitioning in Hierarchical Trees SPIH® restrict the neces-

sity of random access to the whole image to a small subimage only, which can be stored on chip. However,
the compression performance in terms of visual property (measured with peak signal to noise ratio) com-
pared to the original codec is still the same or nearly the same. The computational power of the proposed
circuits targeting to programmable hardware are promising. We have realized a prototype of this codec in
a XC4000 Xilinx FPGA running at 40MHz which compresses images 10 times faster than a 1GHz Athlon
processor. An application specific integrated circuit based on our approach should be much faster over
again.

This thesis is structured as follows.

Mathematical background In Chapterl we introduce necessary notations and discuss up/downsampling
and delaying of discrete signals in detail. These techniques will be very useful in CBapisthermore
we give a short overview of the coherence of wavelet transforms and filtering.
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Wavelet transform on images The digital representation of images and the tensor product of one di-
mensional wavelet transforms applied to images are introduced in ClZapWér also discuss the implicit
storage of the normalization factors, which are necessary to preserve the average brightness of the images.

Range of CDF(2,2) wavelet coefficients In Chapter3 the dynamic range of coefficients after a wavelet
transformation had taken place is analyzed. We deduce lower and upper bounds for the endpoints of the
corresponding intervals for each scale and orientation. Theses bounds are used to reduce the memory
requirements down to the minimum.

State of the art image compression techniquesBefore we present the central part of this thesis, we
give a survey of state of the art wavelet based image compression techniques in @hapeeshortly

outline the embedded zerotree wavelet algorithm of Shapiro and discuSPthE algorithm in more

detail. This codec is widely acknowledged as a reference for effective image compression methods with
excellent visual properties of the reconstructed images.

Partitioned Approach In Chapter5 we present in detail the main contribution of this thesis, the par-
titioned approach to wavelet transform images. At first we motivate, why there is a need for such an
approach, if one considers implementations of image compression algorithm based on wavelet transforms
in programmable hardware. Furthermore to achieve efficient circuits with respect to clock rate and data
throughput we present necessary modifications of the oriGR#HTcodec and compare them in terms of
visual quality.

FPGA Architectures The designs are discussed in ChafiteHere we present VHDL projects for the
partitioned approach itself and the appropriate adapfitHTcodec. We discuss our prototyping environ-
ment, a PCI card equipped with a Xilinx FPGA, which offers the opportunity to us to derive convincing
experimental result.

Conclusions and Related Work To conclude this thesis we summerize our obtained results in terms

of theoretical aspects as well as practical experiences. Furthermore the features of the upcoming new
JPEG2000 standard and the integrated compressor named EBCOT are exemplified. We balance the advan-
tages and disadvantages of our approach to the proposed method in the JPEG2000 standard.

Acknowledgements | thank my advisor Prof. Dr. Paul Molitor who arouses my interest in wavelet
based image compression and for all the fruitful discussions. Special thanks to Stepan Sutter, Henning
Thielemann, and Gdrschwin Fey for their corporation in the last years. Thanks to all my colleagues whose
feedback has allowed me to improve the contents of this thesis. A special acknowledgment to Sandro Wefel
for his continuing support throughout the whole process of developing and writing this thesis.



Chapter 1

Mathematical Background

Wavelet based image compression techniques are funded on several fundamental mathematical theories.
The wavelet transform used to decorrelate the input signal has its theoretical roots in several traditional
sciences like Fourier analysis, signal processing, or filter theory. Here we cannot give a detailed intro-
duction to all concepts. We restrict our explanations to the central notations, which are necessary for the
understanding of this thesis.

1.1 Discrete Signal and Filters

Discrete signals and filters can be represented by vectors. In many cases we do not distinguish between
signals of finite or infinite length. A signalis written as

T = (.-.71'_2,I_1,I0,I17I2,..-),

with coefficientsz,, € Z, R, or C for all n € Z. Analogously, a filterf with coefficientsf,, € Z, R, orC
for all m € Z (often calledfilter tapg is declared by

f = ("'7f727f*1af07f1af27"')'

Sometimes it is necessary to locate the coefficient at index zero. We then emphasize that coefficient like
this

z = (...,0.25,1.25,—0.5,0.75,...).

Usually, the signal and filter coefficients are non zero at finite positions only. If so, the corresponding signal
and filters have so calldfthite support Let f, and f, be the right most and left most non zero coefficient,
respectively. Thaumber of tap®r similarly thefilter lengthis then defined as

Ifl=b—a+1.

In the filter theory one distinguishes betwderite impulse response (FIRNhdinfinite impulse response
(IIR) filters. The impulse response of a filtrs the filter output if the filter input is the signéldefined by

1 : n=0
5"—{0 . else

where all samples are zero except one. If the impulse response is finite, because there is no feedback in the
filter, the filter is called~IR filter. This category of filters has some important advantages:

e simple to implement (MAC operations (multiply and accumulate)),
e desirable numeric properties (with respect to fixed and floating point arithmetic), and

e they can be designed to baear phase Linear phase filters do not distort the phase by introducing
some delay if (and only if) its coefficients are symmetrical around the center coefficient.

7



8 CHAPTER 1. MATHEMATICAL BACKGROUND

In this thesis we will restrict to FIR filter and we use the notiitter as an acronym of FIR filter.
Theconvolutiony = f x z of a signalzr with a filter f is the signaly with

Yn = kaxn—k = an—kmlv

keZ keZ

1.1.1 z-Transform

In Chapter3 we will estimate greatest lower and least upper bounds for the minimal bitwidth necessary
to store coefficients as result of wavelet transform. In order to compute accurate estimations we have to
analyze filtered signals. A helpful technique will be the so calldchnsform This is a generalization of

the discrete time Fourier transform. It is defined for filters and signals by

F(z) = Zflz_l and X(z) = Zﬂckz_k, (1.2)
leZ keZ

respectively, where € C, i.e., the variable is of type complex number. Assuming that thé¢ransform
and its inverse exist, we will denote by

fe—F and z+«— X

a transform pair. Note that for discrete signals with finite supporteégmn of convergencROC) is the
whole z-plane, e.g., the series given in Equatidnlf converge for alk with 0 < |z| < co. The relation

f «—— Fis a one-to-one mapping, if is a discrete signal or filter with finite support. For a detailed
discussion of the properties eftransformswe refer to | ].

For afiltered signa = f * = the convolution theorem
y=frxrx—Y=F- X,
holds since

Y(z) = Z Ynz "

ne”Z

_ ¥ (z f>

n€Z \kEZ

= Z Z fotn_pz™"

kEZNEL

= > D k"

keZ nez

= > Y wwr Tk

kezZ n' €%

_ Z sz—k Z .I‘nZ_n

kez nez
= F(2)X(2)

forall z € C.

1.1.2 Impulse train function

Beside filtering the upsampling, downsampling, and delaying of a signal are of interest, too. Here the
impulse train functiomplays an important rule. It is defined by

(m) _ o 1 : K eZ:n=kK-m
0" = Z(S""‘“m - { 0 : else
kez
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wherem denotes the distance between the one’s. This can also be written as

1 m—1
2mkn
57(1”1) — e m 1.2)
m
k=0

wherei is the imaginary unit, using the properties of theh roots of unity in the complex plane. The
equationz™ = 1 hasm solutions forz € C [ ]. These solutions are

et for 0 <k<m,
which are illustrated in Figuré.1(a)for m = 7. The fact, that Equationl(2) holds, is based on the
symmetry of the roots of unity. I is a multiple ofm, then the sum in Equatiori (2) evaluates to one,
namely forn = k' - m we obtain

3
L

i2wkn

e m

5m =

3=
3 =
1ol
- O

I
3=
—

o

S

3

e
~
3

el
Il
o

m—1
1 ( i27rk>k,'m
= — e m
m
k=0
1 m—1 Y
= — 1" =1
m
k=0

In the case, that is not a multiple ofm, you sum up thenth roots of unity in the way as illustrated in
Figurel.1(b) The sum is then equal zero. In the figure we have chasen 5. For instance, ifv = 1

then you take all roots. The red arrows shows the order, in which the roots are sumnup:-for starting

ate®. If n = 2 you take only every second root,sif = 3 you take only every third root and so on. But
these roots are equally spaced around the unit circle. You can examine this behavior for the=case

in Figure1.1(b)following the green arrows. You could also imagine the unit circle as a disc in the three
dimensional space mounted only at the center point and further that omslacbot, which appears in the
sum a weight is mounted. Then the disc will be stable in terms of gravity.

In the special caser = 2 we get the sequence

6@ = (...,0,1,0,1,0,1,...)or
5 = SO+ (-1,
and form = 4
s® = (...,0,0,0,1,0,0,0,1,0,0,0,1,...) or
IS i(l +i" 4 (=) + (=)").

These considerations will be useful in Sectibd and Chaptes.

1.2 Measure of Information

In this section we give some basics of information theory in order to introduce the notagoropyof

a discrete signalRandomnesis in this context a basic concept. Consider the tossing of a coin, where the
outcome can come up with head or tail, typically this happens randomigndom variableX' is defined

to be a quantity, such as the position of a particle, which has many possible outcomes, together with the
likelihood of each outcome being specified. If an event is certain to occur, its probability is taken to be 1,
and if an event is impossible, its probability is taken to be 0. The likelihood of any event occurring, namely
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(a) roots of unityz” = 1 (b) representation 0&‘515) in Equation (.2

Figure 1.1: (a) the roots of unity fon = 7, (b) the intersection of the blue lines with the unit
circle are thebth roots of unity, the red and green arrows shows the order, in which the roots are

sum up in Equationi(.2) for s andst? respectively (starting with®).

p, is always positive and must lie between 0 (impossibility) and 1 (certainty), thatip < 1. Arandom
variable X whose outcomes are discrete, such as that of tossing a coin, dsarete random variable
These outcomes are usually elements; of an alphabeidy = {a1,a2,...,ax} where the probability,
that theith outcome isy;, is given apx (o« == a;). This probability will be in short denoted Ipfa;), if
this is clear.

Shannon §hd defined a quantity calleself information If the outcome of a random variabié is a; with
probabilityp(a;), then the self information is given by

log Zﬁ — —log p(a;) (1.3)

Now we have all necessary terms to define the noticentiopy

Definition 1 The entropyH (X') of a random variablet’ with the given alphabet » and the probabilities
px is defined by

Hx) = —pr(a == a;) logpx(a == a;)

- Zp(aqx) log p(a;) (1.4)

Shannon showed, that the entropy is a measure of the average number of binary symbols needed to encode
the output of a source (e.g. a random variable). For lossless compression it follows, that the best we can do
is to encode the output of a source with an average number of bits equal to the entropy of the source.

We will use the entropy as a measure of the compression efficiency in order to compare the quality of
different lossless encoders.

1.3 Distortion Measures

For lossy compression it is important to know how much a modification of the transformed signal distorts
the restored signal. One might expect that a small modification of the transformed signal causes small
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distortions in the restored data. But there is an uncertainty in general. Consider an input iggal an
image data) and the operatid which is performed by a complete wavelet transform (see Sett®ior
explanations). The transformed sigiel: is now modified by a lossy compression.

Let us assume that the lossy compression process outputs sigraécause every wavelet transform
applied for compression must be invertible, there exists a sigaath thaiVy = «. Thus input signal
is restored by the decompression step.

We are looking for an accurate estimation of how much the original signal changes if a modification occurs
on the transformed signal, in other words, how much distortion is introduced in the compression process.
For measuring the difference of two signals or the introduced distortiosighal to noise ratigSNR) and
thepeak signal to noise ratiPSNR) (see | I [ 1) are widely used. They provide a compromise
between visual perception and easiness of computation.

Both theSNR and thePSNR are logarithmic scaled forms of theJELIDean metric of two vectors/signals
x andy

lz—ylly = Z(xi —yi)?

where the possible value range of the sampled data and the number of samples have an influence, too.
Let «, y be signals, each consisting ofvalues with a possible range {if, z,.x] (€.9. [0, 255] for 8 bit
images), then

e themean squared errofSE is defined by

n—1

MSE(r,y) = > (- )’

¢ thesignal to noise rati®NR is defined by

2
]2

SNR(z,y) := 10log, 5
=yl

¢ thepeak signal to noise rati®SNR is defined by

PSNR(z,y) = QOlogdeB
2
2

x
101 — 8% (B
Ologig MSE(z, y)

where the units of measurement dexibelgabbreviated talB).

1.4 Downsampling, Upsampling, and Delay

Downsampling bymn, and upsampling bym,, are used to express wavelet transforms in terms of filter
operationsiuq, m, € N). That is, after filtering all samples with indices modutg different from zero
are discarded o, — 1 samples are inserted at every index, respectively.

Downsamplinga sequence by m, can be expressed as

Yn = Tn-my
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or in z-transform domain

with y «—— Y andz «—— X. This can be shown using Equatidh?)

Y(z) = Z Tpm, 2 "

kezZ

= Z xnéﬁlmd)zﬁ

neZ

1 ma_1 i2nkn —n
- (2w
mq

nez k=0

1
1 e i2nkn  —n
_ § : § :o:ne Mg g
m
d g

=0 neE”Z

1 ma1 —i2nk _1 \ T
= (an (7 ama) )

nez

1 - —i2nk 1
LS (),
p— e ™d z™md

k=0

Upsamplinga sequence by m,, can be expressed as

S rpm, ¢ FKEZ:n=k-my
Yn = 0 : else

or in z-transform domain

Y(z) = Z Ynz "

ne”z

= Z xsz(k-mu)

keZ

= Z Tk (Zm“>7k

kEZ
- X (Zmu)

with y «—— Y andz «— X.

The downsampling and upsampling operation for signate denoted by: | my andz T m,, respec-
tively. In the following illustrations we will depict both operations with the symt#@lsnd ‘ and] T my ‘
respectively.

In order to discard even or odd indexed samples we also need thel&dambymg,, wheremg,, € Z.
Consider the sequengedefined byy,, = =, , that is the signat delayed bymqy. In z-transform
domain this can be expressed as

Y(z) = z7"v X (z).
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This can be easily seen by plugging_ ., into the definition of the:-transform, i.e.,

Y(z) = Z Ynz "

I
8
1
3
£
<
®
3

1.5 Wavelets

Wavelets (little waves) are functions that are concentrated in time as well as in frequency around a certain
point. For practical applications we choose wavelets which correspond to a somalt@dsolution anal-

ysis[ ] due to the reversibility and the efficient computation of the appropriate transform. Wavelets
fulfil certain self similarity conditions. When talking about wavelets, we mostly mean a pair of functions:
the scaling functior and the wavelet function [ 1, [ ]. Several extensions to this basic scheme
exist, but for the introduction we will concentrate on this case. The self similagfinément condition

of the scaling functior is bounded to a filteh and is defined by

G(t) =V2Y hpp(2t—k)  thy€R (1.5)

keZ

which means thap remains unchanged if you filter it with, downsample it by a factor of two, and
amplify the values by/2, successively (see Figufie2). One could also say, thatis the eigenfunction

with eigenvalue 1 of the linear operator that is described by the refinement. Since eigenfunctions are unique
only if the amplitude is given, the scaling function is additionally normalized to

> k) =v2

kEZ

to make it unique.
The wavelet function) is built on¢ with help of a filterg (Figure1.3):

(t)=V2) g2t —k)  gr €R. (1.6)

keZ

¢ andvy are uniquely determined by the filteisandg.
Variants of these functions are defined, which are translated by an integer, compressed by a power of two,
and usually amplified by a power gf2:

V() 29/2(27t — 1) (1.7)
bty = 29/2p(27t —1) (1.8)
with j,l € Z,t € R

¢ j denotes the scale — the biggethe higher the frequency and the thinner the wavelet peak

¢ [ denotes the translation — the biggehe more shift to the right, and the bigggthe smaller the
steps
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1 o(t) 1 B2+ 1) 9(20) 9(2t 1)
_—

0+ 0+

S R i ; e

A I A l
1+ _ 1+ hod(2t
o= k) hoio(2t+1) ( l)zl¢(2t71)
/\ <

0+ 0+

B i y -

Figure 1.2: Refinement condition of the scaling function — In §&he scaling function is

duplicated, translated and scaled in abscissa. Ie translated and scaled duplicates are
amplified.

The used filter coefficients_; = % 2 by = % 1,k = % - 1 correspond to the synthesis
scaling function filter of the CDF(2,2) wavelet that will be frequently used in this document (see
Sectionl.7). In step| c| the translated, scaled, and amplified duplicates are added.| &step

@ form the filtering). Ste@ scales the function witk/2.
A scaling function is characterized by being invariant under the sequence of th@t@

[c], and@.

1.6 Discrete Wavelet Transforms

The goal is to represent signals as linear combinations of wavelet functions at several scales and of scaling
functions of the widest required scale:

0
£t) = ZCI*J,l(t)QSlfJ,l'F Z Zdj,l‘t/ij,l(t), teR.

lEZ. j=1-J l€Z

The choice of wavelet functions as primitives promises to be good, because natural sitikalaudio
streams or images consist of same structures at different scales and different positions. The coefficients
ci—gy andd;; for —J < j < 0 describe the transformed signal we want to feed into a compression
routine. J corresponds to the number of different scales we can represent, which is equal to the number
of transform levels that will be considered later in detail. The bighére more coarse structures can be
described. A possible set of scaling and wavelet functions is shown in Figlire

We usually have to handle with discrete functions, known as sampled audio or image data. For simplicity
we consider only one dimensional data. In the case of two dimensional image data we process rows and
columns separately. This is explained in detail in Chapter

Its values. .., z_1,zg, 21, T2, ... represent the amplitudes of pulses. If we want to integrate such signals
into the wavelet theory we have to read theas amplitudes of small scaling functions

)= > Tno1,n(t).

neEZ
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Figure 1.3: Building the wavelet function from scaling functions — In s@jpthe scaling
function is duplicated, translated, amplified, and scaled in abscissa. Theyfitdvorrowed
from the CDF(2,2) synthesis wavelet, again, and is determined by the coeffigignts /2 -

(-3, 900=V2- (-1, 1 =v2- 3,00 =V2-(-1),93=Vv2- (%) In step@the functions

of step[a] are added. Ste]in this figure represents scaling in ordinate direction.

Therefore we set
C1, = Ty, forleZ
for discrete signals. At level J, we use the representation
0
e+ YD diwat). (1.9)
I€Z j=1—J lEZ

Given the wavelet decomposition of a signal at leyelwe obtain that of levell — 1 by replacing all
functions of levelJ by their refinements defined in Equatioh.{) and Equation 1.8). Iterating until
reaching leveD results in the searched signal representation. Now let us illustrate this remark and let us
start with Equation.9).

0
e+ Y Y diialt)
I€Z j=1—J lE€Z
According to the definition ob; ;, 1, ; Equation (..8) we obtain
1—J 0
() = 2= (Z o2t =) + > di (2 - z)) + YD daalt)
leZ leZ j=2—-J leZ

Applying refinement conditions Equatioh.f) and EquationX.6) results in

&(t) (ch sy hkd(2- (27Tt —1) k) +

lEZ keZ
S Y o2 (2t >+ S Syl
LEZ kEZ j=2—J l€Z
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Figure 1.4: A basis consisting of scaling and wavelet functions of the CDF(2,2) wavelet — This
basis covers three levels of wavelet functions. Only a finite clip of translates is displayed.

Now, substitutingl. := [, one obtain

) = 27y (Z (cr_gphk+di_yogr) (2- (277t — L) — k))

k€eZ \L€Z
0
+ Y ()
j=2—J lcZ

and substituting back:= 2L + k results in

£(t) = 2% Z (Z ci—grhi—or + Z dl—J,Lgl—2L) o2t 1)

l€eZ \L€ZL LeZ

C2—J, 1=

0
+ )Y djialt)

j=2—J l€Z

0
= Zcz—J,z¢2—J,l(t)+ Z Zdj,l%‘,l(t)-

leZ j=2—J lEZ

Indeed, this is the signal representation at lelrel 1 of the wavelet decomposition. We see that the new
coefficientsc,_ 7, are derived frome;_ ;; andd;—;; by a kind of filtering. The difference to traditional
filtering is, that for everi, c;, depends only ok, andg, with evenk, and for odd., c;; depends only

on hy, andg; with odd k. This is the reason why we will split bothhand/ in its even and odd indexed
coefficients for most of our investigations. For more details we refer to Sett®rwhere theLifting
Schemés discussed.

Itis easy to see that the conversion from wavelet coefficients to signal values is possible without kiiowing
or v, the only information needed, are the filters which belong to them. Under certain conditions, the same
is true for the reverse conversion. It allows us to limit our view to the filjemadh and hide the functions

¢ andy. Thus the computation of this change in representation can be made with the use of filters.
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In the following we have to distinguish between the conversion from the original signal to the wavelet
coefficients and from the wavelet coefficients back to the signal or an approximated version of it. The first
conversion is usually denoted lyavelet analysi®r wavelet decompositiorand the second byavelet
synthesi®r wavelet reconstructiariWe will use these notions throughout the document.

Since the filters and the scaling and wavelet function can differ for wavelet analysis and synthesis (for
instance in the case of biorthogonal bases) we will denote the analysis scaling and wavelet functions by
¢ and 1), respectively. For the synthesis scaling and wavelet functions we use the symbotsy,
respectively. The corresponding filters are denoted accordingiy byndg, h.

Now, one level of discrete wavelet transform can be expressed

Figure 1.5: one level of wavelet transform expressed using filters

as depicted in Figuré.5. Usually the filterg andk are low pass filter. The filtek and g are high pass
filter. Thus, we can interpret the coefficients; as coarse version of the signaht half resolution. The
coefficientsd, ; are the differences or details that are necessary to reconstruct the original:sigoal

the coarse version. The del is necessary, to discard even and odd indices after filtering. We can
recursively apply this filtering scheme to the coefficietjtsif we want to perform more than one level of
transform. In Figure..6three levels of transform are applied. This scheme is knoviviadiat’s algorithm

Figure 1.6: tree levels of wavelet transform

[ ]. For implementation issues we have to note, that this filter bank approach is not that efficient to
compute the coefficients;; andd;;. As you can see, every second computed coefficient is dropped
after the filtering due to the downsampling. In Sectio& we introduce the.ifting Schemeresented by

Wim Sweldens § ], which provides an efficient implementation of the wavelet decomposition and
reconstruction.

1.7 Cohen-Daubechies-Feauveau CDF(2,2) Wavelet

In this thesis we make intensive use of the so called CDF(2,2) wavelet presented by Cohen, Daubechies,
and Feauveau ]. It is also known as the biorthogonal (5,3) wavelet because of the filter length

of 5 and3 for the low and high pass filters, respectively. We have already referred to this specific wavelet
while discussing the self similarity properties of scaling functions and the coherence of scaling and wavelet
functions.

The CDF(2,2) is a biorthogonal wavelet. In contrast to orthogonal wavelets (except the Haar wavelet
[ ]) the filters as well as the scaling and wavelet functions for decomposition and reconstructions are
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symmetric. A symmetric filtef always has odd filter length and it holds that

Jatk = fo—k

forall0 < k < 52 anda andb are the smallest and greatest indgespectively, wherg; is different from
zero. Symmetry is a very important property if we consider image compression, because in the absence of
symmetry artefacts are introduced around edges.

Let us first introduce the coefficients of the filtgtg:, g, h. They are listed in Tablé.1

Table 1.1: filter coefficients of the CDF(2,2) wavelet, the delay operand are
implicit enclosed in the filters

1 -2 -1 0 1 2 3
Bvaen | ovar | ovas fvan| vl
~ 1 1 1 1 1
g R N B o R b
h 1 .1 1 1 .1
V2 2 V2 V2 2
’ VE=h) | VB D | VB | VB (D | VB )

Note that in an implementation we do not deal with the normalization fag@sand % during the
filtering. These normalization factors are applied after all wavelet transforms have taken place. If the
input signal is an image we will apply the CDF(2,2) transform as tensor product to the rows and columns
independently. Here it will be not necessary to deal withor % directly, because their products leads

to 2 for somek € Z (see Sectior.3).
Thus, we only need the operations

e addition,
e multiplication with constants, and
e shifts,

which is one of the important facts to use this wavelet in a hardware implementation of wavelet based image
codecs. Furthermore, thefting Schemeapplied to CDF(2,2) results in an integer-to-integer mapping
(Lifting is presented in Sectioh8). The operations above can be implemented using integer arithmetic.
We avoid floating point units in our FPGA architectures, which are very expensive in terms of chip area.

For the sake of completeness we have computed the graphs of the functions, and«. Since no

closed expression is available for the limit functiohsind, we used the so callecascade algorithm

[ ] to calculate these graphs. To obtain the graph efe start with the discrete impulgeas input

signal. Then we convolvé with the analysis low pass filtgr. Let the result be denoted ky!). After

that we upsample the filtér and convolve the upsampled filter with!) resulting in¢(®). This procedure

can be repeated until a sufficient accuracy is achieved. In the literature this is usually done eight or nine
times. The resulting graph is shown in Figuré&(a) In AppendixA.3 you find the corresponding code in
order to produce these graphs using Matlatv&TAPOST. The graph forp is derived in an analogous
manner. The last convolution is done using the appropriate upsampled high pass ifiséead of.

For an illustration see Figure.7(b) The synthesis scaling and wavelet functiband+) can be derived
analogously. But these two functions were constructed to be linear splines, so we could even depict them
directly.
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(a) Decomposition / analysis scaling functign (b) Decomposition / analysis wavelet functign
filter coefficientsgo = % (=35 = % . filter cloej‘ficientsﬁ_Q 3:~ NoR (—é),liltl =
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Figure 1.7: the analysis scaliggand wavelet function> of CDF(2,2)

Remark the different support for each of the four functions, ¢, and«. The corresponding filters are
just the same as listed in Taldel The delay operato or are implicit enclosed in the filters.

For image compression applications it is interesting to discuss the relation between the regularity of the
synthesis wavelet and the number of so calladishing momentsf the analysis wavelet. A biorthogonal
wavelet hasn vanishing momenti§ and only if its dual scaling function generates polynomials up to de-
greem. In other words, vanishing moments tend to reduce the number of significant wavelet coefficients
and thus, one should select a wavelet with many of them for the analysis (the notation of significance is in-
troduced in Chaptef). On the other hand, regular or smooth synthesis wavelets give good approximations,
if not all coefficients are used for reconstruction, as it is the case for lossy compression.

To increase the number of vanishing moments of the decomposition wavelet one has to enlarge the fil-
ter length of the corresponding analysis low and high pass filters. That is, you have a trade off between

filter length and number of vanishing moments of the decomposition wavelet. In terms of image compres-

sion you can improve the compression performance at the expense of increasing computational power to
calculate the filter operations.

Another way to increase the number of vanishing moments is to use smoother reconstruction wavelets.
This corresponds to better compression performance at the expense of enlarged synthesis filters, too. Fur-
thermore, to achieve regular analysis wavelets the filter lengths have to be increased to a greater extend
compared to not that smooth reconstruction wavelets.

Both vanishing moments of the decomposition wavelet and regularity of the reconstruction wavelet are
important in improving both subjective and objective compression measures. In many cases, increasing
the reconstruction regularity, even at great expense in decomposition vanishing moments, improves results.
That is the case for the CDF(2,2) wavelet as you can observe immediately comparing Eigarel
Figurel.8.
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1+ /\ 1+
0+ 0+

4

4

-1 0 1 2 —1 0 1 2
(a) Reconstruction (synthesis) scaling functign (b) Reconstruction (synthesis) wavelet function
filter coefficientsg_; = % S 3,90 = % . o, filter coefficientsh_1 = v2- (—3),ho =
Loi=2 1 VE(= 1), b1 = VB2, ho = V2-(— 1), hy =
V2 (-})

Figure 1.8: the synthesis scaliggand wavelet function) of CDF(2,2)

1.8 Lifting Scheme

An alternative computation method of the discrete wavelet transform is the so citled Schemerig-

inally presented by Wim Sweldens\ve9q. Usually it is explained while discussing the Haar wavelet
transform. In order to be consistent we base our introduction to Lifting on the CDF(2,2) wavelet, which is
taken as explanation example too. The Lifting Scheme is composed of three steps, namely:

e Split (also called Lazy Wavelet Transform),
e Predict,
e and Update.

The first step is splitting the input signalinto even and odd indexed samples.

Then we try to predict the odd samples based on the evens. If the original signal has local correlation,
then the prediction should be of high accuracy. The odd samples are replaced by the old ones minus the
prediction. Now we can interpret them as the detail coefficients, to which we are now familiar with. On
the other hand we want to think of the even samples as the coarser version of the input sequence at half the
resolution. But we have to ensure that the average of the signal is preserved, that is

1

Z Cik =5 Z Cj+1,k

k€EZ kEZ
forall -J < j <0
This task is performed in the so called update step, where the detail coefficients are used to update the
evens in order to preserve the average. In the left side of Fijdrihese three steps are depicted. We
have used the symb and for the Predict and Update operator, respectively.
The inverse procedure is really simple. Just exchange the sign for the predict and update step and apply all
operations in reversed order as shown on the right side of Fig@re
Note, that withz-transformnotation we could express the split and merge step using downsampling, delay,
and upsampling, respectively. This is illustrated in FigluE)
Let us now look at the predict and update steps for the CDF(2,2) wav&tet], Here the predictor is
chosen to be linear, that is, if the input signal is a polynomial of degree one, the prediction is perfect. In
that case all detail coefficients will be zero. Therefore we have

djk = Cj+1,2k+1 — §(Cj+1,2k + ¢j1,2k42) (1.10)
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Figure 1.9: The lifting scheme
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Figure 1.10: split and merge step described using down/upsampling and delay

for the prediction step and

1
Cik = Cjyi2k+ Z(dj’k + dj7k_1) (1.11)
for the update step.
Indeed, this is equivalent to the filter given in Taldle (up to the normalization factors), if we insert
Equation (.10 in Equation (.11)

Cik = Ci+12kt Z(dﬂc + dj k1)
Cit+1,2ktCit1,2k+2 Cj+1,2k—21+Cj+1,2k
Cjt1,2k+1 — 5T G0k — Ty
4
Cj+1,2k+1  Cj41,2k + Cjt1,2k+2 + Ci+1,2k—1  Cj+1,2k—2 + Cjt1,2k
4 8 4 8

1 1 1
= _§Cj+1,2k-—2 + 13j+1,2k-—1 + ch+1,2k + ch+1,2k-+1 - §0j+1,2k+2 (1.12)

= E InCj4+1,2k—n-
n

= Cjt12k t+

= Cjy12k T

What are the advantages of this method ?

1. The most important fact is that we do not throw away already computed coefficients as in the filter
bank approach.

2. It is also remarkable, that the wavelet transform can now be computed in place. This means, that
given a finite length signal with samples we need exactlymemory cells, each of them capable to
store one sample, to compute the transform.

3. Furthermore we reduce the number of operations in order to compute the coefficients of the next
coarser or finer scale, respectively. For the CDF(2,2)-wavelet we save three operations using the
Lifting Scheme in comparison with the traditional filter bank approach.
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1.8.1 Integer-to-Integer Mapping

Obviously, the application of the filter bank approach or the Lifting Scheme leads to coefficients, which are
not integers in general. In the field of hardware image compression it would be convenient, that coefficients
and the pixel of the reconstructed image are integers too. Chao@tiab[] and Cohen et.al] ]

have introduced techniques for doing so. The basic idea is to modify the computation of the Predict and
Update step in the following way

;k = C;’+1,2k-+1 - |P]

Gk = Cia+ U],

wherec’lvk = ¢ = z for all k € Z. Here the symbol$> andU represent any reasonable predictor or
update operator, respectively.

Remark It is easy to verify, that perfect reconstruction in case of lossless compression is guaranteed,
since that same value of the modified predictor and update operator is added and subtracted. However,
since we lose the linearity of the transform due to the rounding, the influence of this modification in terms
of image compression efficiency is hard to estimate. Fortunately, our practical experiences do not show any
remarkable differences between the Lifting Scheme and the modified version.

For the special case of the CDF(2,2) wavelet we therefore use the prediction and update steps as follows:

!

1
ik = Cit12k1 — {Q(CQH,% +C;+1,2k-+2)J (1.13)

1
Gr = Ciprant h(d/j,k + d;‘,k—l)J . (1.14)

As a consequence the coefficients of all scalgs< j < 0 can be stored as integers and for all operations
integer arithmetic is sufficient. Note, that the coarser the scale the more bits are necessary to store the
corresponding coefficients. To overcome the growing bitwidth at coarser scales modular arithmetic can be
used in the case of lossless compression.

1.8.2 Lifting Scheme and Modular Arithmetic

Chao et.al. suggest to use modular arithmetic in combination with the Lifting ScheriéSf]. We use
the symbolsp ands for the modular addition and subtraction, which are defined as

a®b = a+bmodm and

a©b = a—bmodm

for reasonablen € N, respectively. Equationl(13 and EquationX.14) now look like
1
ik = Cii1ok41© {Q(C;‘H,zk D C;’+1,2k+2)J

1
Gr = i1 ® h(d}k D d;‘,kl)J .

As a consequence, all coefficients at all scales as well as the reconstructed signal have the same bitwidth as
the original sequence, if we initialize = 29°*" wheredpth is the given bitwidth of the original samples.
Additionally, the computational units for addition and subtraction have to be provided fot operands

only. With respect to the hardware implementation we save memory resources and logic in the arithmetic
logic units.

Remark, that this modification is only feasible in case of lossless compression. The approach of Chao et.al.
is limited to lossless compression, since in fact transform coefficients of large magnitude become small due
to modular arithmetic. This is counterproductive for quantization purposes in wavelet based compression
techniques, where coefficients with large magnitude are considered as important and small coefficients tend
to be neglected (see Chaptiior a detailed discussion of wavelet based image codecs).



Chapter 2

Wavelet transforms on images

Until now we have discussed one dimensional wavelet transforms. Images are obviously two dimensional
data. To transform images we can use two dimensional wavelets or apply the one dimensional transform
to the rows and columns of the image successively as separable two dimensional transform. In most of
the applications, where wavelets are used for image processing and compression, the latter choice is taken,
because of the low computational complexity of separable transforms.

Before explaining wavelet transforms on images in more detail, we have to introduce some notations. We
consider anNV x N image as two dimensional pixel arrdywith N rows andN columns. We assume
without loss of generality that the equatidh= 2" holds for some positive integer

columns

0 1 2 col N-1

rows

Figure 2.1: images interpretation as two dimensional afrayhere the rows are enumerated
from top to bottom and the columns from left to right, starting at index zero

In Figure 2.1 we illustrate, how the pixels of the images are arranged in the correspondindZarfag

rows are enumerated from top to bottom and the columns from left to right. The index starts with zero and
therefore the largest index I§ — 1. The image pixels themself at roivand column;j will be denoted

by Z[i, j] or Z; ;. The wavelet transformed image will be denotedibgnd the coefficients are addressed
with f[k, [] orfk,l. For the reconstructed image we will uB@nd address the corresponding reconstructed

pixels asZ[n, m] or Z, ,,.

The pixels and coefficients themselves are stored as signed integers in two’s complementary encoding.

23
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Therefore the range is given as
Z[row,col] € [—29pth =1 pdpth =1 _ 7]

where0 < row,col < N, assuming alpth-bit greyscale resolution. Thus, we can distinguish between
24pth different values of brightness. For an illustration see Figuge The smallest value-29Pt" —1 and

_gdpth—1 0 odpth=1 _ 1

Figure 2.2: greyscales and the corresponding pixel valuedpidr-bit resolution

the largest valu@?»*® =1 — 1 correspond to black and white, respectively. As a consequence pixels with
magnitude around zero appear as grey color.

In color images each pixel is represented by several color components. Typically there are three of them
per pixel. In the RGB color space, e.g., there is one component for red, green, and blue, respectively. Other
choices are the YUV color space (luminance and chrominance) and the CMYK color space (cyan, magenta,
yellow, black). Note, that there exist YUV based image and video formats, where the€ sizte different
components is different (e.g. 4:2:2 and 4:1:1). In the case of the 4:1:1 format for instance, we obtain three
pixel arrays of sizeV, &', and .

Throughout this thesis we will treat each color component of color images as separate greyscale image.
Now, let us come back to wavelet transforms on images. As already mentioned the one dimensional trans-
form will be applied to rows and columns successively. Consider arrew(ry, ..., ry_1) Of an image

Z. This row has finite length in contrast to the signals or sequences we have considered until now. In order
to convolve such a row with a filter f we have to extend it to infinity in both directions. Létbe the
extended row defined by

= Ty TNy ),

wherer;, = r forall 0 < k < N — 1. But, how do we have to set the valuesrofat positionsk with

k ¢ [0, N — 1]? In some sense we are free to choose these remaining samples. In the next section we will
explain, why reflection at the image boundary should be used in horizontal and in vertical direction.

2.1 Reflection at Image Boundary

There are several choices to choose the value§ fstbm outside the intervgD, NV — 1]. The most popular
one’s are

e padding with zeros,
e periodic extension, or
e symmetric extension.

The simplest choice is to set all remainirigto zero. For an illustration see Figu2e3. In Figure2.3(a)a
sequence of lengthN = 8is shown, where = (—8,—-3,—5,0,6,7,5,4). In Figure2.3(b)this sequence
is padded with zeros in order to obtain the infinite sequetice

;o o forall0<k< N
"k = 0 : else.

We can observe, that in general there will be discontinuities at the boundary.

The substantial difference between the value of the border coefficients and zero leads to coefficients of large
amount in the high frequency subbands. These differences decrease the compression efficiency and intro-
duce artefacts at the boundaries since the reconstructed pixel values depend on the values of the coefficients
from outside, too, if lossy compression is considered.
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|l

678 91011 i - 12

?

011§

(a) the original sequenade.g. image row) (b) 7’ obtained fromr by zero padding
6L 9 Q 6l ? 9
2+ 2+
0+ 0+
24 —24
4l 4l
—6+ —61
84 T T —8+ TT
321012345678 91011 j 3210123 4567891011 j
(c) v’ obtained fromr by periodic extension (d) r’ obtained fromr by symmetric extension

Figure 2.3: different choices for the boundary treatment of finite length sequences, kere
(—8,-3,-5,0,6,7,5,4) oflengthV = 8

The computation of the coefficients o, co,1 anddy x—1 at the first level of a wavelet transform using the
CDF(2,2) wavelet depends on pixels from outside. In general, for a symmetric wavelet with corresponding
analysis filtersh andg the computation of the coefficients

‘fz‘ +1
€0,0,C0,15 - - -5 Co,l with | = 5
. gl +1
do,N—1-1,do,N—1,---,do,N—1 with [ = ‘9‘2

depends on pixels from outside.

A different approach known from Fourier techniques is periodic extension of the signal, that is

/ _
TN+l =Tl

where0 <[ < N andk € Z. Here we encounter the same drawbacks as in the case of padding with zeros
(cf. Figure2.3(c). The introduced differences at the boundary are considerable as well. Another drawback
arises in hardware implementations. Here we have to buffer the first samples ofder to perform the
operations at the end of the sequence&his can result in large buffers.

The most preferred method for the choice of the coefficients from outsidei®obased on symmetric
extension. Figur@.3(d)depicts this method applied to our example sequence. More formally, symmetric
extension’ is defined by

T, | ry-1—y : if kisanodd value
ke N+l r, : if kis aneven value
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where0 < [ < N andk € Z. The already mentioned difference between coefficients at the boundary do
not appear using this kind of extension. Furthermore due to the locally known coefficients no significant,
additional amount of buffer memory is required.

In the following we assume, that the boundary treatment was done using symmetric extension. Therefore
we do not distinguish between finite and infinite sequence anymore.

2.2 2D-DWT

Now we are able to discuss the separable two dimensional wavelet transform in detail. Consider again a row
r of a given image of siz& x N. Recall from Sectiori.8the computation of a specific wavelet transform
using the Lifting Scheme. After one level of transform we obt%ircoefficientSCOJ and% coefficients

dor With0 < 1,k < % These are given in interleaved order, that is

(CO,Oa d0,0» €o,15 dO,lv --+,CO,N—-1, dO,N—l)v (21)

because of the split in odd and even indexed positions in the Lifting Scheme. Usually the r&d) s (
rearranged to

O = (co0,c01,-sC0.N-1,d0,0,d01,- - doN-1),
because we will apply the transform to the low frequency coeffici@tsecursively.
Suppose we have already transformed and rearranged all rows of a given image as described above. If we
store the computed coefficients in place, that is in the memory space of the original image, we obtain a new
array with a structure as shown in Figure.

L H
(a)leng N = 512, dpth = 8 (b) CDF(2,2) wavelet trans- (c) low (L, co,x) and high
form applied to the rows of (a) (H, do, ) frequency coefficient
blocks

Figure 2.4: one dimensional CDF(2,2) wavelet transform applied to the rows and columns of the
benchmark imagkenawith reflection at the boundaries

On the left the well known benchmark imalgaa is shown. To the right of it we have applied the CDF(2,2)
wavelet transform to the rows of the image. The corresponding result is interpreted as image again (Fig-
ure 2.4(b) and is composed of a coarse and scaled version of the original and the details, which are nec-
essary to reconstruct the image under consideration. On the right we have illustrated this interpretation as
low and high frequency coefficients blocks, denoted by L and H, respectively. Remark that most of the

1For the curious: 'lena’ or ’lenna’ is a digitized Playboy centerfold, from November 1972. (Lenna is the spelling in Playboy,
Lena is the Swedish spelling of the name.) Lena Soderberg (ne Sjoédblom) was last reported living in her native Sweden, happily
married with three kids and a job with the state liquor monopoly. In 1988, she was interviewed by some Swedish computer related
publication, and she was pleasantly amused by what had happened to her picture. That was the first she knew of the use of that picture
in the computer businesst{p://www.lenna.org )


http://www.lenna.org
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high frequency coefficients, , are shown in grey color, which corresponds to small values around zero
(cf. Figure2.2).

The one dimensional wavelet transform can be applied to the columns of the already horizontal transformed
image as well. The result is shown in Figuté and is decomposed into four quadrants with different
interpretations.

LL: The upper left quadrant consists of all coefficients, which were filtered by the analysis
low pass filterh along the rows and then filtered along the corresponding columns with
the analysis low pass filtér again. This subblock is denoted by LL and represents the
approximated version of the original at half the resolution.

HL/LH: The lower left and the upper right blocks were filtered along the rows and columns with
h andg, alternatively. The LH block contains vertical edges, mostly. In contrast, the HL
blocks shows horizontal edges very clearly.

HH: The lower right quadrant was derived analogously to the upper left quadrant but with the
use of the analysis high pass filigwhich belongs to the given wavelet. We can interpret
this block as the area, where we find edges of the original image in diagonal direction.

The two dimensional wavelet transform can be applied to the coarser version at half the resolution, recur-
sively, in order to further decorrelate neighboring pixels of the input image. For an illustration we refer to
Figure2.6. The subbands in the next higher transform levelsil be denoted by LIV, LH®, HL(®), and

HH®, where LLY = LL, LH® = LH, HL™ = HL, and HHY) = HH, respectively.

LL HL

LH HH

(a) CDF(2,2) wavelet applied (b) the different frequency (c) set all coefficient® in LH,
as tensor product to the rows  blocks HL, HH with —20 < v < 20
and columns of the imadena to white color

Figure 2.5: one dimensional CDF(2,2) wavelet transform applied to the rows of the benchmark
imagelenawith reflection at the image boundaries

Since we have restricted the images to be of quadratic/$ize 2! for I € N, we can perform at most

I = log, N levels of transform. Thereafter the coefficient in the upper left corner represents the average
greyscale value of the whole image and is calg@ coefficien{DC : direct current). In practice, usually

four up to six level of wavelet transform level will be performed.

Due to the local similarities between neighboring pixels, many coefficients in the LH, HL, and HH subbands

at different scales will be small. As a consequence only a few samples, especially those of the LL block at
the coarsest scale, represents most out ofitfagies energyTheenergy&(Z) of an imageZ is defined as

N—-1N-1

ET) = Y > (T (2.2)

r=0 c=0

This observation is the starting point of wavelet based image compression algorithms, which are explained
in Chapter4.
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LL®) | HL® i PSS + HL®
LH® [HHE) LH® [HHE)
HL HL HL
LH®) | HH® LH®) | HH® LH®) | HH®
LH HH LH HH LH HH
(a) two levels of 2D-DWT (b) three levels of 2D-DWT (c) four levels of 2D-DWT

Figure 2.6: multiresolution scheme after several levels of wavelet transform

In this thesis we will focus on the tree structured decomposition as shown in Eldiinghere only the
LL blocks are subdivided. This type of image decomposition is also knovamudtiresolution schemand
multiscale representatiorDther decomposition types are possible and known under the tenwevelfet
packetq 1.

2.3 Normalization Factors of the CDF(2,2) Wavelet in two Dimen-
sions

In Sectionl.7 we have already mentioned the normalization factors of the CDF(2,2)-wavelet for one di-
mension. To simplify the calculation of the transform we have extracted the fagbend % which

allows us to use efficient integer arithmetic units in hardware implementations.

In order to preserve the average of a one dimensional signal, or the average of the brightness of images, we
have to consider the normalization factors after the wavelet transform has taken place.

8|4 EY N
4 2 2 2
42 i | 2
1

2 1 2 1 2 1

(@) 1D-DWT (b) 1D-DWT (c) 2nd level (d) 3rd level (e) 4th level
(rows) (columns)

Figure 2.7: normalization factors of the CDF(2,2) wavelet in two dimension for eachilevel
0<I<5

In one dimension we have to scale the low pass coefficients yittand the high pass coefficients with
%, which is shown in Figur@.7(a) Thereafter the same has to be done in vertical direction. Here, the
normalization factors become integer powers of two as you can easily verify in Figirevhere each
subblock is indexed with the corresponding factor.

To summarize, we can abstract from those normalization factors during the implementation of the CDF(2,2)
wavelet transform. Afterwards they will implicit stored and processed. Note, that these implicit factors have
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no influence to the growth of bitwidth, which is necessary to store the wavelet coefficients.
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Chapter 3

Range of CDF(2,2) Wavelet Coefficients

As we have seen in Sectidn6 wavelet transforms can be expressed using filters.

Recursively filtering a signal with low and high pass FIR filters generally results in growing bitwidth of the
scaling and wavelet coefficients. If we focus on hardware implementation this is equivalent with growing
memory requirements to store the coefficients with additional bits. Thus we are interested in finding the
smallest bitwidth, which is necessary to store the coefficients without any loss of information.

More formally, we are searching for minimal interv@is, ¢;] and[d;, d;] wherec;, d;, ¢, d; € Z, ¢; < ¢,

andd; < d; forall —J < j <0, such that

cji €lej,¢5] and  djy € [d;, dj]

holds for alll € Z and—J < j < 0.

Assume an image with a color depthdyfth bits using two’s complement number representation is given.
Then the range of the pixel values is given as the interval of integers

[72dpth 717 2dpth -1 1]

Thus the minimum and maximum values of all coefficientsofare

- dpth —1
e o _gdpth —1 odpth —1_y 3(2 —1) odpth —1_4 _gdpth —1
o < mlax(h *T); = ——0g + - 4 : + . _ e
_ 39dpth—1 _ 5
- 2 2 4
~ dpth —1
. . . odpth —1_ 4 _odpth —1 3(—2 ) _odpth —1 odpth —1_ 4
@ = min(hxz); = - + 1 + 1 =T - 8

i
_ _ 3o9dpth—-1 1
- 22 + 4

The same computation can be done for the coefficiénis

— N . _odpth —1 dpth —1 _ogdpth —1
dy < m]ax((g*x)j) = ——=—+2 -1 - =5
— 2dpth -1
. - . odpth —1_ 1 doth —1 odpth —1_ 1
d > min((gea)) = —ZUUSL gdpmen gt

J
— _(2(1pth _ 1)

Therefore the range of the coefficients; is

_§ dpth —1 1 § dpthfl_§
| [peea) e =i ]

31
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and the range of the coefficients ; is
[ _(2dpth _ 1)7 2dpth —1 ] .

To determine the range of the coefficients of the next levels we could use the already obtained range and
compute the maximum and minimum values based on them. This obviously give us a lower and an upper
bound for the left and right endpoint of the interval after each wavelet transform level, respectively.

In Table3.1we have summarized the range of the coefficients for the one dimensional case. We assume
that the original sequence has a color depth of 8 bit. This is a serious choice, because we focus on greyscale
images only. Furthermore, color images in 24 bit color depth are treated as three 8 bit greyscale images. For
detailed introduction of the representation of images in the digital world we refer to Cl2afteerefore

the same considerations apply for color images. To compute lower and upper bounds for further bitwidths,
we refer to the Matlab code in Appendix3.

Table 3.1: lower and upper bounds of the endpoints of the coefficient range after each level of
transform and the corresponding bitwidth, necessary to store these coefficients

level j coefficients bitwidth
Cojt1 | Cj1 | djyr | d—jp1 | c—jr1,k | d—jyrk

1 -192 191 -255 255 9 9

2 -288 288 -384 384 9 10
3 -432 432 -576 576 10 11
4 -648 648 -864 864 11 11
5 -972 972 | -1296 | 1296 11 12
6 -1458 | 1458 | -1944 | 1944 12 12

The given bounds in Tablg.1 can be improved significantly. Until now we have calculated the bounds
for each scale independently of each other. We have taken the resulting interval of asatgut for the
computation of the new bounds for the next scale 1. As a result the intervals grow significantly.

Consider the recursive convolution of the signal with the analysis filtgfra given wavelet, which is a low

pass filter in general. Therefore in each recursion step more and more of the high frequency components of
the signals will vanish. In this context high frequency components are neighboring samples (pixels) with
large differences. That means, that those samples become smaller with respect to there magnitude.

In order to calculate better bounds we determine new filters, which lead directly tolseale Consider

the direct calculation of the coefficients_; andd;_; as

1oy =(hs((...hx((h*((hxc1) 12)12)...)12)]2

J times
and
diog= (G (. hx (b ((hrer) 12))12)...) 12)) | 2
N————
J—1times
respectively.

If we can interchange the filtering and downsampling operations then the analyse of the resulting filter will
give us the facility to compute improved bounds. The following proposition will be very useful.

Lemma 3.1 (Interchange of filtering and up/downsampling) [ ]

i) Downsampling by followed by filtering with a filter having-transform F'(z) is equivalent to
filtering with the upsampled filtef'(2™) before the downsampling.

ii) Filtering with a filter havingz-transformG/(z) followed by upsampling by is equivalent to upsam-
pling followed by filtering withG (2™).
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Proof:

We have to show that the equation

fr(@ln)=((f1Tn)xz)ln (3.1

holds in order to prove part i) of Lemntal In z-transform domain the left side of Equa-
tion (3.1) is obviously equivalent to

ot ()

On the right side of Equatior8(1) we let f = (f 1 n) * z. Then we have in-transform
domain

n—1
1 —i2rk 1
_ E F/ (6 n Zn) .
n

k=0

SinceF’(z) = F(z")X(z) we obtain

1 n—1 n 1 n—1
—i27k —i27k —i27k
- E F((e n z%> )X(e n z}l == E F —i2rk, (e n z%)
n n
k=0

=0

which can be transformed into

by using

e =1,e7 2 = (PM)7F =1, fork € Z.

The second proposition of Lemn3al s trivial, since both sides of the equation

(fxz)Tn=(fTn)*(xTn) 3.2)

leads inz-transform domain td"(2") X (z").
U

With the help of the proposition of Lemntal we can interchange the filtering and up/downsampling
operations to make the computation of the bounds independent of the underlyingisignal
Let s(°) be the original sequencg filtered with the analysis low pass filtér that is

s = hx c1.

Note, that downsampling by two of this intermediate sign@! leads toc,. We can obtairs() as
sU) = Bk (sUTD | 2)

forall J < j < 0.

Using Equation$.1) we can exchange the filtering and the downsampling operation as follows

sW = ((h12)xsUtD) | 2.
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That is, we can first compute the filtet = (h 1 2) before considering signal’+1). SincesU*1) can be
derived fromsU*2) in the same manner, we have

sU = ((h12)xsUT) |2
= ((h12)x(hx(sU%2 | 2))) |2
= ((h12)x((h12)*sYT2)|2)]2
= (((h12)12)(h12)xsUT)) | 2) |2

Since the operatior is associative, we get
= ((hT4)*(h12)xsU"?) 4
After J level we obtain
s = (R 27)x (W 127 Y% x (R ] 2Y) %) | 27, (3.3)

We will prove this by induction over the number of levdls

Proof:

First we have to verify that the statement holds.foe 1

h(s© | 2)
((h12)%s) |2

_1)

s

which was already mentioned.
Now assume, that

sU = (h12))x (R 1277w s (W1 2Y) xs©) | 27 (3.4)
holds for someJ with J > 1. We now have to show that—(/+1)) can be represented accord-
ingly. Let

A = (h127)x(h 1277 )% x(h12Y)

be the iterated and upsampled filter corresponding to lével
Using Equation §.4) we obtain

S (s | 9)
— ({(,;cf)m(m)w(n} l2)
. {(hm +5©) | (J+1>}
- (th(JH) x (W) 5<o>))l2u+1>
( (7 120741 [((B 127)w (R 127 Y . % (h12Y)) # s<0>D | 2U+D)
- (((m2<J+1>)*(m2J)*(m2J—1)*...*(m21))*s<0>)12<J+1>

which proves the supposition. O

In an analogous manner we define the filteP for the high pass filtef. In Table3.2we have summarized
the range of the coefficients for the one dimensional case. We again assume that the original sequence has
a color depth of 8 bit.
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Table 3.2: Range of coefficients after each level of transform

level j coefficients bitwidth
Cojtt | Tt | dejr1 | dej1 | Cojtik | d—jik

1 -192 191 -255 255 9 9

2 -208 207 -319 319 9 10
3 -216 215 -351 351 9 10
4 -217 216 -358 358 9 10
5 -219 218 -360 360 9 10
6 -217 216 -363 363 9 10

3.1 Estimation of Coefficients Range using Lifting with Rounding

The above computed ranges of coefficients at different scales and orientation refer to filter bank or Lifting
implementations of the CDF(2,2) wavelet transform. We do not yet considered the case of a integer-to-
integer mapping of this wavelet transform, which will be used in our hardware architecture. Let us consider
the modified Lifting Scheme with respect to rounding from Sectlighl The prediction step is given as

! / / /
ik = Cif1,2k+1 — L2(0j+1,2k +cj+1,2k+2)J )

and the update step as

1
e = Cipiont h(d,/j,k +d/‘,k—1)J .

The proven lower and upper bounds for the endpoints of the coefficient interval could be violated by
rounding. Therefore, let us estimate the maximum error that can occur, if we use rounded predict and
update steps.

Consider the maximum distance betwegr;C andd; andc;’k andc;; forallk € Zand—J < j <0,

that is

’d;,k - d‘]’k‘ and ’C;,k - Cj7k| 9

respectively.
We can deduce estimations of these distances using the triangle inequality, that is

/ /
d; . —d = | Cjt2k T G 2hr2 Cj+1,2k + Cj+1,2k+2
| Gk T j,k| = |Cj+1,2k+1 — 5 — Cj41,2k+1 T 5
c +c - -
< ’ 41,2k 4+1,2k+2 Cj+1,2k + Cj+1,2k+2 1
S |Ci41,2k41 5 — Cj+1,2k+1 T 5 +
/ /
C. — Cj c. — Ca
, +1,2k Jj+1,2k +1,2k+2 J+1,2k+2
< ok — Gtk | + | 5 J . 1
and
! !
/ _ | djp +djps djr+djr—1
J,k 75 - j+1,2k J+1,2k
|C _C‘k| ¢ + | TGtk T
! !
i —djk| | d5e_1 — djr

+1

< |10k — Cirrok| +

4 4

in general for—J < j < 0 andk € Z.
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The distance Ord(), b= do,k’ can be estimated somewhat better as

/ /
d d | Clok T Cl ok 42 1,2k + C1 2842
’ 0,k — O,k‘ = |C1,2k+1 — —2 —C1,2k+1 t+ f
/ /
_ |agetegrre | Gkt g
2 2
1
< >

because; 2 andc; o542 are integers ancq,k = forall k € Z.
The special case for the distar*cgk - co_,k’ is estimated by

dyy 1. — do dl p—q — dok—1
b= conl < [ eran] + |2 |t
1 1+1 1+1_5
T4 02 4 2 !

asci = ¢, forall k € Z.

In summary, letlist. (/) anddist,(!) be the estimation for the distan%zéﬁhk - C_M‘ and’d’fl’,€ —d_i x|,
respectively. Then it holds, that

disty(l) = 2dist.(I—-1)+1 (3.5)
and
1
disto(I) = dist.(I—1)+ 3 distq(l) +1
= 2dist.(I—1)+ g (3.6)
forl > 1and
. 1 . 5
disty(0) = = and dist.(0) = -
2 4
forl = 0.
These ardirst order recurrence equatioris ].

Let us give a definition of those types of equations first.

Definition 2 Let f : Ny — R be a mapping from integers to the real numbers, then the relation
fn)=a-f(n=1)+b,f(0)=c

with a, b, ¢ € R andn € Ny is called first order recurrence.

The explicit solution for suclf(n) is given in the following theorem.

Theorem 1 Let f be a real valued sequence, such that
fn)=a-f(n—1)+b,f(0)=c

witha, b, ¢ € Randn € Ny anda # 1 then it holds that

a” —1
a—1

f(n)=a"- f(0)+b- 3.7)

forn > 0.
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Using Equation §.7) and settings = 2 andb = 2 we obtain explicit version of Equatior8 ) and
Equation 8.6) leading to

11
dist.(l) = Zzl—g (3.8)
) 11,

forall0 < < J.
In Table3.3you can see the estimations ftist. anddist, up to level five.

Table 3.3: error estimation of the coefficients range using Lifting with rounding in comparison
to Lifting without rounding with respect to the bitwidth

levell | dist.(I— 1) | dista(l — 1)
1 1.25 05
2 4 35
3 95 9
4 20.5 20
5 42.5 42

With the help of Equation3.8) and Equation3.9) we have computed the estimations ddst. anddist up
to level5. These estimations were added to the intervals from TaBlend are illustrated in Figur& 1and
Figure3.2. As you can see, up to level four there is no need to provide additional bits as the intervals still

rangeof
ik C .
512+
384 +
256
128+ Q = o w
=N I kX == w ] =N I K= o |]S
D D o — — N — e} — ©
— — N N (o] (o] [a\] [a\] (o] [\
A | O | et | e | -1 |
=11 I~H i R ~ ] a5 NH B
| k= i | N | N Ll
—128 + i A A A
—256
—384 +
—512+
} } } | } >
1 2 3 4 5  nr. of levels

Figure 3.1: range of the coefficients;, in comparison t(r}k with respect to the range of the
two’s complement number representation

reside inside the rangl-2°,29 — 1] and[—2'°, 210 — 1], respectively. Due to the partitioned approach
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to wavelet transforms discussed in Chagiesind the given prototyping platform with limited on chip
memory resources we will perform up to 4 levels. Therefore the given bounds of F&tsd8ll holds for

our application.

rangeof
U
djrd; ),
512+
384+
256 +
128+ 2 ey
i B ) = a =ll= % || =3 1 = N 1 )
Yol Yol — o 0 O Yol I~ o =} = <
0+ w S = ) =1 1 k=) S 1 B =3 1 k) o lla
el l\ — -~ 0 o 0 I~ =} ==} = <t
N N ™ a el el [ael [ael [3e) <t ™ <t
i | P N e i | i | S i | i |
—128+ 9 L
—256
—384+
—512+
} } } } } }
1 2 3 4 5 6 nr. of levels

Figure 3.2: range of the coefficients; in comparison taf; , with respect to the range of the
two’s complement number representation

The careful reader would have noticed, that the range for the coefficigptéor all & € Z remains the
same in Figure8.2 In contrast to the estimation of the erxéist4(0) = 0.5 we can show that the smallest
and greatest coefficients do not exceed the rgngé5, 255] as

—_ —128 — 128
do = 127- ————
— 1o7_ \‘—128—128J
2
= m}gxdé,k
and
12 12
b = i T
_ 198 \‘127+127J
2
= mkindflk

Thus, we see that the computed bitwidths of Takl2are large enough if the computation of the one
dimensional CDF(2,2) wavelet transform was done using the Lifting Scheme with or without rounding.
3.2 Range of coefficients in the two dimensional case

If we are talking about image wavelet transforms we apply tensor products of one dimensional transforms.
Remember that in the traditional case vertical and horizontal transforms are executed alternatively. Now
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we apply the filters: andg to coefficients which are already filtered by eittheor §. This influences the
precomputation of the filters as it was shown in Equatin)( Accordingly to the multiresolution scheme,
which was introduced in Sectidh2, we get coefficient ranges, which are different for each scale and each
orientation. In Figure3.3 we have repeated the intervals of the different subbands from Babl&he
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Figure 3.3: coefficient range after four level of the CDF(2,2) wavelet transform in horizontal
direction, (the bounds are taken from TaBl&)

bounds of the endpoints of these coefficient ranges were deduced, since we have performed all horizontal
transforms first (in our example four). This results in a slightly different decomposition scheme as the tree
structured one introduced in Sectidr?.

In order to obtain good estimations of the coefficient ranges in the two dimensional case we want to apply
all vertical transforms at once, too. Our starting point is the decomposition scheme shownZFgjdje

with the corresponding maximum and minimum values. The order of calculation is depicted inFigfae

and Figure3.4(b) The coefficient ranges can now be obtained by taking the maximum and minimum over
all different ranges in a given subblock of the tree structured decomposition.
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Figure 3.4: (a) subdivision in coefficient blocks with different ranges after all horizontal trans-
forms have taken place, (b) after all vertical transforms, (c) different rows transformed with
different number of levels, (d) the traditional multiscale representation

Another way to preserve the traditional decomposition type is to apply only that much levels of transform
in horizontal and vertical direction, that are necessary. This is illustrated in Figlf@and Figure3.4(d)

Note, that we have to take the maximum and minimum over all rows in the column under consideration
before calculating the bounds of the endpoints of the coefficients range in vertical direction.

All calculations were executed using Matlab. We refer to ApperdiX for the corresponding scripts.
As a consequence our memory modules for the 2D-DWT should have at minimum the bitwidth given in

Figure3.5.
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The hardware implementation of these memory modules is done using slices of different bitwidth. These
slices are shown in Figuré.5 as dashed lines. Note, that we take the maximum bitwidth of the several
subbands of the slice. For further details of the implementation itself see S8ci@n
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Figure 3.5: minimal affordable memory bitwidth



Chapter 4

State of the art Image Compression
Techniques

In this thesis we focus mainly on the adaption of state of the art wavelet based image compression tech-
nigues to programmable hardware. Thus, an understanding of these methods is basically. Therefore we take
a closer look at these algorithms in this chapter.

In 1993, Shapiro has presented an efficient method to compress wavelet transformed imagesbétis

ded zerotree waveléEZW) encoder exploits the properties of the multiscale representation. An significant
improvement of this central idea was introduced by Said and Pearlman in 1996. Their algoeittitar-

titioning In Hierarchical Trees(SPIHT (pronouncedspite) is explained and analyzed in detail in the
following.

4.1 Embedded Zerotree Wavelet Encoding

To explore the special properties of the multiresolution scheme after a wavelet transform of several levels,
Shapiro | }has proposed an algorithm callechbedded zerotree wavelet encodéuis algorithm takes

effort from the self similarities of the different scales in each orientation. For illustration see Higure

The key idea behind this special codec is to model the self similarities as zerotrees and try to exclude huge
areas in lower scales of the image from compression due to only one coefficient located in higher scales of
the multiresolution scheme.

This results in a so called embedded bit stream. In such a bit stream, the important information comes first.
Thus, in terms of compression any prefix of the bit stream represents a coarse version of the original. The
visual quality of the reconstructed images increases as the prefix becomes longer.

4.1.1 Wavelet Transformed Images

Before embedded zerotree like algorithms are applied, a wavelet transform is performed on the image. This
results in a multiscale representation. The transform reduces the correlation between neighboring pixels.
The energy of the original image is concentrated in the lowest frequency band of the transformed image.
We have already mentioned the specific properties of this decomposition in Se¢tion

Additionally, self similarities between different scales which result from the recursive application of the
wavelet transform step to the low frequency band can be observed (see #igu@onsequently, based

upon these facts good compression performance can be achieved if those coefficients are first transmitted
which represent most of the image energy.

4.1.2 Shapiro’s Algorithm

The overall encoding procedure is basicly a kindbigplanecoding. Thereby thé&th bits of the coefficients
constitute abitplane In general, a bitplane encoder starts coding with the most significant bit of each

41
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(a) peppers N = 512, (b) peppers CDF(2,2) trans-
dpth =8 formed, (six levels)

Figure 4.1: self similarities illustrated at the wavelet transformed inpeg@eraup to six levels

coefficient. When all those bits are coded, the next bitplane is considered until the least significant bits are
reached. Within a bitplane the bits of the coefficients with largest magnitude come first. We have illustrated
this ordering in Figuret.2 as bar chart. The coefficients are shown in decreasing order from left to right.
Each coefficient is represented with eight bit, where the least significant bit is in front.

bit

coefficient

»
>

magni t ude

44planes

Figure 4.2: bitplane coding

As a consequence, such a bitplane coding scheme encodes the important information in terms of compres-
sion efficiency first, if a energy compacting transform was applied before (see Equafiyn®n the other
hand, we have to store or transmit the ordering information, which can scatter the compression effect.

Shapiro does not reorder the wavelet transform coefficients. He proposes to scan the samples from left to
right and from top to bottom within each subband, starting in the upper left corner. The subbands LH, HL,
and HH at each scales are scanned in that order. Furthermore, in contrast to traditional bitplane coders
he has introduced data dependent examination of the coefficients. The idea behind is, if there are large
areas with unimportant samples in terms of compression, they should be excluded from exploration. The
addressed self similarities are the key to perform such exclusions of large areas.

In order to exploit the self similarities during the coding process, oriented trees of outdegree four are taken
for the representation of a wavelet transformed image. Each node of the trees represents a coefficient of
the transformed image. The levels of the trees consist of coefficients at the same scale. The trees are rooted
at the lowest frequency subbands of the representation. In FigBrge have only one coefficient in the

lowest frequency band L. The corresponding node has three children, nariély 1), Z(1,0), and
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f(l, 1), depicted with blue, green, and red color, respectively. Each coefficient in the LH, HL, and HH
subbands of each scale has four children. The corresponding trees with all their coefficients are drawn
with appropriate brightened color. The coefficients at the highest frequency subbands have no children.

2 N\

7//

7.

Figure 4.3: oriented quad tree’s, four transform levél= 16

To address the data structure more precisely, we have emphasized three sample nodes of different trees,
namely at index positiong(0, 3), Z(5,5), andZ (6, 2). Each of them represents a root of a subtree, too.
The four children are marked with hatching in the corresponding color.

Shapiro assumes that each coefficieista good predictor of the coefficients which are represented by the
subtree rooted by. The overall procedure is controlled by an attribute assigned to each coeffiokthte
guad trees which gives information on the significance of the coefficients rooted by

Definition 3 A coefficient of the wavelet transformed image is insignificant with respect to a threshold
if its magnitude is smaller tha2i", th € Ny.
Otherwise it is called significant with respect to the threshald

In the following we have written Shapiro’s algorithm in pseudo code notion.

th = Eknax

while ( th > 0) {
dominant_pass();
th ——;
subordinate_pass();

}

At first we compute the maximum threshaig ..

kmax = |_10g |Ii7j|J .

9 max
{G@.9)0<i,j<N}

It is easy to see that the bikg,.x + 1, kmax + 2, ..., dpth —1 of all the coefficients are zero so that they
have not to be transmitted, i.e., the bitplakgs. + 1, ..., dpth —1 must not be processed.

Dominant pass In the dominant pass, the coefficients are scanned in raster order (from left to right and
from top to bottom) within the quadrants. The scan starts with the quadrants of the highest transform level.
In each transform level the quadrants are scanned in the order HL, LH, and HH. The coefficients are coded
by symbolP, N, ZTR, orIZ . This is done in the following manner. A coefficient is coded by

e P, ifitis greater than the given threshdél* and is positive,

e N, if its absolute value is greater than the given thresh8idand it is negative,
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e ZTR, if its absolute value is smaller than the given thresiidand the absolute value of all coef-
ficients in the corresponding quad tree are smaller than the threshold, too

e 1Z, ifits absolute value is smaller than the given thresidtdand there exists at least one coefficient
in the corresponding quad tree that is greater than the given threshold with respect to the absolute
value.

Furthermore there is a symhdlwhich is used within the high frequency bands of level one only, because
all coefficients in these quadrants could not be root of a zerotree. This syirtai thus be seen as the
combination oZTR andIZ for this special case.

Once a coefficient is encoded as the syniol N it is not included in the determination of zerotrees.

Subordinate pass Each coefficient, that has been codedPasr N in the previous dominant pass, is

now refined, while coding theéh-bit of its binary representation. As already mentioned this corresponds

to a bitplane coding, where the coefficients are refined in data dependent manner. The most important fact
hereby is, that no indices of the coefficients under consideration have to be coded. This is done implicitly,
due to the order in which they become significant (codeld asN in the dominant pass).

Let us conclude the discussion of Shapiro’s algorithm with a detailed explanation of the following simple
example.

Example 1 Suppose we want to encode the wavelet transformed image given in Eiguwsing the em-
bedded zerotree wavelet algorithm of Shapiro. At first we obtgin, = 6 as the maximum threshold.

(a) greyscales (b) coefficients

Figure 4.4: wavelet transformed portion of an imayye= 8, dpth = 8

Thus, in the first dominant pass we are looking for coefficients whose absolute value is greater than or
equal2® = 64. The encoding starts as follows:

Scanning LL ©®: read 75 = output P
Scanning HL ®:  read 97 = output P
Scanning LH ®:  read 92 = output P
Scanning HH ®:  read -9 = output ZTR
Scanning HL @: read -1 = output ZTR

read —2 = output ZTR
read 12 = output ZTR
read —39 = output ZTR
Scanning LH ®:  read 1 = output ZTR
read 26 = output ZTR
read 45 = output ZTR
read —67 = output N
Scanning LH ®:  read —4 = output ZTR
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read —3 = output ZTR
read —22 = output ZTR
read —12 = output ZTR

As you can see, the several subbands are scanned in the given order. In contrast to a bitplane coder, e.g.,
the subbands HH and HH are completely excluded from the scan, becdhgerepresents a zerotree.
Furthermore the subband HL is excluded and the subband LH is scanned only partially. The corresponding
block is depicted in Figurd.4(b)

In the subordinate pass we have to refine four coefficients, which were encoded with the §y/artzbiis

in the previous dominant pass. These are the coefficlntsZ, o, Zo.0, andZs ; producing the output

100 0.

They are ordered in decreasing order of the reconstructed values. The reconstructed coefficients are ini-
tialized to zero at the decoder. If a coefficient is coded with the symlmsl N using thresholdt then

the reconstructed value is set to the middle of the intef#/al2**1]. Depending on the next refinement

bit the reconstructed value is adapted accordingly, resulting in an interval of half the size. In our ex-
ample the first refinement bit of the coefficiérqs, 1) is one (it became significant in bitplar@. Since

7(3,1) = 97 > 96 = 64 + 32 the 5th bit of the binary representation is set. Therefore the new re-
constructed value is set thl2, the middle of the intervg6, 128). The ordering of the refinement bits

improves the creation of an embedded compressed bitstream.

4.2 SPIHT- Set Partitioning In Hierarchical Trees

Said and Pearlman have significantly improved the codec of Shapiro. The main idea is based on partition-
ing of sets, which consists of coefficients or representatives of whole subfieég.[They classify the
coefficients of a wavelet transformed image in three sets:

1. thelist LIP of insignificantpixels which contains the coordinates of those coefficients which are
insignificant with respect to the current threshdiid

2. thelist LSP of significant pixels which contains the coordinates of those coefficients which are
significant with respect teh, and

3. thelist LIS of insignificantsets which contains the coordinates of the roots of insignificant subtrees.

During the compression procedure, the sets of coefficienidSnare refined and if coefficients become
significant they are moved froflP to LSP.

The first difference to Shapiro’s EZW algorithm is the distinct definition of the significance. Here, the root
of the tree is excluded from the computation of the significance attribute, which can be explained more
simply using the following notations.

4.2.1 Notations

For allm with 0 < m < log, N, let H = H(m) be the set of the coordinates of the tree roots after
wavelet transform steps, i.e.,

H=A{(,4) [0<4,j < (4.1)

N
om—1 }

Furthermore, let

o @i2) . @i+,
O(i, j) { (2z+21,32j) : (2111?2%1)} o

be the set of the coordinates of the children of nGde), in the case that this node has children. The set
D(i, j) is composed of the descendants of n6deg), and

L(i,7) =D )\O(, J) (4.3)
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Figure 4.5: the set®(i, j), D(i,5) andL(i, j) with i = 1 andj = 1, the labelsD, D, L show,
that this coefficients is a member of the corresponding(8ét= 8)

is the set of the descendants excluding the four children. FigGrilustrates these sets.
Each element oLIS will have as attribute eithed or B. If the type of an entryi, j) € LIS is A, then the
entry (i, j) represents sé®(i, j). If the type isB, then it represent§ (i, j).

4.2.2 Significance Attribute

Now let us define the significance of these sets.

Definition 4 A set7 of coefficients is callethsignificant with respect to the threshald, th € Ny, if all
of its elements are insignificant with respect to the threshbld
More formally, we define a functio$y;,

1, max [Z;,] > 2"
Sin(T) == (4,4)€T (4.4)
0, else

which characterizes the significancedf
Therefore, a sef is called insignificant if and only if,(7) = 0.
The significance of a single coefficiefit, ({Z (4, 7)}) is denoted a$};, (i, 7), in short.

In the SPIHT algorithm the signification is computed for the s&X§, j) andL(4, j). As you will see, the
root of each quadtree is, in contrast to the algorithm presented by Shapiro, not included in the computation
of the significance.

4.2.3 Parent-Child Relationship of the LL Subband

Shapiro proposed, that each element in the LL subband has three children as depicted ih.&{guFeor
example, the coefficient, ; (blue color) has the three childrép 3, Z, 1, andZ, 4 (depicted with brighten

color). Said and Pearlman have changed this parent-child relationship in the LL subband as shown in
Figure4.6(b) Here, each fourth coefficient is not a tree root. In the example the coefﬁi}jgrﬂioes not

have any children. More formally, all coefficients in the B&with even row and even column index have

no children.

4.2.4 The basic Algorithm

In general, the decoder duplicates the execution path of the encoder as it was also the case in Shapiro’s
algorithm. To ensure this behavior, the coder sends the result of a binary decision to the decoder before a
branch is taken in the algorithm. Thus, all decisions of the decoder are based on the received bits.
The name of the algorithm is composed of the wasdsand partitioning. The sets0(i, j), D(i,5) and
L(i, j) were already mentioned. Now we introduce the set partitioning rules of Said and Pearlman.
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(& in Shapiro’s (b) in theSPIHT
EZW algorithm algorithm

Figure 4.6: different parent-child relationships of the LL band

¢ the initial partition is formed with the sets

- {(i,7)} forall (,5) € H and
— D(i,j) forall {(i, 7)|(i, j) € H with D(i, 5) # 0}

o if Si(D(i,7)) = 1thenD(, ) is partitioned intal(i, j) and the four set§(e, f)} € O(i, j)
o if Si(L(i,7)) = 1thenL(i, 5) is partitioned into the four setge, )}, with (e, f) € O(i, j)

The pseudo code of the ba8®IHTalgorithm is shown in Figuré.7.
It can be divided into three parts. The first part initializes the lists, computes, and output the initial threshold
similar to the algorithm of Shapiro.

Afterwards, the sorting phase and the refinement phase are exéglited 1 times starting with bitplane
kmax down to bit plane 0. In pagls, the sorting phase first outputs thth bits of the coefficients ifIP.
If the kth bit of some coefficient; ; is 1, i.e.,Sx(i,j) = 1, coefficientZ; ; is significant with respect tb
and insignificant with respect to+ 1. Therefore, the sign oii,j has to be output.

Sorting phase The elements oLIS are now processed using the set partitioning rules. First, the signifi-
cance bit for seD(4, j) or L(4, j) is written out, respectively.

The set corresponding to an eleméntj) of type A, which is now significant with respect to the current
threshold, is partitioned into four single element sgis f)} for each(e, f) € O(i, j). Each of the co-
efficients(e, f) are appended tbIP or LSP, depending on there significance. The element) itself is
changed to type B and moved to the end of thelli&, if the setL(i, j) is non empty.

The elementgi, j) of type B in LIS are refined to the four elements, /) € O(i,j) of type A, if the
Sk(L(i,5)) = 1.

Refinement phase The refinement phase outputs thi bit of each elements of ligtSP, if it was not
included in the last sorting phase.

Another advantage d8PIHTin comparison to Shapiro’s algorithm is, that the complete outcome of the
encoder is binary. Therefore, the compression rate can be achieved exactly and arithmetic encoders for
binary alphabets can be applied to further increase the compression efficiency.
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0) Initialization

compute and output k= |lo max Till;
P P a gz{(i,jﬂosm«w‘ will

set LSP:=( and LIP := H(nrOfLevels)

add those elements (i,7) € H(nrOfLevels) with D(i,j) #0 to LIS as type A;
1) Sorting phase
2) foreach (i,j) € LIP

?3) output Sk(i,7);
(4) if  Sk(i,7) =1 then
move (i,7) to LSP and output the sign of i ;

5) foreach (i,4) € LIS
(6) if (i,7) is of type A then
(7) output  Sk(D(i,4));
(8) if  Sk(D(i,5)) =1 then
9) foreach (e, f) € O3, 75)
(10) output  Sk(e, f);
(11) if Sk(e, f) =1 then

add (e, f) to LSP and output the sign of Ty
(12) else

append (e, f) to LIP;
(13) if  L£(i,7)#0 then
(14) move (i,7) to the end of

LIS as an entry of type B and go to step (5)

(15) else remove (¢,4) from LIS
(16) if (i,7) is of type B then
a7 output Sk(L(,7));
(18) if  Sk(L(i,j)) =1 then
(19) append each (e, f) € O(4,7)

to LIS as an entry of type A
and remove (i,j) from LIS;
(20) Refinement phase
foreach  (i,5) € LSP except those included in the last sorting phase
output the  kth bit of  |Z;|;
(21) Quantization-step update
(22) decrement k; if k<0 stop; else goto step (1);

Figure 4.7: ThesPIHTalgorithm



Chapter 5

Partitioned Approach

In this chapter we present the partitioned approach to wavelet transform images. This partitioned approach
itself was developed in 1998

At first we motivate, why there is a need for such an approach, if one considers implementations of image
compression algorithm based on wavelet transforms in programmable hardware. We discuss accurately
why these wavelet based image compression algorithms need to be adapted at all to implement them into
programmable hardware. Then we present the application of the partitioned approach to lossless image
compression. The more interesting investigation is the extension to lossy image compression, where we
have to deal with boundary effects between the image partitions. Here we present different solutions in
order to avoid block artefacts known from compression methods based on discrete cosine transforms.

In Section5.3 of this chapter we present the modifications to the origBRIHT algorithm, which cor-

respond to the accommodation to the partitioned approach and the necessities for hardware architectures
with minimal memory requirements. Then we compare the two algorithms in terms of mean squared error
in Section5.4.

5.1 Drawbacks of the Traditional 2D-DWT on Images

Let us review the traditional two dimensional discrete wavelet transform on images introduced in @hapter
We have seen, that images are wavelet transformed using the one dimensional transform applied to rows
and columns of the image, separately. In Secticdtwe have introduced the Lifting Scheme as a technique

to compute the transform in place.

In the case, that the image can be stored completely in main memory (software solution) of a PC or in on
chip memory (hardware solution) the transform can easily be implemented. The only additional buffer we
need has a size comparable to the size of a row or a column, respectively, to reorder the low and high pass
coefficients. To compute the 2D-DWT we have to load the image into the memory. Then we transform it
using the mentioned buffer, if enough internal memory is available. Typically, images have hundreds of
rows and columns and each pixel is represented by one 2 lbits or even more. Therefore we have to

deal with data volumes of several kbytes up to a couple of megabytes. Obviously, this exceeds the memory
limits, if we consider hardware solutions. Thus, we have to limit the number of rows and columns and
the maximum bitwidth. As a consequence images of larger sizes must be split into manageable pieces.
Remember from Sectiob.1that we then have to deal with boundary effects even at the boundary of each
piece of the original image, when targeting to lossy compression.

1 After making first experiences with the corresponding hardware architecture for lossless image compression on FPGAs we have
published the basic ideas at the Custom Integrated Circuits Conference in 2000 (CICC2000).[The extension to lossy image
compression was presented at the ACM conference on Field Programmable Gate Arrays in 2001 (FPGAZ00[L)The FPGA
implementation of a modifie@PIHT algorithm based on the partitioned approach was published at the ACM conference on Field
Programmable Gate Arrays (FPGA2002)] ] and the45th Midwest Symposium on Circuit and Systems (MWSCAS2002) in
2002 [ ].

49
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On the other hand we can store the image data externally and compute the transform row by row and col-
umn by column, reducing the internal memory to the size of a row or column. In that case, the data transfer
from and to the internal memory will become the bottleneck of the implementation. Remark, that already
transformed coefficients have to be saved and loaded again during the next level of computation. Further-
more, after the whole transform had taken place, the transformed image is stored in external memory, but
an embedded zerotree wavelet coder needs random access to it.

To overcome these difficulties we will present the partitioned approach to wavelet transform images, which
is applicable to both lossless and lossy compression.

5.2 Partitioned 2D-DWT

Let us start with some notations. Remember from Chaptirat we consider aiv x N image as two
dimensional pixel arraf with N rows andN columns and assumedpth-bit greyscale resolution. Fur-
thermore, we assume without loss of generality that the equafien 2¢ holds for some positive integer
k.

Partitioning an imag# into (%)2 guadratic subimages

N_1 N

1(0’0)7 .. ,I( s L1

of sizeq with ¢ = 2" for some positive integelr < r < k results in subimages with
T 4] =Zls-q+it-q+ ]

forall 0 < s,¢t < £ and0 < 4,5 < g.

Before the transform takes place, we partition the original imAgeto quadratic subimage®*:) as
described above. Then each subimage is transformed in the conventional way. We refer for an illustration
to Figure5.1. The first idea is to transform the subimages independently of the neighboring subimages.
However, this approach is only applicable, if no quantization takes place, otherwise artefacts are introduced.
What are the advantages and disadvantages of this partitioned approach?

The internal memory requirements are dramatically reduced.

The subimages can be transformed independently of each other.

The traditional 2D-DWT can be directly applied to the subimages without any modifications.
— Itis not applicable for lossy compression.

For lossy compression we have to take into account the coefficients of the neighboring subimages in order
to guarantee that the partitioned approach is as efficient as the traditional one. We will denote this type
of transformation agartitioned approach with boundary treatmenBSuppose we have given a wavelet
transformed imagé using the traditional approach as shown in Fighirga) We have to manage that the
partitioned transformed image is a permutation of the coefficients of the traditional transformed image. For
illustration consider Figurg.2(b) Consider the LL subband on the left of Fig&r@(a) which corresponds

to the approximated original at half the resolution, and@é.L subbands of all partitions on the right.

We observe, that composing all LL subbands on the right results in the LL subband on the left.

We can compute the partitioned 2D-DWT with boundary treatment even without the traditional one given
first. We will discuss it later in this chapter. Let us summarize first the advantages and disadvantages for
this kind of partitioned transform, too.

The internal memory requirements are dramatically reduced, too. In contrast to the approach with
reflection at the partition boundaries we need additional memory for coefficients of neighboring
subimages or we have to deal with increased data transfer volume.

It is applicable for lossy compression.
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j:*,

(@) traditional 2D-DWT (b) 2D-DWT scheme based on
scheme the partitioned approach

Figure 5.1: traditional versus partitioned two dimensional wavelet transform of images,
512, ¢ = 64, five level of transform

— We reduced the internal memory at the expense of increased computational load or larger data trans-
fer volume. The amount of additional complexity depends on the partitiorn; ind the filter length
of the corresponding low and high pass filter of the wavelet.

5.2.1 Lossless Image Compression

Lossless image compression of partitioned images is quite easy. The subifagesan be wavelet
transformed independently of the other subimages. Of course, the resulting transformed image which is
composed by -V, ..., 7(5-%) differs from the conventionally wavelet transformed imagédowever,
reversibility is ensured. Note that this simple solution works for lossless image compression as no quanti-
zation takes place. Figugelillustrates this simple approach and demonstrates the potential to parallelize
the computation of the wavelet transform.

According to the chosen partition size= {16, 32,64} computing up to five levels of transform are possible

and reasonable. After having applied the partitioned wavelet transform, we can apply an EZW algorithm
on each partition. Thus, random access is only necessary on the subimage itself which is stored in internal
memory. This makes the partitioned approach suitable for a FPGA hardware implementation.

To quantify the effectiveness of approach, we have measured the entropy of both, the conventionally
wavelet transformed imagg and the partitioned wavelet transformed imag&. We used the integer-
to-integer CDF(2,2)-wavelet with modular arithmetic as introduced in Sett&2 Thus, the transformed

image also haslpth-bit greyscale resolution. Boundary treatment has been done by reflection at im-
age/partition boundaries. The benchmark images used are the cofibibgreyscale images of size

N = 512. The size of the subimages has been sgt+064.

Recall from Sectiori..2, that the entropy is defined as

H(I) = —ZP(Ii,j)IOgP(L',j),

wherep(Z; ;) represents the cumulative percentage of the corresponding greyscale value.

Table5.1 summarizes the results. The first column specifies the image under consideration. The second,
third, and fourth column gives the entropg¥ of the original imageZ, the conventionally wavelet trans-
formed imageZ, and the partitioned wavelet transformed imagé), respectively. We observe that the
entropy of a partitioned wavelet transformed image is only slightly higher than the entropy of the conven-
tionally wavelet transformed image. Thus, the software and hardware solution based on this partitioned
approach with reflection at partition boundaries allows compression ratios comparable to those guaranteed
by traditional wavelet based solutions.
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(a) barbara, traditional 2D-DWT (b) barbara, partitioned 2D-DWT

Figure 5.2: the two schemes can be obtained from each other using a permutatiery12,
q = 64, one level of transform

Table 5.1: entropy of the image themself, the traditional, and partitioned discrete wavelet trans-
formed images)N = 512, ¢ = 64, computed with reflection at image and partition boundaries

image | H(Z) H(I) H(ZI©9)
airplane| 6.70589 4.26506 4.28643
baboon | 7.35795 6.16171 6.1788:3
goldhill | 7.47778 4.89972 4.92269
lena 7.44551 4.42012 4.4505%
peppers| 7.59245 4.71864 4.7410(

5.2.2 Lossy Image Compression

If stronger requirements on transmission time or storage space are postulated, higher compression ratios are
needed. The only way to meet these requirements is allowing loss of information. This is usually done by
guantization after the wavelet transform had taken place. If we apply the approach presented in the previous
section, namely transforming each subimage independently of the neighboring subimages by simply using
reflection at the boundaries of the subimage, we obtain block artefacts known from JPEG compressed
images [Val91].

Figure5.3(b) shows the imagéena (V = 512, dpth = 8) transformed with the partitioned approach
presented in the previous section. The resulting imad@ was compressed by a factor 21 using the
SPIHT algorithm. Thereby we have compressed each subimage separately. This shows that reflection at
partition boundaries is no longer feasible.

Our objective is that the partitioned transformed and compressed image does not differ from the conven-
tionally compressed image. Figuse3(a)shows the image compressed by a factor 25 if the original image

is transformed by aon partitionedDWT algorithm and compressed by a factor 25 by $fdHTencoder.

This emphasizes the necessity not to use reflection at partition boundaries, but to work with the original
pixels.
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(a) lena transformed by the traditional 2D-DWT  (b) lena transformed by the partitioned 2D-DWT
and compressed witBPIHTby a factor 25. presented in Sectiorb.2.1 and SPIHT com-
pressed by a factor 21.

Figure 5.3: partitioned wavelet transform without boundary treatment introduces block artefacts
targetting to lossy compression

5.2.3 Boundary Treatment

Let us examine which pixels have to be considered in order to compute the low and high pass coefficients
using the CDF(2,2)-wavelet. Considering the filter bank approach to compute the coefficients (compare
Equation (.12) we obtain the equations

1 3
Cik = —=Cit1,2k—2+ —Cjt1,2k—1 + —Cj41,2k + —Cj41,2k+1 — =Cjt1,26+2 and
8 4 4 4 8
1
djpx = —5Ci+1.2k + Cjt1,2641 — 5 Ci+12k+2-

Now, take a look at a one dimensional discrete signal (a pixel row) length 32 which consists of

pixels ro, ..., rs;. The signalr is transformed using the CDF(2,2) wavelet. We obtenow pass co-
efficientsco o, . . ., ¢o,15 and 16 high pass coefficientdy o, . . ., do,15. These coefficients depend on the
pixelsr_o,r_1,7r9,71,...,731,732. NoOte that in the partitioned approach proposed in Sedi@nl the
pixelsr_o, r_1, andrz, are not available in the internal memory. Thus, in order to compute the coefficients
0,0, --,Co,15 anddo o, . . . , do 15, the transform has to look out over the right and left boundary of the pixel

row by one and two pixels, respectively. In the following transform levels further pixels from outside of
the pixel rowr have to be accessed. Figlrd shows on which pixels of row the new coefficients depend

on. Note that only the low pass coefficients are transformed during the next levels of a wavelet transform
and one has to look out over the neighboring subimages only if more than four levels of transform are
performed (in the case that= 32 and the CDF(2,2) wavelet is used).

After four levels of transform, the wavelet transform of the nowf length32 has to look out over the left

and right boundary by 30 and 15 pixels, respectively. Since the same arguments can be deduced for the
columns of an image, we have illustrated the effect in two dimensions in FighiréAs one can observe,

the number of coefficients from neighboring subimages depends on the low and high pass filter lengths, not
on the partition size. In general, we have to look out over the left and top boundary by

hl—1 |g—1
5 max{w2 L _1}’
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Figure 5.4: the computation of the low pass coefficients and their dependences on the coefficients
of the previous scales

30 B2l -1)
=
I
&
30 15 (2'-1) &
64 x 64 qx4q
15 v-(2-1)
(& N = 512, ¢ = 64, four (b) N = 512, ¢ = 64, four (c) N =512, level
levels levels, CDF(2,2) wavelet

Figure 5.5: area of coefficients, which have to be incorporated into the computation of the trans-
form of the partition under consideration

and over the right and bottom boundary

_ {|B|1 91}
¥ = max -1,
2 2

after the first transform level, if we assume that the filfeendg correspond to a symmetric biorthogonal
wavelet. The enlargement aftelevels is shown in Figurg.5(c)

Thus, a first solution to implement a partitioned 2D-DWT with boundary treatment is to provide all nec-
essary neighboring coefficients in addition to each subimage. Unfortunately, it can be too expensive to
simply store all these additional coefficients in internal memory, too. This would result in an internal mem-
ory which is capable to store

(@+8-@2 =1 +7-(2'-1)°

coefficients. In our example this results in a extended subimage of &ze 109, which is abouB times
larger than the internal memory used till now (cf. Figarg(b).

In Chapter6 we present two approaches to avoid the enlargement of the internal memory when targeting to
hardware implementations. These two methods are basdiviole and conquetechniques angdipelined
architecturesrespectively.

5.2.4 Future Work: Taking Advantage of Subimage and QuadTree Similarities

It is interesting to investigate, whether the approach presented can be used to improve the compression
ratio. We were looking for methods allowing the partitioned approach to result in higher compaction ratios
than the non partitioned algorithms.
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One point of departure could be to classify the subimages with respect to similarity, to compress only
one representativg of each clasg”, and to represent the remaining subimagesf classC by the

imageZ — Jc which specifies the differences between subimagend its representativg. Another

point of departure could be to exploit similarities between the trees of the multiscale representation. There
are similarities between the quadtrees. The difficulty is a convincing measure of similarity, which is of
adequately computational complexity. We have made some experiences with the mean squared error and
the gain of reduced output of tt&PIHTalgorithm. Unfortunately, the computational overload was to large

in order to obtain useful results.

5.3 Modifications to theSPIHT Codec

In this section we present the modifications necessary to obtain an efficient hardware implementation of
the SPIHTcompressor based on the partitioned approach to wavelet transform images.

At first, we exchange the sorting phase with the refinement phase to save memory for status information.
However, the greatest challenge is the hardware implementation of the thrédHisisSP, andLIS. In the
following we deduce estimations of the memory requirements of these lists. This section will be concluded
with the outline of the modifie&PIHTencoder.

5.3.1 Exchange of Sorting and Refinement Phase

In the basicSPIHT algorithm status information has to be stored for the elemenisS&f specifying

whether the corresponding coefficient has been addédkoin the current iteration of the sorting phase

(see Line 20 in Figurel.7). In the worst case all coefficients become significant in the same iteration.
Consequently, we have to provide a memory capacity?dfits to store this information. However, if we
exchange the sorting and the refinement phase, we do not need to consider this information anymore. The
compressed data stream is still decodable and it is not increased in size. Of course, we have to consider that
there is a reordering of the transmitted bits during an iteration. We will take a closer look at this problem

in Section5.4.

5.3.2 Memory Requirements of the Ordered Lists

To obtain an efficient realization of the listdP, LSP, andLIS, we first have to specify the operations that
take place on these lists and deduce worst case space requirements in a software implementation.
Estimations for LIS

We have to provide the following operations folS:

e initialize as empty list (Line 0),

append an element (Line 0 and 19),

sequentially iterate the elements (Line 5),

delete the element under consideration (Line 15 and 19),

move the element under consideration to the end of the list and change the type (Line 14).

Note that the initialization phase cannot be neglected because there are several partitions to compress.
Dependent on the realization chosen the cost of the initialization phase can be linear in the number of
elements.

The estimation of the space requirementd$ is simplified by the fact thaLIS is an independent set,

i.e., for all elements,w € LIS it holds thatv is neither a predecessor nor a successas ofith respect

to the corresponding quad tree. This can be easily proved by complete induetigi][ Note that if the

list is longest, then all its elements are of typeConsequently, the number of elementd.éf is smaller
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than or equal to the number of nodes in the next to the last tree level. Thus, the corresponding coefficients
lie in the left upper quadrant LL. However, none of them lies in the left upper quadrant of LL. LHus,
contains at most

(3) - (1) =57

2 1) ~16”

elements. To specify the coordinates of an elemhig, (1) bits are needed. A further bit to code the
type information has to be added per element. This results in an overall space requirerhé&iofor

%qQ ~ (2 log, (ﬂ) + 1)

[\)

bits.

Estimations for LIP and LSP

Now, let us consider both the li&fP and the listLSP because they can be implemented together. Again,
we start with the operations applied to both lists:

e initialize as empty list (Line 0),

e append an element (Line 0, 4, 11, and 12),

e sequentially iterate the elements (Line 20),

e delete the element under consideration fioIR (Line 4).

The maximum size of both lists is at ma@gt Furthermore, it holds, thatlP N LSP = . Thus,
|LIP| +|LSP| < ¢

also holdsg? is a tight upper bound fdrLIP | + | LSP |. This worst case is attained by the image shown in
Figure5.6. (Remark: For illustration purposes we have changed the greyscales in the figure, so that they
do not correspond to the actual values.) It is easy to verify that all coefficients at the lower levels are greater
than 126. It follows, thatSs(D(4,5)) = 1 for all D(i,5) andSe(L(4,5)) = 1 for all L(i, ). In the6th
iteration of the algorithm, all sets are split and all coefficients are moved to &itRear LSP.

(a) Original image (q=16, 8 bit, (b) Image after four trans-
four greyscales -128, -61, -60, form steps (q=16, 9 bit, five
126 (from black to white)) greyscales -33, 0, 126, 127, 128)

Figure 5.6:¢2 is a tight upper bound fgrL.IP | + | LSP |

Thus, the overall space requirement for both listg’is2 log,, ¢ bits.
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0) Initialization
compute and output k := |log,
foreach 0<i,j <N -1 set
LSP(i,j) =0
1, if(i,5) eH

LIPG, j) :{ 0, else

foreach 0<i4,j <& —1 set
LIS, j) = A, if (i,7) e HandO(i,j) # 0
0, else
Q) Refinement and sorting phase for listLI P
2) for i=0...N-1

max o Il
{(i,j)loﬁi,j<1\]}| ZvJH:

?3) for j=0...N—-1
4 if LSP(i,j) =1 then
output the  k-th bit of e l;
5) if LIP(i,j)=1 then
(6) output  Sk(i,4);
)] if  Sk(i,7)=1 then
LSP(i,j) =1, LIP(i,j) =0;
output the sign of Ciji

(8)  Sorting phase for list L1.S
9) for i=0...5-1
(10) for j=0...5-1

(12) if  LIS(i,j)=A then

12) output Sk(D(4,));

(13) if  Sk(D(i,7)) =1 then

(14) foreach (e, f) € 0@, )

(15) output Sk(e, f);

(16) if Sk(e, f) =1 then
LSP(e, f) = 1;
output the sign of Ce,f;

a7) else  LIP(e, f)=1;

(18) if  L(i,7)#0 then

(19) LIS(i,j) = B;

(20) else  LIS(i,j)=0;

(21) if  LIS(i,j) =B then

(22) output  Sk(L(4,4));

(23) if  Sk(L(i,7)) =1 then

(24) foreach (e, f) € O3, 7))

LiS(e, f) = A;

(25) LIS(i,j) = 0;

(26) Quantization-step update
(27)  decrement k; if k<0 stop; else goto step (1);

Figure 5.7: The modified SPIHT algorithm
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5.4 Comparison between the Original and the ModifiedSPIHT Al-
gorithm

In the previous section we have presented which modifications have been applied to the basic algorithm
and the dynamic data structures in order to obtain an efficient hardware implementation. It was ensured
that the compressed stream can still be decoded and that exactly the same number of bits are produced.
However, the reordering of the embedded stream which is due to the realization of théHRisisSP, and

LIS by bitmaps can have an effect on the visual quality of the reconstructed images. In this section, we will
investigate this problem in detail. More precisely, we reflect on how much the reconstructed images of both
the basic compressor and the modified compressor differ in terms of visual quality.

Notations

Letb be the number of bits already encoded Zitb) the corresponding reconstructed image after receiving
b bits. The basiGSPIHTalgorithm and our modified one can be compared by

E(Z(b),Z'(b)) := |MSE(Z,Z(b)) — MSE(Z,Z'(b))

where E(Z(b),Z’(b)) is the difference between tH@PIHT algorithm and the modified algorithm after
codingb bits in terms of mean squared error.
There are two main cases to consider. Figullustrates schematically the following considerations.

MSE

. b
(k + 1)th bitplane kth bitplane (k—1)th bitplan]e

Figure 5.8: comparison of the mean squared etby,andu(b) are upper and lower bounds for
E(Z(b),Z(b))

First, we have to compare the original and the reconstructed image after a complete bit plane is coded.
Because the same information is produced by both algorithms (even though in different order),

E(Z®),T'(b) = 0
holds.
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The more interesting case is the difference of the two algorithms during the coding of a bit plane. The
maximum difference during the coding of théh bit plane can be estimated with lower and upper bounds

(k) andu(k). Obviously, the lower bountik) is zero. This is a tight lower bound. In his master thesis Fey

[ ] provesu(k) = 4*. Note that this is a rough estimate because it is independent of the image under
consideration. For this reason, we have measured the differences on a set of known benchmark images.
However, it is very difficult to distinguish the reconstructed images with the naked eye. To circumstantiate
this remark, we have applied both algorithmshanbara We have measured the mean squares error after
each kbyte of compressed output. Figtre shows the outcome of the experiment, which confirms our
informal observation. The mean squared errors are nearly equal.

Barbara
300 T T T T T T

T T
modified alg.
SPIHT ——

MSE

. .
0 20 40 60 80 100 120 140 160 180
KByte

(a) complete graph

Barbara
60 T T T T

T
modified alg. —*—

VI,
55 SPIHT i

MSE

15 20 25 30 35 40 45
KByte

(b) detail of Figures.9(a)

Figure 5.9: comparison of tHdSE, imagebarbara N = 512, dpth = 8

The comparison is done using our software implementation (narkcdf the SPIHTcodec. That is, we
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compare the compression result between our traditional and our mo8HH#dT encoder. The original
algorithm of Said and Pearlman is available as binary version for educational purposes only. They use the
Daubechies 9/7 wavelet and perform always five level of wavelet decomposition.

36 —{ PSNR(dB) 36 —{ PSNR(dB)
35 — 35 —
344 —— SPIHENC 344
33 — ---- qcc-Daub9/7 33 —
32— —— qcc-CDF(2,2) 32 —
314 ubk-Daub9/7 314
30 — ubk-CDF(2,2) 30 —
29 — 29 —

28 —
27 —

28 —
27 —

26 — 26 — ! —— SPIHT-NC
25 — 25 — ’ ---- qcc-Daub9/7
24 — 24 — ——qcc-CDF(2,2)
23 — 23 — ubk-Daub9/7
22 | 22 | ubk-CDF(2,2)
21 — 21 —
20 — 20 —

I I I I I I I I I I I I I I I I I I

02 03 04 05 06 0.7 08 09 1.0 02 03 04 05 06 0.7 08 09 1.0
bpp bpp
(a) baboonN = 512, dpth = 8 (b) barbara)N = 512, dpth = 8

Figure 5.10: comparison of the compression efficiency between the binary version of the original
SPIHTalgorithm, the public available QccPack version, and our software implementation, five
levels of wavelet transform are performed

Therefore we compared our implementation with the origBRIHT and the free available version called
QccPack | ]. QccPack provides an open-source collection of library routines and utility programs for
guantization, compression, and coding of data. In Figut®the compression results are shown for the
imageshaboonandbarbara As long as we use the same wavelet, we achieve nearly the same compression
efficiency as the originaBPIHT and are almost as good as the QccPack version. Using the CDF(2,2)
wavelet reduces thBSNR values in our implementation as well as in the QccPack version.



Chapter 6

FPGA architectures

In this chapter we present several architectures and complete designs which are all based on the developed
partitioned approach for wavelet-based image compression for programmable hardware. All designs were
specified using the hardware description language VHDL. We turned our attention to rapid prototyping
without heavy manual optimizations after synthesis. As a consequence the experimental results mainly
show the mightiness of the partitioned apprdach

Each design was developed to run at our prototyping environment. This environment consists of a PC
equipped with a PCI card where a Xilinx XC4000XLA FPGA is mounted. The advantages and disadvan-
tages of this prototyping environment are explained in Se@itn

All designs were described in VHDL language. As synthesis tool we decided to use the FPGA compiler
from Synopsys. The resulting netlists in EDIF format are taken as input to the Xilinx implementation flow
(mapping, place and route, timing analysis and bit stream generation) to generate a configuration bit stream.
We dispensed with manually optimizations like floor planning. These bitstreams are further processed with
an utility calledHap-Generatorfrom the vendor of the prototyping environment. The resulting files are
used to configure the FPGA using the provided software interface over the PCI bus.

In Section6.2we present a complete design for partitioned two dimensional discrete wavelet transform for
lossless compression capable of running at 40MHz at our prototyping environment. Then we show several
architectures to compute a partitioned wavelet transform for lossy compression in programmable hardware.
These architectures can be combined with the design for lossy compression, which is shown in detail in
Section6.3. This design implements the well knov8PIHT algorithm of Said and Pearlman adapted to

our partitioned approach. Furthermore an arithmetic encoder can be included in the architecture to further
improve the compression rates.

6.1 Prototyping Environment

In order to obtain experimental results on real world data we have used a PC equipped with a FPGA
PCI board as prototyping platform. This PC is running under Wiffidfid Linux operating system. The
FPGA prototyping board was manufactured by Silicon Software GmbH, Mannheim, Germariyf].

It is equipped with a Xilinx device of the XC4000XLA series. The device has the speed @ieand is
mounted on the PClI board in a HQ240 package. The data path diagram of the board is shown . Eigure
Beside the Xilinx device the PCI card is equipped with 2Mbyte SRAM which is connected directly to the
FPGA with 36 data lines. This memory bank can be accessed with at most 80MHz frequency. Furthermore
there is a programmable clock generator and a device to manage the communication with the PCI bus.
The prototyping environment provides several mechanism to exchange data between the mounted Xilinx
device, the local SRAM and the PC main memory. These could be categorized into

1. direct access to registers/latches (configured into the FPGA)

1stephan Sutter and Gérschwin Fey, students of mine, assist me to implement, simulate, synthesize and validate the VHDL designs
in the scope of their master thesési[99, [ 1.

61
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FPGA
64 64

RAM
Connector

Clock & Local bus,
Support | 32 |40MHz

PCl Interface

PClbus,33MHz

Figure 6.1: Data path diagram of the FPGA prototyping board

2. access to memory cells of the local SRAM (all data transfers are going through the FPGA),
3. DMA transfers and DMA on demand transfers,
4. and interrupts.

To communicate with the PCI card one has to write a simple C/C++ program, which initializes the card,
configures the FPGA, set the clock rate and starts the data transfer or the computation. See Appendix
for an example. In our applications the images are transfered to the FPGA or the local SRAM. Then
the compression algorithms configured in the FPGA is started by setting a FPGA status register. While
compressing, the specific codec takes over the control of the data transfer at all using the DMA on demand
and interrupt features. The local bus on the PCI card can be clocked with a frequency of at most 40 MHz,
whereas the FPGA design itself can be clocked with at most 80MHz. We tried to achieve a clock rate of
40MHz, which is a strength constraint if internal memory is configured into the Xilinx device.

The FPGA itself can be configured with a circuit of your choice. Due to the fixed data path on the PCI card
one has to consider some limitations. Each design has to be wrapped with a sdajallece] module

This module (there are 9 different modules each with different complexity) provides the following VHDL-
interface

entity extDesign is

address > in  std_logic_vector( 21 downto 0 );
dataFromPci : in std_logic_vector( 31 downto 0 );
dataToPci . out std_logic_vector( 31 downto 0 );
rdRdy1 »in std_logic;

wrRdy1 :in std_logic;

rdRdy2 :in std_logic;

wrRdy2 1 in std_logic;

rdTransfer2 : in std_logic;

interfaceClk :in std_logic;

designClk :in std_logic;

designClk2 :in std_logic;

cmcClk 1 in std_logic;

interruptCIk : out std_logic;
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interruptSignal : out std_logic;
interruptStatus : in std_logic

)i
end extDesign;

To communicate with both the PC main memory and the local SRAM one has to multiplex the busses
dataFromPci anddataToPci . This decreases the routability of the design in a significant manner.
Another disadvantage with respect to our application are the fixed alignments of the busses to the primary
ports of the device at north and south side. Since arithmetic components like adder should be aligned
vertical due to the fast carry chain in XC4000 devices data ideally flows in horizontal direction. This gives
a contradiction to the port alignments at the north and south side.

The prototyping environment had influence to our designs, too. Using huge internal RAM modules leads
to a substantial drawback using devices without BlockRRIMe the devices of the XC4000XLA series.

The RAM has to be configured into tliel.Bs. EachCLB can represent a 16x1 bit or a 32x1 bit RAM
block with 4 or 5 address lines, respectively. These address lines have to be connectedbizatithe
corresponding RAM module. As a consequence huge fanout is introduced. This is problematical in terms of
routability and overall performance constraints. Newer devices provide special components like RAM cells
and arithmetical units in the FPGA. Since there was no budget to buy a second prototyping environment,
we can only provide experimental result based on the giEmable product.

6.1.1 The Xilinx XC4085 XLA device

The Xilinx XC4085 device consists of a matrix @bnfigurable Logic Block&éCLB) with 56 rows and56
columns. Thes€LBs are SRAM based and can be configured many times. After shut down the power
supply they have to be reconfigured. T@&Bs could be interconnected with horizontal and vertical
signals.

Figure6.2 shows the schematic of old.B [ ]. It can be configured to represent any function with 4

or 5 inputs (see Figuré.2 function generato#’, G, or H). Furthermore there are mainly two flip-flops,
two tristate drivers and the so calledrry-logic available. The routing is done usipgogrammable switch
matrices(PSM), see Figuré.3(b) Remark that each switch corresponds to a multiplexer with a specific
delay. EachCLB can be configured to provide internal RAM. In order to do this, conceive the four input
signals toF' andG as address lines. Thusd.B provides two 1&1 or one 3%1 random access memory
module, respectively. At maximum we have 12kbyte RAM available. Each RAM block can be configured
with different behavior:

e synchronous RAM: edge-triggered
e asynchronous RAM: level-sensitive
e single-port-RAM

e dual-port-RAM

The provided tristate drivers are somewhat counter productive in our specific application. In fact, they could
be connected to horizontal (especially long) lines only. In contrast, the wide address and data busses, where
switching between different signal source (the typical application field of tristate drivers) is necessary,
have to be routed in vertical direction, due to the generated modules from the Xilinx_ingilslox® or
Core-generatdP.

Using multiplexer instead of tristate drivers reduces the time for place and route dramatically or makes it
even possible to place and route the design at all.

Arithmetic operations are supported by the dedicataay logic in the XC4000 family [ ]. Each

CLB contains hard-wired carry logic to accelerate arithmetic operations. Fast adders can be constructed as
simple ripple carry adders, using the special carry logic to calculate and propagate the carry between full
adders in adjaceritL.Bs. OneCLB is capable of realizing two full adders.
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Figure 6.2: simplified schematic of XC40Qd.Bs

6.2 2D-DWT FPGA Architectures targeting Lossless Compression

To show the computational power of the partitioned approach for discrete wavelet transforms, we have
firstly implemented circuits for the two dimensional DWT in case of lossless compression. As already
mentioned in Sectioh.2.1we do not have to consider boundary effects and could use modular arithmetic
in combination with the lifting scheme. We have implemented several VHDL designs. All designs can
wavelet transform greyscale images (wavelet decomposition) and make the inverse transform (wavelet
reconstruction), too. The architectures differs in the number of one dimensional Lifting units and the way
of transferring data between the prototyping board and the PC. In the following all available architectures
are listed.

e one Lifting unit

— data transfer from the PC directly to the internal memory and vice versa
— data transfer from the PC to the SRAM on the prototyping board vice versa

e four Lifting units working in parallel

— data transfer from the PC to internal memory and vice versa
— data transfer from the PC to SRAM on the prototyping board vice versa



6.3. 2D-DWT FPGA ARCHITECTURES TARGETING LOSSY COMPRESSION 65

CLB CLB CLB
L.l I [ L] Doubles
PSM PSM Singles
ir i i T il Doubles
< cLB cLB cLB
< ! I T i
<
PSM PSM
{— - |
[ [ [ [
<
R4 CLB CLB CLB
Quad Long Global Long Double Single Global Carry Direct
Clock Clock  Chain Connect
(a) interconnections between thd.Bs (b) switch matrices in XC4085XLA

Figure 6.3: XC4000 device, routing resources

The implementations with four Lifting units introduce parallelism with respect to the rows of a subimage.
Once the FPGA is configured, a whole image can be transfered to the SRAM of the PCI card (maximum
size 2Mbyte). Each subimage is then loaded into the internal memory, wavelet transformed, and the result
is stored in the SRAM where it can be transfered back to the PC.

Another choice is to write a subimage directly into the internal memory of the FPGA, start the transform,
and read the wavelet transformed subimage back to the PC.

The computation itself is started if an internal status register is set by the software interface. The FPGA
causes an interrupt, if the computation has finished.

In Figure6.4you can see the global data path diagram of a circuit with four parallel working lifting units.

To distinguish between data and address signals they are labeledaitld A, respectively. As you can
observed, there are wide busses necessary for communications between the RAM modules and the Lifting
units. The RAM itself is further decomposed in smaller units to support the parallel execution of the four
Lifting units. Its is capable to store a subimage of siz&822There exists two separate finite state machines

to control the wavelet transform and its inverse, respectively.

We achieved clock rates in an order of magnitude of 40 MHz which result in a computation time for wavelet
transformation of a 512512 image of less than 20 milliseconds. Most of the running time is due to huge
routing delays caused by the relative large internal memory blocks in the XC4085XLA.

6.3 2D-DWT FPGA Architectures targeting Lossy Compression

As mentioned in Chaptes we will distinguish between two different architectures for the partitioned
discrete wavelet transform on images. The first one is basédil@e and conquetechniques. The second
one is based opipelining

6.3.1 2D-DWT FPGA Architecture based on Divide and Conquer Technique

Recall from Sectiorb.2.3that in order to compute one level of CDF(2,2)-wavelet transform in one dimen-
sion we need two pixels to the left and one pixel to the right of each rows of an image, respectively.

Thus, we append a row of an image by one and two memory cells on the right and on the left, respectively.
We called such a enlarged raxtended row

Let r be a row of an image of lengtts. Now, the problem is split in two subproblems which are solved
interlocked. The first module computes the ’inner’ coefficiefs, . . ., co,15 anddo o, - . . , do,15 Which
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Figure 6.4: schematic dataflow of the 2D-DWT architecture

only depend on the extended row. In order to proceed to the next level of the wavelet transform, the coeffi-
cients at appended positions have to be made topical, i.e., the coeffigients:y 1, andc 16 have to be
computed. The first module which is responsible for the inner coefficients computes the subtatalg, of

co,—1, andey 16 that only depend on the extended row. The second module computes the subigfals, of

co,—1, andcg 16 that depend on pixels not in row. Adding up corresponding subtotals results in the wavelet
coefficients needed in the next level of the wavelet transform. As example, let us consider coeffigient

The module which is responsible for the inner coefficients computes the subtbitad + 1731 + 2ras.

The other module computepgg - §r34 in parallel. Adding up these two subtotals gives the coefficient
co,16 Which has to be stored in the right appended memory position. Note that the second module loads
the external pixels needed one by one and processes them without storing them all the time. Only four
temporal memory positions have to be stored in addition in order to perform four levels of transform. The
generalization to two dimensions which is needed for wavelet transform on images goes straightforward as
the same technique can be applied to the columns of the image, too.

The drawback of this technique is that random access to the external memory is basically and that we have
to provide a complex control unit to synchronize the parallel memory accesses to the external SRAM. We
have decided to use the second architecture based on pipelining in our VHDL implementation.

6.3.2 2D-DWT FPGA Pipelined Architecture

The proposed architecture in this section for the partitioned 2D-DWT mainly consists of two one dimen-
sional DWT units (1D-DWT) for horizontal and vertical transforms, a control unit realized as a finite state
machine, and an internal memory block. For illustration see FifLie To process a subimage, all rows

are transfered to the FPGA over the PCI bus and transformed on the fly in the horizontal 1D-DWT unit
using pipelining. The coefficients computed in this way are stored in internal memory of different types.
The coefficients corresponding to the rows of the subimage itself are stored in single port RAM. Now the
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Figure 6.5: block diagram of the proposed architecture

vertical transform levels can take place. This is done by the vertical 1D-DWT unit. The control unit coor-
dinates these steps in order to process a whole subimage and is responsible for generating enable signals,
address lines, and so on.

At the end, the wavelet transformed subimage is available in the internal RAM. At this point an EZW-
algorithm can be applied to the multiscale representation of the subimage. Since all necessary boundary
information was included in the computation, no block artefacts are introduced by the following quantiza-
tion.

The following sections describe the horizontal 1D-DWT unit, in detail.

Horizontal DWT unit

As opposed to the conventional 2D-DWT where horizontal and vertical 1D-DWT alternate, we compute
first all four horizontal transform levels as described in Secfdh This allows a pipelined approach
because the intermediate results do not have to be transposed. The whole horizontal transform is done
for the 16 rows of the subimage under consideration. In addition, 30 rows of the neighboring subimage
in the north and 15 rows of the southern subimage are transformed in the same manner. These additional
computations are required by the vertical DWT applied next.

This unit has to take four pixels of a row at each clock cycle and must perform 4 levels of horizontal
transforms. Figuré.6 illustrates that the unit consists of four pipelined stages, one for each transform
level.

The data throughput is mainly dominated by the first stage, since the number of coefficients is down sam-
pled to half after each level of transform. Therefore the first and second level are performed by a module
with higher throughput than the following two levels. The first and second stage outputs two low and two
high frequency coefficients at one clock cycle, respectively. After the first stage, the two high frequency
coefficients (the ones at even and odd positions) are merged together to output a continuous skgam of
The two low frequency coefficients are merged together in the same manner. Furthermore they are com-
bined into a four pixels wide bus as input of the second stage. This is done in the moduleZiagtada

simple delay element.

The second stage operates similar to the first one but at only half speed. The computed low frequency
coefficients of level two are merged together into a single data stream. This is the input for the third stage.
The high frequency coefficients are merged in the same way and are shifted out.

The transform units of stage three and four (narhi&b in Figure 6.6) take only one coefficient of the
previous level as input and alternately outputs a low or a high frequency coefficient at one clock cycle. The
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Figure 6.6: 4 level horizontal 1D-DWT unit
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horizontal 1D-DWT unit processes a pixel row of length 16 in only 32 input clock cycles including the
boundary pixel.

In the following two subsections we specify the modulé®o and 4i4o used in the different transform
levels.

The w-bit input 1D-DWT unit (1i20)

To implement one level of DWT using the lifting method (see Chapténe following steps are necessary:
¢ split the input into coefficients at odd and even positions,
e perform apredict-stepthat is the operation given in Equatich {3,
e perform arupdate-stepthat is the operation given in Equatioh {4).

An efficient realization of the last two steps is given in Fig@réand Figure5.8. The computation is split

dit1,k
' whl (w4 1) bit
regljéered AP > 2 7
adder .
div1 -1 w bit Cit1,k
w+1 registered| w+1

adder

Ci 2k

Figure 6.7: predict unit

into the elementary pieces, which are additions, subtractions, and shifts. With the given arrangement, the
combinational functions between two flip-flops fits into one colum@bBs. Furthermore the registered
adder/subtracters generated by Logiblox are configured such that the dedicated carry logic in the XC4000
series is used.
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Ci 2k
w (w + 1) bit
registered >1

adder .
Ci2k+2 w bit di+1,lc

registered| w+1
substractor

Ci,2k+1

Figure 6.8: update unit

The wholew-bit 1D-DWT unit is constructed accordingly to the lifting schenievg9q. Figure 6.9
sketches the architecture. The unit consists of two register chains. The registers in the upper chain are
enabled at even, the registers in the lower chain at odd clock edges. This splits the input into words at even
and odd positions. Now the predict and update steps can be applied straightforward.

—

update Cit1,k
FF FF wtl

redic dis1p
EE . w+1 = w+ 1 Lk

Figure 6.9:w-bit input 1D-DWT unit

The 4w-bit input 1D-DWT unit (4i40)

In order to perform a faster transform, which is needed during the first and second levetpbthaput
1D-DWT has to be parallelized. One approach is to process four rows in parallel but we have to take into
account the growing chip area (factor 4). Another disadvantage is the fact, that we have to split the RAM
into four slices, where each slice corresponds#elgit input 1D-DWT. This results in additional data and
address lines and slows down the access time to the RAM. As a direct consequence of this, the order of the
data transfered to the FPGA has to be adapted accordingly.

To avoid the disadvantages just mentioned we have implemented a filter unit as shown iné=igure
which takes four pixels of theamerow at a time. Instead of 12-bit and 12w + 1-bit flip-flops, 4 predict

and update units we only need#4bit and 5w + 1-bit flip-flops and 2 predict and update components, if

the bitwidth of the input coefficients/pixels is.

We use this unit for both the first and the second level of the transform.

Internal Coefficient Memory

The internal memory for the wavelet coefficients is capable to dtbsel6 coefficients. Since the bitwidth
of the coefficients differs with their corresponding subbands the memory block consists of 5 slices. In
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c updat diy1,
J w FE p w1 +1,0
> ]

Figure 6.104w-bit input 1D-DWT unit

Figure6.11(a)we have shown once again the minimal affordable bitwidth for each subbands as deduced in
Section3.2 The structure of the internal memory is illustrated in Figbirel(b)
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Figure 6.11: structure of the internal memory to store the wavelet coefficients

6.4 FPGA-Implementation of the Modified SPIHT Encoder

In this section we give a brief overview to our VHDL implementation of the modi8&IHT compres-
sor proposed in SectioB.3. In comparison to the algorithi8PIHT Image compression without Lists
Wheeler and Pearlmaii\[>0(] we could reduce the internal memory framh-+ 2d’ )N to

(i)g + % log,(d' + 1)> N2
bits (V. = 512, d’ = 11), which is required in addition to the memory for the wavelet coefficients. The
amount of internal memory needed can be deduced from FiylieThere are four RAM blocks besides
the memory to store the wavelet coefficients. The modules ndrited= LIP | JLSP andLIS represents
the three listd.1P, LSP, andLlIS, respectively. The modules namgl andSD store the precomputed sig-
nificance attributes for all thresholds. Tabld shows the size for each of these modules. Itis remarkable,
that in conjunction with the partitioned approach we né%d—k 2.4)-¢* = 0.111 kbytes only compared
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Table 6.1: size in bits of each RAM block
us | (3)+ (%)’
LP N2
SL | (2)? - logy(d' + 1)
SD | ( )2 -logy(d' +1)

37 AT2
16V

(32 + 2 logy(d' + 1)) N?

15—6N2 logy(d' + 1)

olz |z

to (4 + % - 11) - N? = 238 kbyte of the algorithnSPIHT Image compression without Lists the whole
image (V = 512, d’ =11, ¢ = 16).

SPIHT
FSM
’7 SPIHT_cntr —‘
FSM FSM FSM FSM
Init_LP_LIS Loop_LP Loop_LIS Init_S_ij
RAM RAM RAM
LP LIS SL SD
RAM RAM
Coeff Output
RAM | RAM RAM RAM SREG SREG
|

Figure 6.12: block diagram of our modifi&PIHTcompressor

We shortly explain the overall functionality before we present some of the modules in detail. EigjRre
shows the block diagram of the whole circuit.

Each subimage of the wavelet transformed image is transfered once to the internal memory module named
'coeff’ or is already stored there. At first, the initialization of the modules represenfiRg LSP, and

LIS and the computation of the significances is done in parallel. Thelliftsand LSP are managed by

the module LP’, the bitmap ofLIS by the module LIS'. The significances of sets are computed for all
thresholdsth < k. at once and are stored in the modules nan$dd and 'SD’, respectively. Here

we distinguish between the significances for the gedD. Details of this computation are presented

in Section6.4.2 With this information the compression can be started with bit pfapg. Finite state
machines control the overall procedure.
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The data to be output is registered in module 'output’ from which it is put to the local SRAM on the PCI
card on a 32 bit wide data bus. Additionally, an arithmetic coder can be configured into that module. This
further reduces the compression ratio (see Seéiérd.

6.4.1 Hardware Implementation of the Lists

To reduce the memory requirement for the list data structures in the worst case, we implement the lists as
bitmaps. The bitmap of list represents theharacteristic functiorof L.

Definition 5 Let L be a list of elements out ¢b,..., N — 1} x {0,...,N —1}. Amap
Lx:{0,...,N =1} x{0,...,N — 1} — {0, 1} with

- 1 if (i,5) € L,
Lx(w)—{ 0 eéej)

is called characteristic function of the ligt.

Note that by this approach we loose the ordering information within theli®tsL.SP, andLIS. The effect

of this reordering with respect to the decoded image was discussed in detail in Sedti®he bitmaps
themselves are implemented using RAM modules.

We provide two synchronous RAM modules for the three lists. The 1i$t5 and LSP are realized in

one RAM module, the lisL.IS in the other one. The RAM module which realizeE? and LSP has a
configuration ofg x ¢ entries of bit lengtl2 as for each pixel of the x ¢ subimage eithef:, j) € LIP,

(i,7) € LSP, or (4, ) ¢ LIP ULSP holds.

The second RAM module implemeritsS. Since none of the coefficients in the subband$®HHL(®,

and HH® can be the root of a zerotree, we have to provide a bitmap o(gi)ZQe Furthermore, in the area
which corresponds to L) we have to distinguish between zerotrees of tdpend B. Inside this quadrant,

only coefficients of the upper left subquadrant can be of tBpéhe other coefficients are always of type

A. Consequently, only for the area which corresponds t@ Lthe type information has to be stored. This
results in additiona(%)2 bits.

We decided to use these two RAM modules for the representation of the three lists due to the simple control
mechanism. Of course, with logarithmic coding we could further reduce the RAM size. There are three
possible states for each coordinate in the area of the subbafit lathich can occur in the combinations
given in Table6.2 The combinations can be found by a detail analyse of the original algorithm. With

Table 6.2: possible configuration states of a coordifiatg

(i, ) ¢ (LIPULSP) [ e LIP | € LSP

¢ LIS @ (b) (©)
€ LIS, type A (d) (e)
€ LIS, type B (f) (9)

logarithmic coding we would reduce the RAM size to

q\2 3 4 9 4
3-(7) 2. 242 = 242,
) T2 g =4

For ¢ = 16 this results in a saving of6 bit only in contrast to the representation without logarithmic
coding. This corresponds to only ofi&.B in the FPGA.

6.4.2 Efficient Computation of Significances

In the following we will concentrate on the module which computes the significances. The significance of
an individual coefficient is trivial to compute. Just select & bit of |c; ;| in order to obtainSy (i, j).
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This can be realized by using bit masks and a multiplexer. However, it is much more difficult to efficiently
compute the significance of sets for all thresholds in parallel. Before we go into details, we have to introduce
some notations.

We defineS*(7) as

.  max{k|Sk(T)=1}+1 T #0Pand3k:S,(T)=1
S(T)’_{O ’ else ’

Thus,S*(7) stands for the maximum threshdtdor which some coefficient iir becomes significant.
Once S*(7) is computed for all set& and D, we have preprocessed the significances of sets for all
thresholds. In order to do this, we use the two RAM modSlesndSD. They are organized as

N N .
— X — X 4 bit
4 4

and

N X ol x 4 bit

2 2
memory, respectively.
The computation is done bottom up in the hierarchy defined by the spatial oriented trees. The entries of
both RAMs are initialized with zero. Now, |€¢, /) be a coordinate with < e, f < ¢ just handled by the

bottom up process and let

i = (|5} 13])

be the parent ofe, f) if it exists. ThenSD andSL have to be updated by the following process

foreach O<e f<8
SD(e, j) == 0;
SL(e, j) := 0;
foreach (e, f)
if e<§ and f<g then
SL(i, j) := max{SL(z, j),SD(e, f)} (6.1)
SD(i, j) := max{SD(i, j), S" (e, f)} (6.2)
if e<g and f<§ then
SD(i, j) := max{SD(i, j), SD(e, f)} (6.3)

The initialization and the bottom up process are organized by the finite state machine shown i Rigure
After reset we start the computation in state one and initidljizg. and the row and column indicesand

f. Atthis timeSD(e, f) andSL(e, f) hold their old values from the last subimage under consideration for
all0 < e, f < q. If the enable signal becomes active, we proceed in state 2. Here we buffer the present
value of SD(e, f). In the states, 4, 5, and6 we compute line.1). The condition

e,f are odd

checks, if we visit & x 2 coefficient block for the first time. The stat@s5, and6 are responsible for
computing the maximum &D(i, j) and.S*(e, f) (line (6.2)), which is buffered in.S. State8 performs
the assignment in line5(3). Furthermore, this finite state machine updates the velue = kmax + 1

for the subimage under consideration. In steiehe low frequency coefficient at positidf, 0) will be
included in this computation, too. The operation in staiedone using a simple subtractor and a combined
representation with interleaved bitorder of the row and column irdend f, that is

fnfl,enflvfnf%enf% .. '7f1;€17f0360~
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foessand <8 ) sands<s SL(i,§) < 1S or
— Ahy) <t 9
tS = SD(e, f) e, f are odd

|

o @

reset

enable =1
_—
2
5
2
2

o0

(e.f) = (0,0)

Figure 6.13: FSM to comput&*(£) andS*(D)

6.4.3 Optional Arithmetic Coder

Our design can optionally be configured with an arithmetic coder that processes the data which is output by
the modifiedSPIHTalgorithm. We decided to utilize the coder of Feygin, Gulak, and Chaw(93. It is

very suitable for FPGA designs because it does not contain multiplication operations. The implementation
is straightforward. It needs three clock cycles to code one bit of the mo@feHT output. The overall
structure of the arithmetic coder module is shown in Figufel The compressed stream of the modified
SPIHTalgorithm is first stored in a circular buffer of length 4. The signale determines the probability
model. We have investigated the cumulative percentage of the different output positions in the algorithm
in detail. Note that in our modified algorithm (see Figiré) there are exactly eight lines (Line 0, 4, 6,
7,12, 15, 16, 22) which output some data. For each of these output positions we provide one probability
model and call themd,, . .. As. The model4, for instance describes the properties of the sign output at
Line 7. The module named ’carry chain’ implements the so cdilestuffingfor the potential carry overs

in the arithmetic coderq81]. Furthermore, there exist signals to insert special markers and to stop the
compression at the specified bit rate.

The most interesting part was the development of probability models adapted to the m@HifitHcom-
pressor.
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Figure 6.14: overall structure of the arithmetic coder

Probability models

In order to obtain meaningful models, we have counted the number of one’s and zeros with respect to
their output position while compressing our set of benchmarks images. Gab#hows the cumulative
percentage for Line 0 of the algorithm.

Table 6.3: cumulative percentagefof..

kmax | cumulative percentage
0-3 0%
4 1.9%
5 11.1%
6 26.7 %
7 42.7 %
8 17.1%
9 0.4 %
10-15 0%

The cumulative percentages can be expressed with conditional probabi(iljes with w € {0,1}* It
describes the probability that the next symbol is zero under the condition thas already been read. We

use a history of maximum size four. (Remember that, for subimages dftsiz&6, k... can be at most1

because of the used wavelet and the number of transform steps.) To simplify matters, the probabilities were
rounded to multiples d3%. In this context, we certainly have to avoid the exceptional ca%eand100%

because we work with cumulative percentages. Therefore, the vigluasad99% have been introduced.

As example, assume that,.. equals 6, i.e., Line 0 of the modified algorithm outputs the binary string
0110. We have to read four bits in order to obtain

kmax = k& k2 kl kO
— 0110,

starting with the most significant bi;. The conditional probability that the first bit is zero is
p(0le) = 0%+ 1.9% 4+ 11.1% + 26.7% + 42.7% = 82.4% ~ 80%.

since in that casg,, . has to be smaller tha Analogously, we have

0+04+0+0
= _— = ~ 1
p(0]0) o 0% %
1.9+11.1
0[01) = —— =15.8%~15
p(0/01) 82.4 /o 15%
26.7
p(0[011) = ——' = 38.5% ~ 40%

26.7+42.7
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All the other probability modelsls, . .., Ag are obtained in an analogous manner.
The VHDL implementation of these probability models has been specified by finite state machines, too.

ks = 0/p(0]0) := 0.01 ks = 1/p(0[1) = 0.99

4
readk;

ks = 0/p(0[00) := 0.5 ks = 1/p(0]01) := 0.15 ky = 0/p(0[10) := 0.99 ky = 1/p(0[11) := 0.5

k1 = 0/p(0]000) := 0.3 ky = 1/p(0[111) := 0.5

Figure 6.15: finite state machine to represent the mgdel

Figure6.15shows the finite state machine of modgl. We will discuss the functionality of this finite state
machine for the input,,,., = 6. The edges are labeled with pairs

condition / probability of zero to be output

In each state we start reading one bit from the modi8&dHT output stream of Line 0. In statewe do
not know anything about,,,... Therefore the output of this finite state machine(8le) = 0.8, labeled
at the edge from staté to state2. Now we know thatks = 0, start readingts, and follow the edge
with the conditionks = 0 leading in state3. Currently the probability to be output i£0|0) = 0.01. In
state3 we start reading:; and have to follow the edge labeled with = 1. The output probability is
now p(0|01) = 0.15. From state6 we lead to statd and output the probability(0/011) = 0.4. This
completes the generation of the probabilities for ke of a subimage. Note, that fdt,,.. < 4 or
kmax > 9 (cumulative percentage is zero) we set the conditional probability of tie hitd bitk, to 50%.
Therefore, e.g. the edges from stat® 5 and state to 1 are labeled with the probability.5.

Experimental results

We have implemented two versions of the modif@8IHT encoder based on the partitioned approach,

one without and one with the arithmetic coder. Tablésummerize the runtimes for several images. All
compressions were done in a lossless manner. We have achieved clock rates of 40MHz for both implemen-
tations. Note that our VHDL designs were synthesized without manual optimizations. All basic memory
and arithmetic modules were generated with Xilinx tools. Our implementations take 743 and 1425 logic
blocks of the Xilinx XC4085XLA device, respectively.

In order to compare the software implementation with our presented FPGA design we measured the exe-
cution time of both. To obtain a faithful measurement of the hardware execution time we have included a
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Table 6.4: execution times of hard- and software implementations in the case of lossless com-
pression, 8 bit grey-scale images of si¥e= 512, partition size; = 16

image | ubk-software FPGA

arithm. coder

without with
baboon 2.3s 204.0 ms| 272.3 ms
barbara 20s 203.1 ms| 254.0 ms
goldhill 20s 195.8 ms| 246.9 ms
lena 19s 192.5 ms| 236.4 ms
peppers 19s 196.7 ms| 245.0 ms

counter (resolution 25ns) into the design. We could improve the compression tisne ef 512 x 8 bit

greyscale images by a factor of 10 in comparison to an AMD 1GHz Athlon processor.

The effect of the arithmetic coder upon the compression ratio is shown in @&blehe coder compresses
theSPIHToutput by further 2 to 4 percent. It is remarkable, that the compression ratio is always improved,
in the lossless as well as in the lossy case.

Table 6.5: influence of the arithmetic coder

image | baboon| barbara| goldhill | lena | peppers
0.5bpp| 95.9 98.6 97.4 | 97.3| 95.7
lossless| 97.8 97.3 96.8 | 96.0| 96.1




78

CHAPTER 6. FPGA ARCHITECTURES



Chapter 7

Conclusions and Related Work

In this thesis we have presented a partitioned approach to wavelet based image compression and its applica-
tion to image encoders using programmable hardware. We have developed an efficient FPGA architecture
of the state of the art image cod8®IHT, which is comparable to the original software solution in terms

of visual quality. We have achieved clock rates of 40MHz for our FPGA implementations. Note that our
VHDL designs were synthesized without manual optimizations. All basic memory and arithmetic modules
were generated with Xilinx tools. We could improve the compression tinié Df 512 x 8 bit greyscale

images by a factor of 10 in comparison to an AMD 1GHz Athlon processor. The optional arithmetic coder
compresses the modifiedPIHT output by further 2 to 4 percent. It is remarkable, that the compression
ratio is always improved, in the lossless as well as in the lossy case.

The main contribution is that we have proposed image encoder suitable for low cost programmable hard-
ware devices with minimal internal memory requirements. This method outperform the recently published
algorithm of Wheeler and Pearim&PIHT Image Compression without L{st$~0( with respect to the
affordable memaory.

In the following we will introduced the upcoming new JPEG2000 standard, which is also wavelet based,
but is not premised on an embedded zerotree wavelet encoder. Afterwards, we will balance the advantages
and disadvantages of our approach to the proposed method in the JPEG2000 standard.

It will become apparent, that there are some marked similarities to our partitioned approach. We emphasize
that both developments were done independently of each other. Note, that until now to our knowledge
no JPEG2000 encoder ASIC (application specific integrated circuit) is available. First intelligent property
cores for JPEG2000 codecs are offered by Amphion Semiconductor Ltd. and inSilicon Corporation in 2002

[ 1, [InS07.

7.1 EBCOTand JPEG2000

An algorithm namedEBCOT, EmbeddedBlock Coding with Optimal Truncation presented by David
Taubman] ] was chosen as the central codec behind the new JPEG2000 Stanidard.[Mostly all
of the desired features of the new stillimage compression standard are supporte&BZth&algorithm.
The most import ones are

e excellent visual quality of the reconstructed images even at lowest bit rates

SNR scalability

resolution scalability

region of interest coding

error resilience (noisy channels).

79
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The algorithm itself is wavelet based, one of the basics to support the resolution scalability, which is an
inherent feature of wavelet transforms. In contrast to compressorSHKdTthey partition the multireso-

lution scheme into so callezbde block®f typical size64 by 64 coefficients. These blocks are compressed
independently of each other. TR&R scalability is accomplished by post compression rate distortion op-
timization and tricky bit stream organization. Errors encountered in code blocks have no influence to the
other blocks. Therefore error resilience could be achieved in error prone environments. The region of in-
terest coding could easily be adopted by weighting the distortion contribution of code blocks from inside
the given region.

For the sake of completeness we give a short overview cEB@OTalgorithm. Since this is the central

part of the JPEG2000 standard you will find all of the described techniques in available and upcoming
codecs supporting JPEG2000.

7.1.1 TheEBCOT Algorithm

d)

bits

coefficient

9)

magni t ude

%nes

Figure 7.1: overview of th&BCOTalgorithm

Figure7.1gives an overview of the stages of tiBCOTcompressor. In the first stage the image is divided

in tiles of manageable size, which is dependent on the type of the encoder. A software encoder on a modern
computer can choose huge tiles compared to a hardware encoder implemented on a digital signal processor.
Each of thesgilesis now decomposed in color components which are coded independently of each other
(cf. Figure7.1c)).

At first a discrete wavelet transform is performed on each color component of the tiles. For lossy com-
pression the Daubechies (9,7)-wavelet[19] and for lossless compression the CDF(2,2)-wavelet has

to be used, respectively (cf. Figureld)). Beside the usually wavelet decomposition known fildadlat

[Mal89) other decompositions like wavelet packets are possibletG@{].

Each subband (cf. Figuré 1e)) of the given decomposition is now partitioned into code blocks of size 64

by 64 or 32 by 32 (cf. Figur&.1f)). With each code block the information of the corresponding subband

and the relative offset is stored. These code blocks are compressed in three passes. An adaptive arithmetic
coder based on thdQ-coder[PM8d] is used. The corresponding models are determined using a similar
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signification attribute known from zerotree algorithms. As a result each code block is represented by a fine
embedded bit stream (cf. Figurelg)).

PCRD-opt

After each of the code blocks are compressed independent of each other a sBasti@oimpressiorRate
Distortion optimization method is applied. Simply spoken, they try to minimize the overall distortion for a
given target bitrate. This can be seen as a linear optimization problem if some assumptions are made.

Let Df be the distortion contribution anﬁf’?l the length of the truncated compressed bit stream of code
block at a truncation point;*, respectively, wher8 < r; < n; if code block: has at most; truncation
points assigned. If the distortion metric is additive, i.e.

D=%"D/,

they have to solve the resource allocation problem
minimize D =} Dfr
[
subjectto ) L?i <= Lmew
i
Remark that this is an integer linear program, which means, that in general there is{p sethich
yields to} L: = Lmee,

1
To reduce the overall solution space it is suggested to restrict the available truncation points to the ones
on the convex hull of the rate distortion graph. For illustration see Figuteeach point corresponds to a

pair (ijk , D,tjk ). The longer a prefix of a code block, the smaller is the corresponding distortion and vice
versa. As you can see, the only rate distortion pairs that make sense are the ones on the convex hull (red
polygon). This scales down the search space significantly.

D

(L, o) *

Figure 7.2: rate distortion curve and convex hull

After this optimization problem is solved, one has several possibilities to generate a bit stream.

SNR scalability To produce an embedded bitstream, that is a bitstream, where each prefix is a near
optimal approximation of the original image in terms of the signal to noise ratio, the fine embedded code
blocks are stringed together as illustrated in Figuufi Thus, a prefix of some code block is located at the
begin of the bitstream, if a lot of image energy is represented by this prefix. In the JPEG2000 standard this
is done using so calleguality layers Each quality layer contains incremental contributions from various
code blocks. With each received fraction of the overall bitstream the reconstructed image is successively
enhanced.

This ordering is useful for image transfer over channels with narrow bandwidth. The decoder can present a
preview at low visual quality in full resolution even if only few bytes are available.
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Figure 7.3: subbands after three level of wavelet transforms, in casE¥Rfscalability incre-
mental code blocks contributions from all subbands ordered by there rate distortion ratio are
used to construct a bitstream

Resolution scalability Another interesting question is, whether a small preview of a huge image is re-
quired only. Then it would be helpful, if the bitstream is ordered in a way, that the bytes at the beginning
of the bitstream represent the original image at lower resolution but with excellent visual quality. The more
bytes are available the larger resolution is possible. The multiresolution scheme after the wavelet transform
had taken place gives the opportunity to support this resolution scalability.

wlw 99 99 99
@@@ @@@ @@@ @@@

77 7 7 T 0 N

Figure 7.4: in case of resolution scalability code blocks contributions from those subbands are
used that allow a reconstructed image of quarter size (second image), half size (third image), and
full size (fourth image)

For an illustration see Figuré4. The first information in the bitstream is now composed from code blocks
of all subbands of a transform level beginning with the last.

7.2 Similarities and Differences of JPEG2000 and our Approach

The EBCOTalgorithm was chosen to be the central codec behind the new JPEG2000 standard because of
the many supported features. Since we have adapted the embedded zerotree waveleSBitddues will
enumerate the advantages and disadvantages of this type of algorithm, included our adapted one, compared
to EBCOT

e The excellent visual quality of both codecs are undisputable.ST¥ie scalability is an inherited
feature of codecs which produce embedded bitstreams. Therefore this property is provided by both
methods.

e Resolution scalability can not be made available by the orig@gPdHTalgorithm. Unfortunately, the
partitioned approach does not help to support this feature, too.

e Region of interest coding can be provided by 8RIHT codec. The region of interest has to be
translated into the wavelet domain and can then be represented by appropriate weighting of the
coefficients in that areas. This is strongly simplified due to the partitioned approach, since related
techniques as in thEBCOTparadigm can be used.

e Error resilience is not feasible by the origir&PIHT method. Suppose some of the signification bits
are toggled in a noise channel, then the decoder can not duplicate the execution path of the encoder
anymore. There are no synchronization points in the bitstream available. Thus, even a simple bit
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fault can distort the whole decompression procedure. In the case, that bit faults are introduced in a
bitstream generated using the modif&@IHTencoder based on the partitioned approach, the impact

of such an incident is limited to the corresponding subimage. This is similar to the error handling of
the EBCOTalgorithm.

e A feature, that is not provided by tHEBCOTcompressor, is taking advantage of the self similari-
ties between the different subbands in each orientation. The partitioning into code blocks offers the
opportunity of parallel processing and efficient hardware architectures. Our partitioned approach is
capable to take advantage of the mentioned self similarities as well as the preferences of the local
processing of each subimage.

e Besides the excellent techniques to compress the individual code blocks the post compression rate
distortion optimization is the key to obtain good performance. The price to pay is the computational
complexity in order to implement this optimization. The currently available JPEG2000 codecs suffers
especially from the tremendous computation times01], | ]. However, the post compression
rate distortion optimization can be combined with the partitioned approach in order to improve the
compression efficiency.
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Appendix A

Hard/Software Interface MicroEnable

A.1 Register/DMA on Demand Transfer, C example

#include<stdio.h>
#include"menable.h"
int main(int argc, char** argv) {
microenable* board;
fpga_design* design;
volatile unsigned long *reg;
int error;
char c;

/I initialize board

board = initialize_microenable( ) ;

if( board == NULL ){
fprintf(stderr,"initialization error %d\n",Me_GetErrCode(board));
exit(-1);

}

/I load design

design = load_design( board,"./example.hap");

if(design == NULL )
fprintf(stderr,"load design error %d\n",Me_GetErrCode(board));
exit(-1);

}

/I config FPGA

if(( error = configure_fpga( board, design )) < 0 ){
fprintf(stderr,"config error %d\n",error);
exit(-1);

}

/I set PLX clock in MHz

set_plix_clk(board, design, 40 );

/I set design clock in MHz

set_fpga_clk(board, design, 40 );

/I get access pointer

reg = GetAccessPointer(board);

if (reg == NULL X
fprintf(stderr,"Get access Pointer is NULL\n");
exit(-1);

}

/I access the design
/I read the fixed register
printf("Reg 3 : 0x%8X\n\n",reg[3]);
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/I set a register at address 0x0
reg[0x000000] = 0x00000f0f;

/I read registers

printf(" Ctr Reg 0 : 0x%8X\n",reg[0x000000]);
printf(" Ctr Reg 1 : 0x%8X\n",reg[0x000001]);
printf(" Ctr Reg 3 : 0x%8X\n",reg[0x000003]);

/I wait for user response

¢ = getchar() ;

printf(" DMA Access \n");

/I allocate buffers

unsigned long writeBuffer[128];
unsigned long readBuffer[128];
int i;

/I initialize the buffers

for( i = 0; i <128 ; i++ )
readBuffer[i] = 0;
writeBuffer[i] = i;

}

/Il Load the Rotator register
reg[l] = 0x00000001;

/| start the rotation
reg[0] = 0x20000000;

/I read data via dma on demand from the design
error = ReadDmaDemandData(readBuffer,
32*sizeof(unsigned long),
1,
0x04000000,
1,
board);
printf("transfer OK\n");
/I error Check
if( error < 0)
printf(" error %d during data transfer”,error );
/I display the result
for(i = 0; i <32 ; i++ ){
printf("%8X\n",readBufferl[i]);
}
/I return from the programm
return O;
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A.2 Register/DMA on Demand Transfer, VHDL example

library IEEE;
use |IEEE.std_logic_1164.all;

entity registerSpace is

port(
origWord : out std_logic_vector( 31 downto 0 );
address . in std_logic_vector( 21 downto 0 );
dataln : in std_logic_vector(31 downto O );
dataOut : out std_logic_vector(31 downto 0 );
writeRdy . in std_logic;
readRdy : in std_logic;
clk 1 in std_logic;
reset :in std_logic;

rotateRdy : in std_logic;

rotateStart : out std_logic;

regReset : out std_logic
);

end registerSpace;

architecture registerSpaceArchitecture of registerSpace is
signal registerA : std_logic_vector( 31 downto O );
signal registerB : std_logic_vector( 31 downto O );
begin

-- Write process

WRITE_REG_PROCESS : process (reset, clk)
begin
if reset = "1’ then -- reset active
registerA <= ( others => 0" );
elsif (clk'event and clk = '1’) then -- on rising edge
-- registers set from the PCI side
if (writeRdy = '1’ and address( 3 downto 0 ) = "0000" ) then
-- register address 0x000000
registerA( 30 downto 0) <= dataln ( 30 downto O );
registerA(31) <= rotateRdy;
elsif (writeRdy = '1’ and address( 3 downto 0 ) = "0001" ) then
-- register address 0x000001
registerB <= dataln ( 31 downto O );
else -- no write access
registerA(30 downto 0 ) <= registerA(30 downto 0 );
registerA(31) <= rotateRdy;
registerB <= registerB;
end if;
end if;
end process WRITE_REG_PROCESS;

-- Read Process

READ_REG_PROCESS : process ( readRdy, address, registerA, registerB )
begin
if ( readRdy = '1" ) then
-- Adr: 0x00000000
if ( address( 3 downto 0) = "0000" ) then
dataOut <= registerA;
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-- Adr: 0x00000001

elsif ( address( 3 downto 0) = "0001" ) then
dataOut <= registerB;

-- Adr: 0x00000003

elsif ( address( 3 downto 0) = "0011" ) then
dataOut( 15 downto 0 ) <= "1010101000010010"
dataOut( 31 downto 16 ) <= "0001001000110100"

else
dataOut <= (others=>'0");
end if;
else
dataOut <= (others=>0");
end if;

end process READ_REG_PROCESS;

-- Set the registers to the output

regReset <= registerA(30);
origWord <= registerB;
rotateStart <= registerA(29);

end registerSpaceArchitecture;
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library IEEE;
use IEEE.std_logic_1164.all;
use |IEEE.std_logic_unsigned.all;

entity rotator is

port (
wordin :in STD_LOGIC_VECTOR (31 downto 0);
wordOut : out STD_LOGIC_VECTOR (31 downto 0);
rotateEnable . in std_logic;
rotateStart . in std_logic;
rotateRdy : out std_logic;
rotateAlmostRdy : out std_logic;
clk :in std_logic;
reset . in STD_LOGIC
);

end rotator;

architecture rotatorBehave of rotator is
type fsmStateType is ( idle, rotate );
signal fsmState : fsmStateType;
begin
FSM_PROCESS : process( clk, fsmState, rotateStart, reset, wordin )
variable countValue : integer;
variable tmpValue : std_logic_vector( 31 downto O );
variable tmpBit : std_logic;
begin
if reset = "1’ then
countValue := 0;
fsmState <= idle;
wordOut <= wordIn;
rotateAlmostRdy <= '0’;
elsif clk'event and clk = '1’ then
-- default assignment
rotateAlmostRdy <= '0’;

case fsmState is
when idle => -- wait for the start signal
if rotateStart = '1’ then
tmpValue := wordin;
countValue = 0O;
fsmState <= rotate;
wordOut <= tmpValue;
end if;
rotateRdy <= '0’;
when rotate => -- rotate until the 32 round
if countValue <= 30 then
-- rotate another bit
if rotateEnable = '1' then
tmpBit := tmpValue(31);
tmpValue(31 downto 1) := tmpValue(30 downto 0);
tmpValue(0) := tmpBit;
wordOut <= tmpValue;
countValue := countValue + 1;
rotateRdy <= '0’;
end if;
-- generate the rotateAlmostRdy signal
if( countValue = 31 ) then
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rotateAlmostRdy <= '17;
end if;
else
-- finish the rotation
rotateRdy <= '1’;
if rotateStart = '1’ then
fsmState <= idle;
end if;
end if;
end case;
end if;
end process;
end rotatorBehave;
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A.3 Matlab/METAPOST-Scripts

%
% Matlab code to draw the limit functions
%

impulse=[1];

g0=sqrt(2)*[-1/8,1/4,3/4,1/4,-1/8];
h0=1/sqrt(2)*[0,0,-1/2,1,-1/2];
dwtsig=impulse;

for level=1:7
dwtsig=sqrt(2)*conv(dwtsig,g0);
gO0=upsample(g0);
hO=upsample(h0);

end

dwtsig2=sqrt(2)*conv(dwtsig,h0);
dwtsig=sqrt(2)*conv(dwtsig,g0);

x=[-2:4/(length(dwtsig)-1):2];
length(x)
y=[-2:4/(length(dwtsig2)-1):2];
length(y)
plot(x,dwtsig,y,dwtsig2); grid

%

% Matlab code to compute the ranges of wavelet coefficients

%

I=[-1/8,1/4,3/4,1/4,-1/8];
h=[-1/2,1,-1/2];

echo on;

cdfRange(6,l,h,127,-128);
cdfRange(1,l,h,255,-255);
cdfRange(2,1,h,319,-319);
cdfRange(3,1,h,351,-351);
cdfRange(4,1,h,358,-358);
cdfRange(4,1,h,216,-217);

v and ¥
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%
% Matlab code -- utility functions
%

function cdfRange(level,l,h,max,min);

maxl=max;
maxh=max;
minl=min;
minh=min;
lup=l;
hup=h;

for i=1:level

[max!|,minl]=maxmin(l,max,min)
[maxh,minh]=maxmin(h,max,min)
lup=upsample(lup);
hup=upsample(hup);
h=conv(l,hup);
I=conv(l,lup);

end

function f = upsample(x)
n=length(x);
for i=1:n

f(2*i-1)=x(i);

if i<n

f(2*1)=0;

end

end

function [maxf,minf] = minmax(f,max,min);
maxf=0;
minf=0;
for 1 = 1:length(f);
if f(I)<0
maxf=maxf+min*f(l);
minf=minf+max*f(l);
else
maxf=maxf+max*f(l);
minf=minf+min*f(l);
end
end
maxf=ceil(maxf);
minf=floor(minf);
end
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%
% METAPOST code to draw the limit function
%

input mpFunctions

beginfig(1);

e:=10mm;
drawxyaxis(1mm,Oe,0Oe,1e,1e,-1,2,-2,4,1,1,1,2);

numeric g[],dwtsigg[l;
gl=sqrt(2)*(-1/8);
g2=sqrt(2)*(1/4);
g3=sqrt(2)*(3/4);
g4=sqrt(2)*(1/4);
g5=sqrt(2)*(-1/8);

dwtsigg[1]:=1;

approx:=7;
ii=1;

for level=1 upto approx:
conv(dwtsigg,g);
i:=1;
forever:
dwtsigg[il:=sqrt(2)*dwtsiggl[il;
exitif unknown dwtsigg[i+1];
i:=i+1;
endfor;
if (level<approx):
upsample(g);
fi;
endfor;

pair pfl;

for k=1 upto i
p[k]:=(k*0.1e,dwtsigg[k]*0.5€);

endfor;

draw (
(for k=1 upto i-1: p[K] -- endfor pl[i])
xscaled (10/((2**approx)-1))
) shifted (0,2e);

endfig;

end;
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